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Preface
2016 marks the 35th year that Itasca has provided numerical modeling and consulting services in earth resources 
engineering, including work for minerals mining, oil and gas production, hydrogeology and civil infrastructure 
design and construction.  During this time, ten Itasca software symposia have been held in eight countries: Australia, 
Canada, China, Germany, France, Japan, Spain and the USA. The first seven symposia focused on FLAC/FLAC3D, 
UDEC/3DEC and PFC2D/PFC3D independently. Beginning in 2008, the symposia have brought together users 
of all Itasca software in one setting where the emphasis is on the range of applications rather than on individual 
software.

This symposium is the 11th conference to provide a venue for Itasca software users to meet, discuss and share their 
work performing applied numerical analysis and research with Itasca software.  In addition, we are expanding the 
emphasis of the topics of hydrogeology and hydraulic fracturing, with presentations using Itasca’s latest software 
products, MINEDW, for mine dewatering projects, and XSite, for hydraulic fracturing applications.

59 papers have been selected for this symposium, entitled the 4th Itasca Symposium on Applied Numerical Modeling, 
held on March 7-9, 2016 in Lima, Peru.   The papers are organized in six areas of engineering applications: mining, 
underground construction, slope stability, hydraulic fracturing, dynamic/seismic analysis, and mine dewatering.  
Four special topics are also included: material behavior, constitutive models, coupled processes and numerical 
techniques.

In addition, this proceedings includes the keynote paper presented by the second Peter A. Cundall award recipients.  
Pinnaduwa Kulatilake and Xu-xu Yang are presented the award for their paper entitled “PFC3D modeling of a 
jointed rock behavior near an underground excavation and comparison with physical model test results.”

Patricio Gómez
Christine Detournay
Roger Hart
Michele Nelson
Editors
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1 INTRODUCTION 

Underground excavations are extensively made for varying purposes such as mining, transporta-
tion, and nuclear waste and fluid storage. Stabilization of these excavations is of great scientific 
interest for engineers due to its significant effects on the safety of workers as well as the operation 
of underground facilities. Stability of underground excavations is dominated by the mechanical 
behavior of adjacent rock masses subjected to excavation-induced stress redistribution. Stability 
conditions around excavations in discontinuous rock masses heavily depend on the discontinuity 
geometry pattern. The reinforcement with lining, or grouted rock bolts or cables or steel sets is 
effective to keep underground excavations stable in poor rock mass conditions, especially in rock 
masses with discontinuities. Kulatilake et al. (2013) conducted an investigation to obtain the op-
timum stability conditions of a tunnel in a deep coal mine in China by analyzing different tunnel 
shapes and support patterns. They demonstrated that an appropriate support pattern improves the 
strength of the rock mass and significantly reduce the plastic zone around the tunnel and conver-
gence of the tunnel. Wang et al. (2012) through stability investigations around a mine tunnel using 
three-dimensional discontinuum and continuum stress analyses showed that the applied rock sup-
port decreased the wall deformations by about 43-51%, roof deformations by about 29-39% and 
floor deformations by 9-10%.  

PFC3D modeling of a jointed rock block behavior near an 
underground excavation and comparison with physical model test 
results 

P.H.S.W. Kulatilake 
Rock Mass Modeling and Computational Rock Mechanics Laboratories, University of Arizona, Tucson, 
AZ, USA 

X.X. Yang
Rock Mass Modeling and Computational Rock Mechanics Laboratories, University of Arizona, Tucson,
AZ, USA; State Key Laboratory for Geo-mechanics & Deep Underground Engineering, China University
of Mining and Technology, Xuzhou, China

ABSTRACT: Mechanical behavior of a jointed rock mass with non-persistent joints located ad-
jacent to a free surface on the wall of an excavation was simulated under compression without 
and with support stress on the free surface using approximately 0.5 m cubical synthetic jointed 
rock blocks having 9 non-persistent joints of length 0.5 m, width 0.1 m and a certain orientation 
arranged in an en echelon and a symmetrical pattern using PFC3D software package. The joint 
orientation was changed from one block to another to study the effect of joint orientation on 
strength, deformability and failure modes of the jointed blocks. First the micro-mechanical pa-
rameters of the PFC3D model were calibrated using the macro mechanical properties of the syn-
thetic intact standard cylindrical specimens and macro mechanical properties of a limited number 
of physical experiments performed on synthetic jointed rock blocks of approximately 0.5 m cubes. 
Under no support stress, the synthetic jointed rock blocks exhibited the same three failure modes: 
(a) intact rock failure, (b) step-path failure and (c) planar failure under both the physical experi-
ments and numerical simulations for different orientations. The jointed blocks which failed under
intact rock failure mode and planar or step-path failure mode produced high and low jointed block
strengths, respectively. Three phases of convergence of free surface were discovered. The joint
orientation and support stress played important roles on convergence magnitude. The average
increase of jointed block strength turned out to be about 10, 7.9 and 6.6 times the support stress
when support stresses of 0.06 MPa, 0.20 MPa and 0.40 MPa were applied, respectively. The
modeling results offer some guidelines in support design for underground excavations.

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 00-01
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0

3



Due to the presence of discontinuities such as joints, bedding planes, shear zones and faults, 
rock masses show anisotropic mechanical behavior. A number of investigators have performed 
research on anisotropic mechanical behavior of discontinuous rock masses under two categories 
of discontinuities: (a) persistent discontinuities and (b) non-persistent discontinuities. Yang et al. 
(1998) have investigated the effect of persistent joint sets on the unconfined compressive strength 
and deformation of synthetic rock mass models and found that the failure modes can be divided 
into three types, namely splitting failure through the rock blocks, sliding along joint planes and 
mixed splitting-sliding mode. They also have demonstrated that the failure strength and deform-
ability exhibit pronounced anisotropy mainly due to the effect of joint orientation. Kulatilake et 
al. (2001) have obtained similar results on failure modes by conducting physical and particle flow 
modeling on synthetic persistent-jointed rock blocks under uniaxial loading. Both the laboratory 
experiments and the numerical simulations have shown that the uniaxial block strength decreases 
in a nonlinear manner with increasing values of the fracture tensor component (Kulatilake et al. 
1993) which quantifies the combined directional effect of the joint geometry parameters including 
joint density, orientation and size distributions and the number of joint sets.  

Non-persistent joints commonly exist in underground rock masses. Due to the significant effect 
of non-persistent joints in rock engineering, some investigators have focused their efforts on me-
chanical properties of rock mass models with non-persistent joints. Prudencio & Van Sint Jan 
(2007) performed biaxial tests on physical models of rock with non-persistent joints and con-
cluded that the failure modes and strengths depend on the geometry of the joint system, the ori-
entations of the principal stresses, and the ratio between the intermediate principal stress and intact 
material compressive strength. Their tests showed three basic failure modes, namely failure 
through a planar surface, step-path failure and failure by rotation of new blocks. Bahaaddini et al. 
(2013) have numerically investigated the effect of joint geometrical parameters on the mechanical 
properties of a non-persistent jointed rock block under uniaxial compression and have found that 
the failure mode is principally determined by the step angle and the joint orientation with respect 
to the applied principal stress direction. Wu & Kulatilake (2012) developed relations between 
strength and deformability parameters of jointed blocks and fracture tensor components by per-
forming three dimensional stress analyses on different size jointed blocks having non persistent 
joints. Using the developed relations they finally developed an orthotropic constitutive model. In 
their study, they also showed the effect of scale on strength and deformability of jointed blocks. 

In this paper, mechanical behavior of a typical jointed rock block having non-persistent joints 
located adjacent to an underground excavation is investigated through numerical simulation by 
applying appropriate three-dimensional boundary conditions using the PFC3D software package 
(Itasca 2008). First, the micro-mechanical parameters of the selected synthetic intact rock material 
are calibrated using the macro-mechanical properties of the same synthetic intact rock. Then the 
micro-mechanical parameters of the joints in the synthetic jointed rock blocks are calibrated using 
the macro-mechanical results of the physical experiments performed on the same synthetic jointed 
rock blocks of approximately 0.5 m cubes. Next the capabilities of the calibrated numerical model 
on synthetic jointed rock blocks are validated by comparing the failure modes of the numerical 
simulations with the corresponding experimental physical jointed block test results. Then, the ef-
fect of joint orientation on strength, deformability and failure modes of jointed rock blocks are 
demonstrated by performing numerical simulations on the validated synthetic jointed rock model 
under different rock support stress conditions applied on the free surface of the excavation.  

2 PHYSICAL MODELING OF JOINTED ROCK BLOCKS 

To have a better understanding of the mechanical behavior of jointed rock masses around an ex-
cavation in an underground mine, an experimental study on strength and deformation behavior of 
large scale synthetic jointed rock blocks was performed by Zhang (2013) and Jing et al. (2014). 
The large scale model experimental system has been designed based on the following considera-
tion. An anchored unit body of jointed rock mass of size 2.5 m × 2.5 m × 2.4 m has been separated 
from the wall of a tunnel in a coal mine as shown in Figure 1. For this selected rock mass, the 
major principal stress, σ1, acts in the vertical direction. The intermediate principal stress, σ2, acts 
in the lateral direction perpendicular to the shown rock mass in Figure 1. The minor principal 
stress, σ3, acts in the lateral direction perpendicular to the free face. The minor principal stress 
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direction has been used to apply support stress to the rock mass. According to the above descrip-
tion, the conceptual rock block model shown in Figure 2a has been developed. Note that in this 
conceptual model the rock block face opposite to the free face is considered as a fixed face. The 
size of the synthetic jointed rock block used in the large scale physical experiment has been 0.5 
m × 0.5 m × 0.48 m (see Fig. 2b) to simulate the real rock mass of size 2.5 m × 2.5 m × 2.4 m. 
With respect to the similarity ratios used, the reader is referred to Zhang (2013). A specially de-
signed loading frame has been used to apply a stress system on the large scale synthetic jointed 
rock block (Fig. 2b) which is similar to the stress system shown in Figure 2a for the conceptual 
rock block model.  
 

 

Figure 1. Selected anchored unit body of jointed rock mass on the wall of an underground excavation (Zhang 
2013, Jing et al. 2014). 

 
 

(a) 

 

 

(b) 

 

Figure 2. (a) Conceptual rock block model and (b) loading system used for physical experiments (Zhang 
2013, Jing et al. 2014). 

For the large-scale experiments, synthetic rock blocks were fabricated by mixing C42.5 cement, 
plaster, 200 M silica flour and water in the mass ratio of 7:3:5:2.5. The unit weight of the synthetic 
rock-like sample was 16.35 kN/m³. The uniaxial compressive strength, UCS, and the elastic mod-
ulus, E, determined by conducting unconfined compressive strength tests on cylindrical specimens 
of diameter 50 mm and height 100 mm in the laboratory for the synthetic rock material were 3.77 
MPa and 0.44 GPa, respectively. 

After determining the basic properties of the experimental synthetic material, synthetic jointed 
rock blocks have been fabricated using a mold. The synthetic jointed rock blocks were fabricated 
with nine joints arranged in an en echelon and a symmetrical pattern as shown in Figure 3. In 
order to study the effect of joint orientation on the mechanical behavior of the synthetic jointed 
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rock blocks, the joint geometry was designed by varying the dip angle, α, using three values: 
α=30º, 45º and 60º and keeping the other joint parameters as constants (see Fig.3). The joints have 
been fabricated by inserting steel plates of thickness 2 mm and length 100 mm into the synthetic 
rock block when pouring the synthetic model material mixture. The mixing, molding and curing 
of the model have been carefully controlled for the production of repeatable specimens. 

 
Figure 3. Joint geometry configurations used in the fabricated synthetic jointed rock blocks (Unit: mm). 

The aforementioned specimens then have been carefully cured in water under 20±5 ºC temper-
ature for seven days before pulling out the steel plates to create some joints. After another eight 
days, the molds have been removed and then the joints have been filled with talcum powder and 
plugged with plaster to simulate smooth joints. Before testing, the specimens have been cured for 
60 days in water.  

The prepared specimens have been then tested using the TYS-500 testing machine and the axial 
load, axial displacement and horizontal displacements have been collected using a data acquisition 
system. The data obtained from the aforementioned large scale physical experiments (Zhang 2013, 
Jing et al. 2014) have been used to calibrate and validate a numerical model developed on the 
same synthetic jointed rock blocks using PFC3D, a commercially available software package de-
veloped by Itasca (2008), based on the discrete element method.  

3 CALIBRATION AND VALIDATION OF THE PFC3D NUMERICAL MODEL 

3.1 Calibration of intact material micro-mechanical parameters 

The intact synthetic model material selected in this study is represented by compacted particles 
cemented with the parallel bond model (Potyondy & Cundall 2004, Pierce et al. 2007, Itasca 
2008). Therefore, the micro-mechanical parameters consist of two categories: one for particles 
and the other for parallel bonds. The PFC3D code allows one to simulate the macro-mechanical 
behavior of the selected synthetic model material by selecting appropriate values for the micro-
mechanical parameters such as the particle size distribution and packing, particle and parallel bond 
stiffnesses, particle friction coefficient and bond strengths (Potyondy & Cundall 2004, Pierce et 
al. 2007, Itasca 2008). To select appropriate micro-mechanical parameter values for the synthetic 
intact material one needs to basically go through a trial and error procedure iteratively varying the 
micro-mechanical parameter values to match the required macro-mechanical behaviors of the se-
lected synthetic material. This procedure is known as the calibration of the intact synthetic mate-
rial micro-mechanical parameters. Herein, the required macro-mechanical behaviors are chosen 
as the strength response through the UCS and the deformability response through the Young's 
modulus and Poisson's ratio of a cylindrical specimen having 50 mm diameter and length/diameter 
ratio = 2:1 under unconfined compression.  

In this study, a special calibration sequence was followed to rationalize the micro-mechanical 
parameter calibration and to minimize the number of iterations. First, the particle and parallel 
bond moduli and the ratios of normal to shear stiffness were set equal between the particles and 
parallel bonds to reduce the number of independent parameters (Potyondy & Cundall 2004). Then, 
the Young's modulus was calibrated by setting the material strengths to a large value and varying 
E (particle Young’s modulus) and E  (parallel bond Young’s modulus) to match the Young’s 
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modulus between the numerical and laboratory specimens. Next, by changing kn/ks (particle nor-
mal stiffness/particle shear stiffness) and kn/ks (parallel bond normal stiffness/parallel bond shear 
stiffness), the Poisson's ratio of the numerically simulated intact synthetic cylindrical specimen 
was matched to that of the laboratory specimen. 

After calibrating the aforementioned deformation micro-mechanical parameters, the peak 
strength between the numerical and laboratory specimens were matched by gradually reducing 
the normal and shear bond strengths of the parallel bonds. During this procedure, it is important 
to fix the ratio of normal to shear bond strength ( sn / ) because it affects the failure mode of the 
specimen. Therefore, a series of numerical simulations were conducted to match the failure mode 
of the cylindrical specimen between the numerical and laboratory by varying sn /  while keep-
ing other parameters unchanged. The obtained failure modes with varying sn /  for cylindrical 
specimens used in the numerical simulations are displayed in Figure 4. 

Figure 4. Comparison of the failure modes obtained between the laboratory specimen and the cylindrical 
specimens used in the numerical simulations with different ratios of normal to shear bond strength of par-
allel bonds. (The red and blue imply tensile cracks and shear cracks, respectively.) 

As can be seen from Figure 4, as the specimen is compressed under uniaxial stress, numerous 
cracks (tensile and shear cracks) are produced through breakage of parallel bonds. At first, the 
cracks mainly concentrate on one end of the specimen, and then extend to the middle area of the 
specimen. If the ratio of normal to shear bond strength is under one or over one, the crack distri-
bution does not seem to form a complete macro fracture plane in the specimen. On the other hand, 
the crack distribution seems to form a single macro-fracture plane in the case of 0.1/ cc  . The 
failure mode of the numerically simulated synthetic cylindrical specimen with 0.1/ cc  agrees 
well with that of the laboratory specimen (Zhang 2013). Thus, setting the ratio of normal to shear 
bond strength equal to one seems to increase the confidence of the numerical model in simulating 
the appropriate failure behavior of the synthetic material. 

The friction coefficient μ mainly affects the post-peak behavior of the synthetic material. To 
select an appropriate μ value, a series of numerical tests were conducted on standard cylindrical 
specimens under uniaxial condition using different μ values (μ=0.40, μ=0.60, μ=0.80) to obtain 
stress-strain curves. The numerically obtained stress-strain curves were compared with the stress-
strain curve obtained from the laboratory specimen (Fig. 5). In this comparison, in addition to 
comparing the post peak behavior, it is necessary to match the macro UCS and Young's modulus 
values obtained for different numerical simulations of the synthetic material with that obtained 
for the laboratory specimen. Therefore, the E( E ) and cσ ( c ) values need to be modified with μ 
value at the same time. Figure 5 shows that the post-peak trend of the laboratory stress-strain 
curve is approximately parallel to that of all the stress-strain curves of cylindrical numerical spec-
imens. Therefore, the post peak behavior of numerical specimens did not provide any guidance to 
select the particle friction value. On the other hand, the coefficient of friction obtained from the 
laboratory triaxial tests on synthetic intact rock was around 0.64. Therefore, the friction coefficient 
value of 0.60 was selected to represent the particle friction. 

Table 1 lists the determined micro-mechanical parameter values to simulate the intact synthetic 
rock with the parallel bond model and Table 2 shows the calibration results. 

0.2/ cc 5.0/ cc  0.1/ cc  5.1/ cc  5.2/ cc 
Laboratory 

specimen 
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Figure 5. Comparison between the stress-strain curves obtained from the numerical simulations and the 
stress-strain curve from the laboratory specimen. 

Table 1. Micro-mechanical parameter values used for the synthetic rock material. 
__________________________________________________________________________________________________________ 

Parameter of particle Value Parameter of parallel bond Value 
__________________________________________________________________________________________________________ 

 (kg/m3) 1635  1.0 
kn / ks 1.70 kn / ks 1.70 
Ec (GPa) 0.37 Ec (GPa) 0.37 
 0.60 c (mean± std.dev., MPa) 3.00±0.75 
Rrat = Rmax / Rmin 1.66 c (mean± std.dev., MPa) 3.00±0.75 

R (m) Rmax = 1.07910-3, Rmin = 0.65010-3 (for cylindrical specimen) 
Rmax = 7.28010-3, Rmin = 4.55010-3 (for jointed rock block) 

__________________________________________________________________________________________________________ 

Note that  is the density of the synthetic rock material;  is the radius multiplier used to set the parallel 
bond radii; R is the radius of the particle; Rmax and Rmin are the maximum radius and minimum radius of 
the particle, respectively.  

Table 2. Results of calibration. 
__________________________________________________________________________________________________________ 

Mechanical parameter Strength, UCS Deformation modulus, E Poisson's ratio, ν 
MPa GPa 

__________________________________________________________________________________________________________ 

Numerical simulation result 3.78 0.433 0.185 
Laboratory experimental result 3.77 0.440 0.16 - 0.25 
Deviation 0.3% 1.6% N/A 
__________________________________________________________________________________________________________ 

Note that the Poisson's ratio in the laboratory experimental result is not obtained by the experiment, but 
calculated according to a similarity criterion (Zhang 2013, Jing et al. 2014). 

3.2 Calibration of joint micro-mechanical parameters 

3.2.1 Set-up of jointed rock model 
The micro-mechanical parameters of joints are calibrated in this section through an inverse mod-
eling using the results of laboratory physical experiments conducted on jointed rock blocks. First, 
a numerical model of size: 500 mm × 500 mm × 480 mm, which is identical to the jointed rock 
block fabricated in the laboratory (Fig. 2) was generated by using PFC3D software package 
(Itasca 2008). Then, a series of trial and error numerical simulations were performed varying mi-
cro-mechanical parameters of joints in a systematic manner and comparing the strength values 
and failure modes obtained between the numerical simulations and the laboratory test results. 
Figure 6 shows the synthetic jointed rock block having joint dip angle α=45º used in the numerical 
simulation as an example.  
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Figure 6. Numerical model of synthetic jointed rock block. 

In the synthetic jointed numerical model, nine joints are simulated with the smooth joint model 
and arranged as an en echelon as shown in Figure 6. Note that every joint is placed fully across 
the model in σ2 direction and the joint is thus a rectangle discontinuity with length 480 mm and 
width 100 mm. In PFC3D, a rectangular smooth joint plane cannot be created directly because 
the smooth joint contact model can only be defined as a circular disk-shaped area having a speci-
fied radius. Herein, each joint plane is obtained by geometrical combination of multiple smooth 
joint disks as displayed in Figure 7.  

Figure 7. Creation of a smooth joint plane in the numerical model. 

In the numerical simulation, both the rear wall and bottom wall were fixed with no displace-
ment; whereas the velocities of two lateral walls were controlled by a servo-control mechanism 
to maintain a certain confining stress σ2. During the numerical compression test, the synthetic rock 
blocks are loaded by the top wall using a constant velocity. In the laboratory physical experiment 
σ2 has been set to 1.15 MPa throughout the compression test (Zhang 2013, Jing et al. 2014). Be-
sides the aforesaid five walls, a front wall was also created to form a vessel for generation of the 
synthetic rock material. After the whole model was set to be in static state under the hydrostatic 
pressure of 1.15 MPa by moving the four movable walls, the front wall was deleted to expose a 
free surface to simulate the unsupported inner face of the underground excavation. 

3.2.2 Smooth joint model 
The joints created in the intact synthetic material were simulated with the smooth-joint model. 
The advantages of having a smooth joint model are explained in Itasca (2008). A typical smooth 
joint contact model is shown in Figure 8. Once a joint plane is defined, a smooth joint is assigned 
at contacts between balls whose centers lie on the opposite sides of the defined joint plane. At 
these contacts, first, the existed bonds are removed and smooth joints are defined in a direction 
parallel to the joint plane regardless of the contact orientations. These contacts behave according 
to the rules defined by the smooth joint model with specified parameters given by the user. The 
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particles having such contacts may overlap or pass through each other rather than be forced to roll 
around one another. 
 

 
Figure 8. Smooth joint contact model (Itasca 2008). 

 
These newly created contacts act mechanically as a set of elastic springs uniformly distributed 

over a circular cross-section centered at the contact point. The area of the smooth joint section is 
given by  

2

A R  (1) 

where R  is the radius of the circular cross-section and the magnitude of it is given by Equation 
2 given below: 

min( , )A BR R R  (2) 

where   is a radii multiplier (equals to 1.0 by default) and RA, RB are the particle radii. In this 
study, the smooth joint was treated as a non-bonded unit to match the smooth joint used in the 
laboratory physical experiment. Therefore, the smooth joint properties include the normal stiff-
ness knj, shear stiffness ksj, coefficient of friction i and angle of dilation i. 

The effective joint geometry of a single smooth joint consists of two initially coincident planar 
surfaces. The two contacting particles are permanently associated with the two surfaces, one per 
side. During each time step, the relative translational displacement increment between the two 
surfaces is decomposed into components along the joint and perpendicular to the joint and these 
components are multiplied by the smooth joint shear stiffness and normal stiffness to produce 
increments of joint force. The force-displacement law operates in the coordinate system of the 
joint plane and provides Coulomb sliding behavior with no dilation in the present study. 

3.2.3 Determination of joint deformation and strength parameters 
Once the smooth-joint model is created on these contacts lying on the opposite side of the joint 
plane, the following operations occur. 

a. The contact model and parallel bond are deleted and replaced by the smooth-joint contact 
with no parallel bond. 

b. The mechanical properties are inherited from the properties of the contact and the two con-
tacting entities as follows: 

/nj nnk k A k   (3) 

/sj ssk k A k   (4) 

j   (5) 

0j   (6) 

c. The force, displacement and gap are set to zero. 
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The aforementioned inherited values could be over-written by the users according to the exper-
imental setup or field conditions. The surface of joints in the physical experiments is relatively 
smooth and fresh (not weathered) (Yang et al. 2015). Thus, the normal stiffness and friction co-
efficient of smooth joints should be set to values less than that of the intact material. Herein, at 
first, the normal stiffness and shear stiffness are set to 1.36×1010 N/m³and 0.45×1010 N/m³, respec-
tively (Table 3). However, the appropriate values of the joint stiffnesses as well as friction coef-
ficient should be determined through a calibration process using the strength of jointed rock blocks 
determined in the laboratory. Figure 9 indicates the dependence of the jointed block strength val-
ues on the joint friction coefficient and deformation parameters. 

Table 3. Micro-mechanical parameter values used for the smooth joint model. 

Mechanical 
parameter 

Normal stiffness, njk  

N/m³ 

Shear stiffness, sjk
N/m³ j

 

Inherited material 
value (mean) 

10.30×1010 6.06×1010 0.60 0 

Assigned joint value 1.36×1010/1.36×109/1.36×108 njk
3

1  /
njk

30

1
/ njk

300

1 0.30/0.35/

0.40/0.45 0 

As can be seen from Figure 9a, the variation of the friction coefficient value has a dramatic 

influence on the strength of jointed rock block with dip angle of 30º. The strength increases 

sharply with the friction coefficient applied on smooth joint model at dip angle of 30º. For jointed 

rock model with dip angle of 45º, the strength also increases with the friction coefficient, but with 

less significance compared to that of dip angle of 30º. For dip angle of 60º, there is very little 

difference observed on strength values as the friction coefficient is varied from 0.30 to 0.45. 

Figure 9b displays the variation of strength of jointed blocks with the normal stiffness values. 

The normal stiffness of smooth joint was varied from 1.36×1010 N/m³ to 1.36×108 N/m³. Figure 

9b shows that the normal stiffness mainly affects the strength value of jointed rock block with dip 

angle of 30º. For jointed rock blocks with dip angle of 45º and 60º, the effect of joint normal 

stiffness on strength is much less significant. Figure 9c also demonstrates that the ratio of joint 

shear stiffness to normal stiffness ( njsj kk / ) mainly induces a dramatic change on strength of 

jointed block values only when dip angle equals 30º; the strength values of jointed rock blocks 

increase with njsj kk / for dip angle of 30º. For jointed blocks having α=45 º and 60º, the strength 

values show only a little increase with respect to the increase of njsj kk / . Above all, the joint me-

chanical parameters have more influence on the strength of rock blocks with low joint dip angle. 

It might be because at low joint dip angle there is more normal stress applied on the joint plane to 

make the joint surfaces interact with each other very well. 

Therefore, according to the above calibration process, the smooth joint deformation and 

strength parameters can be determined as N/m³ 1036.1 10njk , N/m³  1045.0 10sjk , 40.0
j

 and 

0 . With the determined smooth joint deformation and strength parameters, the strength values 

of the numerically simulated synthetic jointed rock models have a good agreement with the results 

of the laboratory physical experiments. Table 4shows the comparison of the strength values ob-

tained between the laboratory physical experiments and numerical simulations. 

Table 4. Comparison of strength between the laboratory experiment and numerical simulation results. 

Joint angle Laboratory experiment value Numerical simulation value Deviation 

º MPa MPa 
30 3.69 3.70 0.3% 

45 2.52 2.69 6.7% 
60 2.28 2.47 7.3% 
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(a) 

(b) 

(c) 

Figure 9. Strength values of jointed blocks from numerical simulations: (a) Variation of strength of numer-
ically simulated jointed blocks with friction coefficient of smooth joint; (b) Variation of strength of numer-
ically simulated jointed blocks with normal stiffness of smooth joint for 3/1/ njsj kk ; (c)Variation of 
strength of numerically simulated jointed blocks with njsj kk / of smooth joint for 1036.1 ek nj   (stiffness 
unit: N/m3). 

3.3 Validation of the calibrated PFC3D numerical model through comparison of the failure 
modes 

Figure 10 displays the comparison of failure modes between the laboratory physical experimental 
results and numerical simulations for rock blocks with dip angles of 30º, 45º and 60º. To investi-
gate failure modes further, numerically obtained displacement vector images are also shown for 
the stress level σ1=0.55σp in Figure 10. The total displacement of each particle is drawn as an 
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arrow with the length proportional to the magnitude, and orientation equal to that of the displace-
ment vector. For α=30º, the jointed synthetic rock block in the physical experiment mainly failed 
through a step-path failure involving joints 1, 3 and 6, which are located close to the free surface. 
The corresponding numerical failure and vector images also show a step-path failure mode 
through the coalescence of the three outside joints with the failed parallel bonds in the intact ma-
terial segments. The numerical displacement vector image for α=30º shows detachment of a 
wedge right close to the free surface, which also occurred in the physical experimental specimen. 
With respect to the fracturing occurred in the physical experiment, similar behaviors can be seen 
in both the failure and displacement vector images. 

Dip angle α=30º α=45º α=60º 

Physical 

experiment 

Numerical 

failure 

image 

Numerical 

displacement 

vector image 

Figure 10. Comparison of failure modes between the laboratory physical experimental results and numerical 
simulations (yellow and green imply the particles and joints, respectively; red and blue imply tensile cracks 
and shear cracks, respectively). 

For the physical experimental rock block with α=45º, macro fractures can be seen in the syn-
thetic rock around the bottom left corner of the block close to fractures 3 and 6, and in the synthetic 
rock bridge between the inner tip of joint 2 and the top wall as well as in the synthetic rock bridge 
between the outside tip of joint 2 and outside tip of joint 5. Those type of fracturing and displace-
ments can also be seen through the corresponding failure image and the displacement vector im-
age. The numerical failure image shows fractures between joints 1 and 2, and 8 and 9. Those 
cannot be seen in the physical experimental block. The most probable reason for that may be the 
numerical model might have undergone a larger strain level beyond the peak stress level compared 
to that of the physical experimental block. With another fracture forming in the synthetic rock 
bridge between joints 5 and 6 can lead to forming a complete failure path to separate the whole 
block into two parts. The numerical displacement image indicates several different parts from the 
free surface to the inside of the block (left to right) according to the displacement magnitude 
(vector length). From the free surface to inside, the displacement magnitude has decreased clearly. 

For α=60º, a number of failed areas can be seen on the physical experimental specimen. Similar 
failed areas can be observed in the numerical failure image. In addition, the numerical failure 
image shows failure in the intact rock bridges along the plane connecting joints 7 and 8. However, 
this is not visible in the physical experimental block. The most probable reason for that may be 

1

2

3

4

5

6

7

8

9

1
2

3

4

5

6

7

8 9

1

2

3

4

5

6

7

8

9

13



the numerical model might have undergone a larger strain level beyond the peak stress level com-
pared to that of the physical experimental block. The jointed rock block seems to be separated 
into multiple beams along the dipping direction of joints under compressive loading. In the nu-
merical model with the dip angle of 60º, the parallel bond breakages can be seen in the synthetic 
rock bridges between the adjacent joints located on the same plane. This failure phenomenon can 
easily produce inclined synthetic rock beams which slide along these failure planes. The numerical 
displacement vector image shows a very good agreement with the failure image for α=60º. There-
fore the aforementioned comparison shows that the calibrated numerical model has the capability 
to reproduce the failure modes that can be seen on the blocks used for the physical experiments. 
This implies that the calibrated numerical model has the capability of producing accurate values 
for jointed block strength and proper failure modes for the jointed blocks. 

4 EFFECT OF JOINT ORIENTATION ON MECHANICAL BEHAVIOR OF JOINTED 
ROCK BLOCKS 

The aforementioned calibrated model is used in this section to investigate the effect of the joint 
dip angle on the failure mode, jointed block strength and deformation. The dip angle of joints are 
varied from 0º (horizontal) to 90º (vertical) with an increment of 15º. In this study, no support 
stress is applied on the free surface (in σ3 direction). 

4.1 Effect of joint orientation on failure behavior of jointed rock blocks 

Figure 11 shows the failure modes of the synthetic jointed rock blocks for different dip angles. 
Besides the blocks with joints (Blocks B-H), an intact synthetic rock block (Block A) was also 
generated and tested under the loading conditions illustrated in Section 3.2.1. All the cracks of the 
whole model at a certain stress level along the σ2 direction are displayed in the visible surface. For 
each case, four images display the bond breakage level at different stages of the stress-strain curve. 
The first image was captured when the micro cracks initiate from the block and the second image 
shows the bond breakage level at the peak stress level during compressive loading (i.e.

p
 

1
). 

The third and fourth images display the bond breakage level when the stress drops to 0.85σp and 
0.55σp in the post peak phase, respectively. In addition, the displacement vector images at the 
aforementioned stress levels are also shown to better understand the failure process of the syn-
thetic jointed rock blocks. As can be seen from Figure 11, the joint orientation plays a major role 
on failure modes of rock blocks adjacent to underground excavations. Three distinct failure modes
are observed as follows: 

4.1.1 Mode I: Intact rock failure-Block A (no joints), Block B (α=0º), Block C (α=15º) and 
Block H (α=90º). 
The rock material in Block A is intact with no joints. When the model is loaded at the top wall, 
bond breakages begin to appear in the top-left corner near the free surface. These bond breakages 
then combine into a macro failure plane that propagates downwards and inwards. The macro fail-
ure plane inclines at an angle of approximately 32º with respect to the free surface or the loading 
direction. As the loading stress reaches 0.85σp, the macro failure plane propagates to the bottom 
wall. Afterwards, bond breakages occur at the top-right corner of the model. At the same time, the 
width of the initial failure plane gradually increases and the propagation continues again from the 
bottom wall to the top-right corner. 

When an underground excavation is made, the created free surface (Fig. 1) changes the in-situ 
stress condition. This leads to rock mass deformation and dilation. The stress concentration first 
occurs near the free surface and when the stress exceeds the strength of the material, the rock mass 
fails. After that, the failure develops from the free surface (outside) to inside until new mechanical 
balance is formed. If the rock material is intact, the propagation of failure may be relatively stable. 
Block A shows the failure process of the intact rock mass adjacent to an underground excavation 
in detail. Herein, this kind of failure mode is named as the intact rock failure mode. The intact 
rock failure mode is also observed in Blocks B, C and is shown in Figure 11.  
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 Crack initiation Peak-stress(σp) Post-peak 1(0.85σp) Post-peak 2 (0.55σp) 
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Figure 11. Failure modes of synthetic jointed rock blocks under no support stress through numerical simu-
lation. (Note that the free surface is on the left hand side of each block; the yellow and green imply the 
particles and joints, respectively; the red and blue imply tensile cracks and shear cracks, respectively.) 
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In Blocks B and C with dip angle of 0º and 15º, respectively, the bond breakages initiate at the 
top-left corner of the models. Contrary to Block A, although these bond breakages group into one 
macro failure plane at peak stress, the failure plane propagates through the joint tips. As the macro 
failure plane extends to the bottom of the model at σ1=0.85σp, the next tendency of bond failure is 
then towards the direction of the top-right corner by crossing joint tips one by one (see the third 
image in Block C). After that, at the top-right corner of the model, the bond breakages take place 
to accelerate the rock block to lose its stability.  

In the numerical model with vertical joints (Block H, α=90 º), the bond breakages start to de-
velop in the rock segment between the free surface and the adjacent joint. Then, two inclined 
macro failure planes propagate to the top wall and the bottom wall, respectively. After that, both 
of the two failure planes propagate symmetrically, crossing the tips of joints, to the joint near the 
rear wall. Although the failure propagation involves the joints in Blocks B, C and H, the failure 
process is quite similar to Block A and the failure planes always cross the joint plane obliquely. 
A very good agreement can be seen between the failure and displacement vector images. Moreo-
ver, the displacement vector images for α=0 º, 15 º, 90 º display the detachment of a rock wedge 
with newly generated sides through the intact rock which exclude the preexisting joint planes. 

4.1.2 ModeⅡ: Step-path failure-Block D (α=30 º). 
For Block D with dip angle of 30º, the failure mode is quite different from the above models with 
relatively lower dip angles or no joints. The bond breakages initiate from the tips of the middle 
set of joints. Then numerous bond breakages are produced from the tips of the joints which are 
located in the upper part of the model and propagate in the direction perpendicular to the joint 
sets. When the loading stress decreases to 85% of the peak stress, the bond breakages in the intact 
material together with the three joints adjacent to the free surface group into a macro failure plane 
which separates the top-left part of the model from the rest of the block. Once the top-left part of 
the model loses its capacity of resistance, the bond breakages begin to appear in the inner part of 
the rock block. Even though the failure process is complex, the sliding on a joint segment and 
stepping between adjacent parallel joints in the top-left part of the model is dominant. Therefore, 
the step-path failure mode is applicable for Block D. Again a very good agreement can be seen 
between the failure and displacement vector images. In addition, the displacement vector image 
shows detachment of a rock wedge, adjacent to the free surface, with newly generated sides partly 
through the intact rock and partly on the preexisting joint planes. 

4.1.3 Mode Ⅲ: Planar failure-Block F (α=60 º) and Block G (α=75 º). 
When the dip angle increases to 60º (Block F), the bond breakages are produced initially from the 
tips of all the joints at the same time. These bond breakages propagate along the direction of each 
joint. These non-persistent joints which lie on each plane are then easily connected with each other 
by the bond breakages of the intact material. This leads to forming multiple macro failure planes 
along the different planes of the joint set. These macro failure planes divide the jointed block into 
pieces of synthetic rock beams and some of the beams break into smaller synthetic rock blocks 
(see image 4 of Block F in Fig. 11). 

In Block G with dip angle of 75º, the bond breakages first occur at the outside tip of the joint 
closest to the free surface. Then, in the intact material bridges between the joints belonging to the 
second and third rows of joints some bond breakages grow and propagate parallel to the dipping 
direction of the joints. After that, some bond breakages continue to develop from outside to inside 
and at σ1=0.85σp the first macro failure plane appears from top to the free surface along the joint 
which is located closest to the free surface. At σ1=0.55σp, the second macro failure plane emerges 
along the second row of joints from the free surface. Again a very good agreement can be seen 
between the failure and displacement vector images. In addition, the displacement vectors for both 
α=60 º and 75 º are well separated with respect to the vector magnitude by the preexisting inclined 
joint planes.   

In the synthetic rock block with dip angle of 45º (Block E), it can be seen that both the step-
path failure and planar failure are possible in the model at the same time. Thus, it is a more 
complex failure mode. During the test, bond breakages nearly initiate from the tips of all the nine 
joints. These bond breakages corresponding to wing cracks propagate perpendicular to the dip 
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direction of the joint set until the loading stress reaches the peak stress. Afterwards, these bond 
breakages coalescence with joints to form multiple macro failure planes in the model. Again a 
very good agreement can be seen between the failure and displacement vector images. 

4.2 Effect of joint orientation on strength behavior of jointed rock blocks 

The strength assessment of rock masses is of importance to provide guidelines for support design 
and stabilizing the underground excavations. This section presents a modeling method to estimate 
the strength of jointed rock blocks adjacent to underground excavations. Figure 12 displays the 
effect of joint orientation on synthetic rock block compressive strength σp. To assess the strength 
reduction in synthetic jointed rock blocks compared to that of the intact rock, the jointed block 
compressive strength σp is normalized with respect to the corresponding value for Block A, i.e. 
the rock block with no joints.  

Figure 12. Variation of normalized jointed block strength with the dip angle from numerical simulations. 

As can be seen from Figure 12, the strength of jointed rock blocks has a very significant de-
pendence on the joint orientation. Block B with the joint dip angle of 0º has the highest compres-
sive strength value of 97.3% of the intact block strength. That is because both Block A and Block 
B show the same failure mode, ModeⅠ: intact rock failure, under compression. Even though the 
bond breakages corresponding to wing cracks at joint tips affect the propagation direction of fail-
ure, these closed joints cannot dramatically reduce the resistance capacity of the jointed block. 
Besides Block B, the block models with dip angles of 15º and 90º also have relatively high strength 
values of 94.8% and 91.5% of the intact block strength, respectively. These jointed blocks also 
display a failure process similar to that of the intact material block. 

It should be noted that for α=90º, even though the strength value is high, it does not reach the 
value corresponding to that of the block having the horizontal joints (α=0º), just like for persistent 
joints. For the jointed model having α=0º, the increase in normal stress on a joint is greater than 
the increase in shear stress; thus, the bond failures are unlikely to develop along the joints. The 
failure behavior and mode of bond failure propagation for the jointed block having horizontal 
joints are almost identical to the isotropic rocks subjected to compressive loads. This principle is 
suitable for persistent joint models as well as for non-persistent joint models with closed joints. 
For numerical models with vertical non-persistent joints (Fig. 13), the rock segment between the 
free surface and the joint closest to the free surface can easily detach from the rest of the jointed 
block and the stress concentration can occur in this zone. Numerous cracks initiate with breakages 
of parallel bonds in this rock segment until it loses the resistance; thus, a defect appears near the 
free surface in the jointed block. It is this defect that makes it possible for the strength value of 
the jointed block with vertical joints to be lower than that of jointed block with the horizontal 
joints. In practice, it is useful to take measures to eliminate the detachment of rock segments 
between the free surface and the vertical joints for stability control of underground excavations. 
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Figure 13.Synthetic rock block with vertical non-persistent joints. 

When the dip angle changes from 15º to 30º, the compressive strength reduces dramatically 
from 0.95 to 0.72 times that of the intact material block. That is due to the fact that the failure 
mode changes from ModeⅠ to ModeⅡ. As the block with joints having α=30º is loaded, a step-
path failure occurs through the coalescence of intact material bond breakages with the existing 
joints. This separates the top-left part of the jointed model from the rest of the block and makes it 
slide outwards to the free surface. The three joints adjacent to the free surface contribute to the 
localized failure and decrease the strength value. 

As the dip angle increases to 45º (Block E), the increase of shear stress on a joint is significant 
such that the bond failures corresponding to wing cracks initiate at tips of all nine joints (see image 
2 for Block E in Fig. 11) compared to that at tips of joints near the free surface like for Block D 
(α=30º). These fully distributed bond failures can induce a strength decrease on the whole rock 
block rather than only in a localized area. This is the reason why Block E displays a lower strength 
value than that of Block D. 

The minimum σp occurs around α=60º, which is 0.48 times that of the intact material block 
strength. As can be seen from Figure 11, Block F fails in planar failure mode. The resistance in 
this case is mainly provided by the intact material bridges along the joint plane. According to 
Jennings' strength theory, the combined strength of the joint and intact material bridges can be 
computed from the simple linear weighing of the strength contributed by each fraction of material 
(Jennings, 1970). In this case, the joint segments which have no bond strength dramatically reduce 
the resistance of the whole model. Once the intact material bridges fail, the jointed block breaks 
into pieces of intact material beams and slide along the failure plane into the excavation space. 
This may induce severe disasters for both the workers and equipment. Therefore, particular 
measures should be taken for surrounding rock masses with joints inclined around α=60º.  

At α=75º, even though the jointed block fails in a planer failure mode, the failure mainly occurs 
in a localized area near the free surface when the compressive stress reaches the peak. Thus, the 
strength value for the jointed block with dip angle of 75º is much higher than that of the jointed 
block with dip angle of 60º. 

The aforementioned discussions clearly indicate that the strength behavior of jointed rock 
blocks adjacent to underground excavations show great dependence on the joint orientation. Some 
joint dip angles induce failures in localized areas at the peak stress; while some other joint dip 
angles induce failures in the whole model at the peak stress. The models with the former joint dip 
angles show higher strength than the models with the latter joint dip angles.  

4.3 Effect of joint orientation on deformation behavior of jointed rock blocks 

In engineering practice, the convergence of surrounding rock mass is one of the most important 
indicators to estimate the stability of underground excavations. The measurement of convergence 
for a surrounding rock mass is commonly recognized as an effective method to know the working 
conditions of the excavation. In this study, the deformation of the free surface in the numerical 
models is used as the convergence of surrounding rock mass. Thus, the effect of non-persistent 
joints on convergence behavior of surrounding rock mass can be evaluated. 

To obtain the deformation magnitude of the free surface, a new wall which clings on to the free 
surface was generated before conducting the compression tests (Fig. 14). As the free surface de-
forms, this wall moves parallel to the free surface from beginning to end. It does not get separated 
from the free surface. The horizontal displacement of the vertical wall can represent the defor-
mation of the free surface. As can be seen from Figure 14, the particles on the free surface cannot 

Free surface 

Rock segment 

19



deform uniformly such that the displacement of the measuring wall equals to the maximum de-
formation value of the free surface.  

 
 

 
Figure 14. The measuring wall and free surface. 

 
 
The deformation behavior of the free surface is related to the displacement of the top loading 

wall. Therefore, to clearly present the effect of joint orientation on the deformability of the free 
surface, the linear strain of the free surface (ε3) is normalized by the linear strain of the loading 
wall (ε1). ε3/ε1 is plotted against ε1 in Figure 15. The variation of ε3/ ε1 under compression can be 
explained through three phrases as given below:  

PhaseⅠ: When the front wall is deleted and replaced by a measuring wall, the in situ stress is 
released and the intact material will deform elastically. In this phase, the deformation of the free 
surface results from a combined effect due to lateral stress release at the free surface and due to 
the Poisson’s ratio effect from low σ1 (low ε1) and σ2 stresses. Thus, the ε3/ε1 is high for all rock 
models with different dip angles, ranging from 4.5 to 6.5 at the beginning. Then this value drops 
dramatically because this elastic deformation finishes quickly.  

 
 

 
Figure 15. Variation of ε3/ε1 with ε1 for different jointed blocks having different joint dip angles. 

 
 
PhaseⅡ: As ε1 increases, the bond breakages increase in a steady manner and the jointed block 

model deforms in a stable manner. The ε3/ε1 value turns out to be a constant around 1.0 in this 
phase. According to Figure 15, the ε3/ ε1 in this phase varies with the joint orientation to some 
extent. For the intact material block, the ε3/ε1 is around 0.5, quite lower than 1.0. Due to the fact 
that the deformation in the σ2 direction (ε2) is low, which is ignored in this study, the volume of 
the model diminishes (ε3+ε1<0), i.e. the rock model shrinks in this phase. At the micro level, in 
the model two phenomena are taking place with respect to the particles: (1) the particles rearrange 
to reduce porosity; (2) the breakages of parallel bonds create new gaps between the particles. For 
the intact material block, the former is dominant in this phase so that the whole model shrinks. 
For Block B (α=0º), Block C (α=15º), Block D (α=30º) and Block H (α=90º), the ε3/ε1 values are 
all under 1.0. 
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On the contrary, the ε3/ε1 values are higher than 1.0 or around 1.0 for Block E (α=45º), Block F 
(α=60º) and Block G (α=75º) in PhaseⅡ. That is to say that the linear strain rate of free surface 
is larger than that of the top loading wall. These three jointed models involve the planar failure 
mode, for which the bond failures (cracks) take place mainly in the intact material segments be-
tween the joints due to the increasing shear stress along the joint plane. These cracks coalesce into 
a new failure plane that enables the particles to slide and separate from each other. The new failure 
plane, unlike the smooth joint model, has inherent roughness; thus, the dilation occurs on this 
plane which definitely enlarges the deformation of the free surface. In practice, the shear slip in 
surrounding rock mass always induces large convergence in underground excavations and the 
non-persistent joints with dip angles of around 60º in the rock make it easier to happen. 

Phase Ⅲ: When the jointed block loses its resistance, numerous bond breakages (cracks) ap-
pear and coalesce into multiple failure planes which cut the whole model into a number of small 
blocks. These blocks rotate and slide from each other to increase the porosity dramatically. The 
increase of the porosity leads to pushing the unconfined free surface to deform. In this phase, the 
ε3/ε1 values show an increasing trend for all the jointed block models.  

 

5 EFFECT OF SUPPORT STRESS ON MECHANICAL BEHAVIOR OF JOINTED ROCK 
BLOCKS 

5.1 Effect of support stress on strength behavior of jointed rock blocks 

Figure 16 shows the strength of jointed rock blocks under varying support stress. This figure 
demonstrates that the support stress applied on the free surface increases the resistance capacity 
of the jointed blocks. The variation pattern of strength with joint dip angle remains the same irre-
spective of the support stress level (example: the minimum strength occurs at α=60º while the 
maximum strength occurs at α=0º). However, the increment of strength with support stress de-
pends on the joint orientation (Fig. 17). According to Figure 17, for α=30º and 75ºthe strength 
increment is larger than that of other jointed models when larger support stress is applied on the 
free surface. As shown in Figure 17, when the support stress equals 0.06 MPa, the average strength 
increase for jointed blocks is 0.66 MPa. This means the strength increase is over 10 times the 
applied support stress value, which is in good agreement with Goodman's result (Goodman 1990). 
However, as the support stress increases to 0.20 MPa and 0.40 MPa, the ratio of the average 
strength increase over the applied support stress drops to 7.9 and 6.6, respectively. Therefore, 
even though increase of the support stress is an effective way to reinforce the surrounding rock 
mass, the effect of higher support stress reduces. This leads to cost increases dramatically in en-
gineering practice.  

 

 

 
Figure 16. Strength of synthetic jointed rock blocks under different support stress through numerical mod-

eling. 
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Figure 17. Strength increment of synthetic jointed rock blocks under different support stress through nu-
merical modeling. 

5.2 Effect of support stress on deformation behavior of jointed rock blocks 

Figures 18 and 19 show the variation of ε3/ε1 with ε1 for different jointed blocks under support 
stress of 0.06 MPa and 0.40 MPa, respectively. Compared with the ε3/ε1 values for jointed blocks 
with no support stress (Fig.15), the figures demonstrate that the support stress applied on the free 
surface can significantly reduce the convergence of the rock mass adjacent to underground exca-
vations in every phase. In PhaseⅠ, with no support stress applied, the ε3/ε1 values for jointed rock 
blocks could reach as high as 5.0-7.0, while at σ3=0.06 MPa these values are ranged from 0.5 to 
2.0 and at σ3=0.40 MPa these values are under 0.5. The elastic deformation is restricted by the 
supporting wall. 

 

 
Figure 18. Variation of ε3/ε1 with ε1 for different jointed blocks under support stress of 0.06 MPa through 
numerical modeling. 

 
In Phase II, in which the rock mass deforms into the excavation in a stable manner, the ε3/ε1 

values remained nearly unchanged such that this parameter can reflect the resistance capacity of 
the rock mass. According to Figure 15, under no support stress, the ε3/ε1 for jointed blocks with 
dip angles of 45º, 60º and 75º exceeded 1.0; which means that the blocks deform unstably. How-
ever, when the support stress is applied on the free surface, as can be seen from Figures 18 and 
19, the ε3/ε1 for all rock models are under 1.0 and rock blocks deform stably. 

In Phase III, as the rock blocks fail and lose their resistance capacity, the whole model gets 
fragmentized. The rotation and sliding of rock fragments would constitute an expansibility to push 
the rock masses into the excavations. Even though there is support stress applied on the free sur-
face, the supporting stress is much lower than the stress caused by the expansion; therefore, the 
ε3/ε1 increases dramatically for blocks under different σ3 values.  
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Figure 19. Variation of ε3/ε1 with ε1 for different jointed blocks under support stress of 0.40 MPa through 
numerical modeling. 

6 CONCLUSIONS 

The following conclusions can be drawn from the results obtained from the performed numerical 
simulations. The mechanical behavior of jointed rock blocks under no support stress shows a sig-
nificant dependence on the joint orientation. The intact material failure mode occurs for the jointed 
rock blocks with dip angles of 0º, 15º and 90º, as for the intact rock model with no joints. For 
jointed rock blocks with dip angle of 30º, the rock block failure pattern seems to be of step-path 
failure. The planar failure occurs for jointed rock blocks of dip angles of 60º and 75º. This failure 
can lead to rock beams sliding along the joint planes into the excavated space. For jointed rock 
blocks with joint dip angle of 45º, a combined mode of step-path and planar failure occurs. The 
jointed blocks which fail under intact rock failure mode produce high jointed block strengths. The 
jointed blocks that fail under planar or step-path failure mode give rise to low jointed block 
strength values. The lowest strengths are obtained for jointed blocks having dip angles of 60º and 
45º in that order. The jointed blocks with joint dip angles of 75º and 30º show moderate strengths. 
The convergence process of free surface consists of three phases and in Phases II and III the ε3/ε1

is evidently affected by the joint orientation. This may be used as an indicator to assess the stability 
of surrounding rock masses adjacent to underground excavations. 

The support stress applied on the free surface improves the mechanical behavior of jointed rock 
blocks. The highest effect of support stress on jointed block strength was observed for jointed 
blocks with dip angles of 30º and 75º in that order. The average increase of jointed block strength 
turned out to be over 10 times the support stress when relatively lower support stress (example 
σ3=0.06 MPa) was applied. The increase of jointed block strength reduced to 7.9 and 6.6 times the 
support stress as σ3 was increased to 0.20 MPa and 0.40 MPa, respectively. The ε3/ε1 in Phase II 
decreased below 1.0, when the support stress was applied on the free surface. That indicated the 
efficiency of support stress in controlling the convergence behavior of surrounding rock masses 
in underground excavations. 
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1 INTRODUCTION 

Over the past few years, Discrete Fracture Network Engineering (DFNE) has become a widely 
used technique in unconventional resource industries. However, DFNE applications in mining 
geomechanics still are limited despite promising capabilities. Some of the reasons include the 
complex generation procedures associated with discrete fracture networks (DFN’s), extensive 
computational requirements associated with the use of the DFN in numerical models, and chal-
lenging interpretation and analysis of results. In addition, there is often a lack of characterization 
data, which often have not been regularly collected but are required to define DFN parameters, 
e.g. fracture length and spacing.

DFNE applications in mining include advanced rock mass characterization, in-situ fragmenta-
tion assessment, kinematic stability analyses and rock mass pre-conditioning optimization, 
amongst others (Rogers et al. 2007, Mas Ivars et al. 2011, Brzovic et al. 2015, Katsaga et al. 2015, 
Kim et al. 2015, Lorig et al. 2015). 

The DFNE approach was used at the Capstone Mining Corp., Ltd., Minto Mine in the Yukon, 
in northwestern Canada, to assess the stability of the roof in the chambers of a proposed post-
pillar cut-and-fill mining horizon, and quantify the effectiveness of an intended support system.  

DFN models were created in this project using a statistical description of the natural joint sets 
and fracture patterns at the site. For each DFN realization, a unique explicit representation of the 
fracture network (including intact bridges between discontinuities) was generated, which honored 
the statistical distribution of each set. Each situation then was modeled explicitly with 3DEC 
(Itasca 2013), a discrete element code, which represents the rock mass as an assembly of distinct 
blocks separated by discontinuities. The discrete blocks can themselves be zoned, and, hence, 
deform, build stress and fail. 

This paper describes how DFNE techniques can be successfully applied to mining applications 
despite their challenges, and the manner in which DFNE was employed for evaluating the stability 
of underground openings and the efficiency of ground support at Minto Mine. 
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2 APPROACH 

DFN models do not perform any analysis per se. Rather, they are used to generate a volume of 
material fitted with multiple discontinuities aimed at representing the structural condition of a 
given rock mass. This assemblage of discrete blocks is in turn fed to 3DEC, which performs the 
actual stability analyses. 

The DFN module developed by Itasca and implemented in all Itasca software generates a frac-
ture population as a set of discrete planar fractures of finite size. The geometrical characteristics 
of these fractures are their size (diameter), orientation and position distributions. In addition to 
the geometrical characteristics, the DFN module also supports fracture density as an input prop-
erty. The schematic of the DFN logic is shown in Figure 1. Two different domains with different 
sizes should be defined for DFN generation: a sample (observation) domain and a larger genera-
tion domain. In the Minto analyses, the generation domain was always made twice as large as the 
sample domain. In order to reduce finite size effects, fracture positions are generated randomly 
within the generation domain. 

Figure 1. Workflow in DFN module. 

Minto pit and underground mapping data were used to create the DFN models. A set of statis-
tical parameters was defined and joints were generated based on this statistical input. Fracture 
orientations were bootstrapped to the field-collected values of fracture pole orientations (dip and 
dip direction). “Bootstrapping” is a method that populates a domain by random sampling and 
replacement – in other words, it consists of randomly selecting values from the mapping database 
and directly using these values in the DFN. Rogers et al. (2007) described the process as “a sta-
tistical method based on multiple random sampling with replacement from an original sample [the 
mapping data] to create a pseudo-replicate sample of fracture orientation [the DFN].” 

The fracture orientations were hence randomly selected during generation, i.e., bootstrapped 
from actual field data. Random fracture positions were then chosen. The bootstrapping process 
continued until a target fracture frequency was reached along a virtual borehole. Once the target 
fracture frequency was achieved, the bootstrapping process ended and the DFN model was gen-
erated. As it is possible for any number of DFN realizations to satisfy the statistical criteria im-
posed, multiple DFN’s, each one unique, were created. 

3 MODEL SETUP 

The overall information flow for the method is summarized in Figure 2. As shown, DFN were 
created first from real joint orientation data as described above. The DFN generation and sample 
domain were then defined. As the next step, fractures were randomly positioned in the generation 
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domain until the target fracture frequency was achieved along a virtual scanline defined in the 
model. A fracture frequency of two joints per meter was implemented in all the simulations de-
scribed in this work, all the fractures being circular. Multiple DFN constructions (“realizations”), 
each one unique, are required to derive some statistical confidence in the results. Twenty-five (25) 
DFN realizations were eventually generated for the Minto project, for both the Area 2 pit and 
underground mapping data, which were somewhat different. A verification was performed for 
each DFN realization to confirm that the randomly generated DFN matched the input stereonet 
data. In Figure 2, the stereonet on the lower right side (which represents the realization) needs to 
be compared to the “SRK Area 2 pit mapping (2013)” stereonet on the upper left side (which 
represents the dataset from which the DFN was constructed). As can be seen, the two are different, 
but still quite similar. 

Figure 2. DFN detailed construction process. 

3DEC models based on the DFN realizations were then created using the following procedure: 
(1) sort fractures from largest to smallest; (2) for each fracture starting from the largest, hide all
blocks that are not touching that fracture; (3) cut through all visible blocks as per the fracture
plane orientation (3DEC blocks cannot be partially cut); and (4) assign different joint properties
to areas lying inside the circular fractures (to represent the discontinuities) and outside of them
(to represent the “rock bridges” in between).

Figure 3 shows the geometry of the 3DEC model associated with a particular realization. Each 
3DEC model measured 30 m wide by 30 m long (in order to contain the planned room-and-pillar 
panel footprint size) by 17 m high (to provide sufficient thickness in the roof to fit a large enough 
number of fractures and intact rock bridges to adequately capture the kinematic behavior of the 
rock mass above the mining chambers). The height was increased to 20 m for simulations that 
included ground support systems, in order to accommodate the length of the longest tendons con-
sidered. The rooms were built to be open from the beginning. All four sides of the model and the 
bottom boundary were fixed in the x, y and z directions, and the gravitational force was applied. 
Only the blocks in the roof were considered in the DFN analyses. 
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Figure 3. 3DEC model setup. 

4 RESULTS INTERPRETATION 

Two types of rock mass representation are possible in 3DEC: rigid or deformable. The assumption 
of material rigidity can be made when most of the deformation in the rock mass results from 
movement along discontinuities. This condition can be applied to an unconfined block assembly 
in a jointed rock mass subjected to low stress levels. In this case, movement consists mainly of 
the sliding and rotation of blocks, and opening and interlocking of interfaces. This approach was 
used to identify roof blocks that are unstable due to their geometrical characteristics and kinematic 
freedom (discussed in Section 4.1, for the first series of analyses without ground support). These 
blocks cannot deform and can only move relative to each other, and eventually unravel into the 
chamber beneath. In this case, unstable blocks can be identified based on their displacement. 
However, when the assumption of low stress conditions cannot be made, either because of high 
in-situ loads or the result of mining-induced stress changes, then the blocks need to be made de-
formable (i.e., internally zoned). This is prudent when ground support is considered, which, by 
constraining block movement, can causes loads to build up in them. This is the approach used in 
the work described in Section 4.2, for the second series of analyses with ground support. 

4.1 Block stability assessment for the unsupported cases 

This part of the study was aimed at identifying roof blocks that are intrinsically unstable due to 
their geometrical shape and kinematic freedom. The following six cases were considered in order 
to cover a range of possible situations and bound the behavior of the system: 

1. Open pit mapping data, joint friction angle of 25° and fracture diameter 6 to 15 m;
2. Open pit mapping data, joint friction angle of 30° and fracture diameter 6 to 15 m;
3. Open pit mapping data, joint friction angle of 25° and fully persistent joints;
4. Underground mapping data, joint friction angle of 25° and fracture diameter 6 to 15 m;
5. Underground mapping data, joint friction angle of 30° and fracture diameter 6 to 15 m; and,
6. Underground mapping data, joint friction angle of 25° and fully persistent joints.
Geometrical characteristics were based on field mapping data, whereas properties were kept

conservative to start with and subjected to a sensitivity analysis. The fracture size distribution 
follows a power law, which relates the probability of occurrence of a fracture with a size, l, to a 
negative exponent of that size, the exponent value being site specific. For three dimensional frac-
ture systems, the power law exponent generally varies between 2.5 and 4.0 (Bour & Davy 1998). 
The normal and shear fracture stiffnesses were chosen to be both 100 GPa/m based on previous 
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modeling experience for this site. Cohesion and dilation were chosen to be both 0 for these anal-
yses.  

Five (5) realizations were generated for each case. Figure 4 shows side and plan views for two 
realizations obtained for the 30° friction, 6-15 m fracture length cases, for the open pit mapping 
(Fig. 4a) and the underground mapping (Fig. 4b). Blocks are displayed based on their degree of 
movement, red blocks having experienced the largest displacement, gray ones the smallest and 
dark blue ones in between. The total weight of each group was calculated and compared between 
the different cases. 

Figure 4. Examples of unstable blocks defined for two DFN realizations based on open pit mapping (a) and 
underground mapping (b). Colors are based on the degree of movement: red blocks have the largest dis-
placement; gray blocks the smallest, and dark blue blocks in between. Only roof blocks were considered in 
this analysis. 

Another example is shown in Figure 5, for the case fully persistent joints. 

Figure 5. Examples of unstable blocks defined for two DFN realizations based on open pit mapping (a) and 
underground mapping (b) for the case of fully persistent joints. 

The quantitative analysis of the results indicated that more instability is predicted to occur when 
considering the mapping data from the open pit. This conclusion is supported by the fact that this 
campaign identified more joint sets, resulting in more degrees of kinematic freedom the rock mass 
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can exploit. As was expected, considering a higher friction angle resulted in more stability. On 
the other hand, considering infinitely persistent joints caused significantly more instability. In this 
case, much larger blocks are produced because less fractures per volume of rock are needed to 
meet the fracture frequency requirements when there are no intact rock bridges between blocks. 

The most conservative analyses are cases with a friction angle of 25° and the joint sets mapped 
in the open pit. Infinitely persistent joints would be yet more conservative, but can be argued to 
not be overly realistic. As a result, the unsupported Base Case retained was the one with the open 
pit joint mapping, 25° friction angle and 6-15 m of persistence (Case 1). Under these conditions, 
about 37 tonnes on average moved in the roof by more than 8 cm (to a maximum depth of ap-
proximately 2.4 m), and around 132 tonnes moved between 7 and 8 cm (to a maximum depth of 
about 3.7 m in the roof). Case 1 was retained to perform the second part of this study, described 
in Section 4.2. 

4.2 Stability assessment with ground support 

Based upon the results of the unsupported DFN analyses, a series of additional simulations were 
conducted to assess the stabilizing effect of artificial ground support. Two support systems were 
examined (combined): 

1. The primary support, in the form of fully-resined rebar bolts
2. The secondary support, in the form of Super Swellex friction bolts
The primary support consisted of 2.4 m-long (8 ft) 12 tonne tensile capacity steel rebar bolts

with a 40 t/m bond strength, installed on a 1.5 m by 1.5 m pattern with an additional 1.8 m-long (6 
ft) rebar placed in the middle (Fig. 6a). The secondary support consisted of 6.0 m-long (16.5 ft) 
24 tonne tensile strength Super Swellex Pm 24 friction bolts with a 12 t/m slipping strength in-
stalled on a 1.8 m by 1.8 m pattern. Even though the secondary support consisted of Super Swellex 
bolts, these were initially modeled as bonded tendons. The position of the secondary support was 
not optimized between the rebars in the numerical analyses. All the mechanical support properties 
are summarized in Table 1. Surface plates were considered and modeled by assigning high 
strength values to the lowest nodes. 

Table 1. Support properties. 
__________________________________________________________________________________________________________ 

Properties Primary Support Secondary Support 
__________________________________________________________________________________________________________ 

Cable Area [m2] 3.8013e-4 4.8100e-4 
Cable Young’s modulus [Pa] 210e9 210e9 
Cable yield strength [N] 120.6e3 240.0e3 
Grout strength [N/m/m] 400e3 120e3 
__________________________________________________________________________________________________________ 

Figure 6. Primary (a) and secondary (b) ground support patterns considered in the analyses. Rebar bolts are 
shown in green and purple in (a) and (b), Super Swellex bolts are shown in red in (b). 
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Five (5) different DFN realizations were completed to assess the efficiency of the support sys-
tem. Figure 7 shows the results of the simulations for two realizations. Unstable displacements 
were observed at the mid-span of the mining chamber (where a history point was located) in both 
cases when no ground support was installed (Fig. 7, left), as indicated by the continuously in-
creasing vertical deflection (green line). But with the ground support in place (Fig. 7, right), both 
models indicated a stable condition. The vertical deflection stabilized in both cases despite some 
minor bond breakage being computed along some support tendons. 

Axial forces in the bolts are shown in Figure 8 for Realization 1, along with the graph of aver-
aged axial force for a single tendon (the one located nearest to the history point where vertical 
deflection was tracked), which shows loading of the bolt as the ground deforms. The reduction in 
axial force at the end of the simulation indicates that blocks are re-mobilizing and becoming less 
dependent on the artificial support. 

Figure 9 shows the modeling results for Realization 5, which turned-out to be an unstable situ-
ation despite the addition of the ground support. In this particular realization, numerous joints 
happened to align to create a massive unstable block. Significant bond breakage and yielding was 
observed in the Super Swellex bolts along the main fracture. 

Figure 7. Cross-sections cut in the center of the mining room showing vertical displacement contours (with 
> 10 cm shown in red) and vertical deflection at the history point (green line) for Realizations 1 (top) and 2
(bottom). Left are unsupported cases, right are supported cases. Broken bonds are shown in red on the
support tendons in the figures on the right.
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Figure 8. Cross-section cut in the center of the mining room showing vertical displacement contours, the 
vertical deflection at the history point (green line, in meters), axial forces in the support tendons (red equals 
240 kN) and a graph of averaged axial force in a single tendon (the one located nearest to the history point 
where vertical deflection was tracked, in N). 

Figure 9. Cross-sections cut in the center of the mining room showing vertical displacement contours (with 
> 10 cm shown in red) and the vertical deflection at the history point (green line) for Realization 5, which
was not stable even with the artificial ground support.

The stochastic-based support analyses indicated that the ground support considered was able to 
stabilize the roof in 4 out of the 5 realizations. This would indicate a 20% probability of failure (1 
in 5) for the support system examined. However, five realizations is not enough to support this 
conclusion, and more realizations would have been required to define a robust probability of fail-
ure, which were not completed as the mining method evolved towards another approach with 
higher recovery. 

5 CONCLUSIONS 

This paper described the analyses undertaken to identify roof blocks that are intrinsically unstable 
due to their geometrical shape and kinematic freedom. A series of subsequent simulations were 
conducted to assess the stabilizing effect of a particular ground support system. In reviewing these 
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results, it is important to note the following limitations. The discrete blocks were not zoned in the 
first series of analyses, and, hence, unable to deform and build internal stresses. These initial rigid 
block analyses were meant to investigate the unravelling potential of the rock blocks delineated 
by the natural joint sets, when subjected to gravity alone. Also, no potential hydrology/hydroge-
ology-related loads were considered, which can have a significant effect in a blocky rock mass. 

The modeling described in this paper shows the predicting power of the DFNE approach when 
applied to underground stability assessment. However, it needs to be realized that small modifi-
cations to the fracture network may result in significant changes in the model behavior, and, hence, 
the stability prediction. This emphasizes the importance of collecting quality datasets on the frac-
ture network characteristics, possibly beyond current standard practices. This paper also illustrates 
how purely deterministic approaches are necessarily limited and demonstrates that meaningful 
results are more likely to be obtained if the analyses are embedded in a robust stochastic frame-
work. 
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1 INTRODUCTION 

Numerical modeling is a frequently used tool to assess and predict the performance of pillars in 
underground mines. The approach can be particularly insightful when some form of calibration 
(e.g. against empirical pillar strength equations, stress measurements or phenomenal observations) 
is conducted to verify the model results. 

However, one problem that usually arises is that solutions for calibrated models are not neces-
sarily unique. There may be a number of parameter combinations which provide a satisfactory 
model performance within the calibration range, but all certainty of the correctness of the model 
predictions may vanish upon extrapolation of the model. 

Therefore it is necessary to understand, in principle, how variations in material properties and 
boundary conditions will affect the strength of pillars with varying w/h-ratios. Laboratory tests 
are an important source of guidance in this regard, as they provide real physical evidence. A great 
number of such evidence is reviewed in this paper. Typical mine pillar boundary conditions and 
shape effects for slender and squat pillars are discussed, based on recent findings. 

Physical evidence for the influence of boundary conditions and 
material properties on the shape effect in mine pillars 

M. Mathey
Geotechnical Consultant, Solingen, Germany

ABSTRACT: A large number of laboratory compression tests on model pillars is reviewed with 
regards to the influence of material properties and boundary conditions on the strength of pillars 
with varying width-to-height (w/h) ratios. The aim of this study is to provide reference for numer-
ical pillar modeling. The shape effect in pillars, i.e. the increase in strength with increasing w/h, 
is presented as a bi-linear phenomenon. Bi-linearity in the strength versus w/h relationship is 
caused by a squat effect, which allows pillars of sufficiently large w/h-ratios to increase their 
strength significantly more rapidly as compared to the more slender pillars. It is demonstrated that 
the shape effect in pillars experienced before the squat effect is predominantly controlled by the 
inherent material strength. Cohesion, not the angle of internal friction, appears to be the main 
contributor to the shape effect. The contact friction between the pillar and the loading system may 
have a marked influence on the shape effect in pillars, provided that a critical level of friction is 
exceeded. For fully attached pillar systems without mechanical interface the horizontal confining 
stresses in the surrounding strata can improve pillar strength significantly, provided that strata 
failure does not occur. The critical w/h-ratio required for the occurrence of the squat effect, and 
the subsequent rate of strength increase in squat pillars, however, appear to be less dependent on 
boundary conditions or intact material properties. An analysis of the performance of squat pillars 
in FLAC reveals the significance of residual material properties instead. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 01-02
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0
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2 BOUNDARY CONDITIONS DEFINED 

Conceptually, one may define two different mine pillar-strata-systems and boundary conditions 

(Fig. 1). The first system, Type A, is one where the pillar is separated from the surrounding strata 

through a mechanical interface, while the Type B system is characterized by a fully continuous 

attachment of the pillar to the surrounding rock mass. The Type B pillar system is the relatively 

stronger one, in particular if large compressive horizontal stresses σh provide active lateral con-

finement in a competent strata. The Type A system is particularly weak if the shear strength τ of 

the interface is only governed by a friction component without any cohesion, and if the surround-

ing strata is only passively confined in the rock mass. Type A and Type B systems may therefore 

describe worst and best case scenarios, respectively. 

Figure 1. Definition of two types of pillar systems discussed in this study. 

The strength of model pillars in both systems has been thoroughly investigated in laboratory 

experiments. The configuration of Type A is by far the most common one, since it can be easily 

reproduced by placing hardened steel loading platen onto model pillar specimens of various rock 

types. The steel plates are typically unconfined in the lateral direction and therefore do not strictly 

comply with the definition of an in-situ pillar system of Type A. However, due to the superior 

stiffness of the steel, the loading platen will experience less lateral expansion than the pillar rock 

material sandwiched between them, and therefore the frictional shear resistance of the interface 

will be activated just like in the in-situ Type A system.  

It should be noted that pillar systems in which weak strata conditions may cause failure to occur 

in either or both hanging or footwall of the actual pillar are not discussed in this paper. 

3 THE SHAPE EFFECT IN PILLARS 

A recent study conducted by the author, in which model pillars of different rocks, coal and a 

composite material have been tested at w/h-ratios up to 12, has shown that the shape effect in 

pillars across the slender and squat shape range can be expressed as a bi-linear relationship 

(Mathey 2015). The relationship is described conceptually in Figure 2 and experimental evidence 

for this behavior is presented in Figure 3. 
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Figure 2. Definition of two types of pillar systems discussed in this study. 

Figure 3. Peak and yield strength of granite model pillars in laboratory experiments (Mathey 2015). In the 
slender w/h-ratio range < 4 all model pillars fail immediately as soon as yielding occurs, i.e. yield and peak 
strength are approximately equal. In the squat range, the peak strength of pillars can exceed the yield 
strength considerably, especially for large w/h-ratios. 

The first branch of the bi-linear relationship is characterized by the compressive strength of a 

pillar with cubical or cylindrical dimensions of w/h = 1, σc, and the rate of strength increase m1 

with increasing width-to-height ratio. The relatively slender pillars in this first branch all fail in a 

brittle manner, i.e. they experience a distinct peak strength and a subsequent strength decay with 

further compression. 

The post-peak stiffness and residual strength of pillars are generally observed to improve with 

increasing w/h-ratio, in particular for soft materials like sandstone, coal and coal-crete, where the 

failure process is gradual. These materials also exhibit a distinct pre-peak yielding. A study of the 

failure process in granite model pillars, however, has shown that brittle rock materials may col-

lapse immediately and violently as soon as the pillar starts to yield and if the further loading of 

pillars is not carefully adjusted (Mathey 2015). 
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At some critical w/h-ratio, Rsq, pillars material become capable of increasing their load-bearing 

capacity beyond the stress level at which yielding first occurs. This phenomenon, caused by the 

contribution of confinement generated from the peripheral crushed material in the remaining in-

tact pillar core, is termed the squat effect. The squat effect has been encountered in laboratory 

studies for brittle and non-brittle materials in a range of Rsq = 3.5-5 (Mathey 2015).  

Even squat pillars with w/h ≥ Rsq may experience a decay of strength upon ultimate failure of 

the core material. However, it is evident that the observed rates of strength increase m2 in the squat 

range can be significantly higher than for pillars in the slender range. Typical values of m2, ob-

served in laboratory studies, are up to three times larger than m1 values for the same material and 

boundary conditions (Mathey 2015). 

Only if core failure is non-violent, i.e. the material does not disintegrate in a burst, can squat 

pillars eventually reach a critical w/h-ratio, Rb-d, at which the brittle-ductile transition occurs. Brit-

tle-ductile transition has been observed at Rb-d = 6-7 for both sandstone and a composite material 

and at Rb-d = 9-11 for coal. It could not be observed for granite in tests up to w/h = 7.5 due to its 

violent failure. 

It is important to note that the squat effect and the discussed bi-linear relationship between 

strength and shape of pillars has only been observed for rocks and composite aggregate materials, 

but not for coal. A great number of laboratory evidences suggest that the strength of coal model 

pillars only follows one continuous, linearly or regressively increasing strength trend and does not 

undergo brittle-ductile transition until very large width-to-height ratios of at least 9-11 are reached 

(Das 1986, Khair 1994, Kroeger et al. 2004, Mathey 2015, Meikle & Holland 1965). 

The characteristic parameters of the shape effect in model pillars, σc, m1, Rsq, m2, Rb-d are dis-

cussed in the following sections according to their dependency on both material properties and 

boundary conditions of the pillar system. 

4 STRENGTH AND SHAPE EFFECT IN SLENDER PILLARS 

4.1 Influence of material properties 

A common assumption on the performance of pillars is that the higher the strength of a rock, the 

more rapidly pillars can increase their strength with increasing w/h-ratio. This understanding is 

derived from compression tests on model pillars. For instance, Hustrulid (1976) advocated a 

strength equation which in his experience fitted a majority of laboratory tests data very well: 

σ/σc = 0.778 + 0.222 (w/h) (1) 

Equation 1 suggests that a direct proportionality exists between the cube strength σc and the 

rate of strength increase m1 in pillars. Bieniawski & Van Heerden (1975) proposed a coal pillar 

strength equation based on large-scale in-situ compression tests on coal pillars in 3 different mines 

in South Africa, which also expressed this dependency: 

σ/σc = 0.64 + 0.36 (w/h) (2) 

In order to investigate this relationship further, a number of 60 laboratory test series on different 

materials have been compiled from literature (Babcock 1969, Baker-Duly 1995, Bieniawski 1986, 

Bieniawski & Van Heerden 1975, Cruise 1969, Madden 1990, Madden & Canbulat 1995, Mathey 

2015, Ozbay 1987, Sheorey & Singh 1974, York et al. 1998).  

All but 5 of the compiled tests series were conducted with specimens of cylindrical geometry. 

The specimen width was in the range of 25-300 mm. In all but one case, the width has been kept 

constant and the specimen height was varied to obtain different w/h-ratios. In every test, the model 

pillars have been compressed between steel loading platen and the testing setup therefore approx-

imate the Type A loading system (Fig. 1).  

A linear equation was fitted to the strength versus w/h-relationship for slender w/h-ratios < 5 in 

order to compare the tested cube strength with the rate of strength increase m1. The result is pre-

sented in Figure 4, which demonstrates that the assumption of a higher cube strength producing 

higher rates of strength increase in pillars is only tentatively correct. It is observed that indeed, 

40



the stronger igneous rocks generally display higher rates of strength increase than the weaker 

sedimentary rocks, coals and soft composite materials. Yet within the individual material groups, 

an appreciable statistical link between the σc and m1 does not exist. 

Figure 4. The shape effect in laboratory model pillars. 

It should be noted that the relationship between σc and m1 in Figure 4 is not free of influence 

from boundary conditions, since different rock types have different contact friction angles φ with 

the steel loading plates. Typical values reported by researchers for φ in model pillar tests are: for 

coal φ = 15-21˚, for sandstone φ = 19-20˚ and for granite and igneous Merensky Reef only around 

φ = 13-14˚ (Mathey 2015). The fact that igneous rocks tend to have lower interface friction angles, 

but still exhibit significantly higher m1 values in such tests, indicates that material properties have 

a more dominant impact on the shape effect in pillars than boundary conditions may have. The 

role of boundary conditions for the shape effect in pillars are detailed in section 4.2. 

It is further of interest to investigate how cohesion c and angle of internal friction ϕ of the pillar 

material relate to the shape effect in rocks. A common understanding of the shape effect in pillars 

is that the wider a pillar becomes, the more confinement can be induced during loading through 

the interfaces, which in return increases the load-bearing capacity of the pillar. If confinement is 

indeed the main contributor to the shape effect in pillars in the slender shape range, then one 

would expect that ϕ shows a direct relationship with m1 in compression tests. A direct relationship 

between these two parameters is also expressed in analytical pillar strength models (Salamon 

1992).  

In 12 out of the 60 compiled test series, the mechanical material properties have been deter-

mined through a sets of triaxial tests and are thus available to investigate statistical relationships. 

The results (Fig. 4) are such that ϕ does not appear to have any relationship with m1 in the sampled 

laboratory studies, while the material’s cohesion c is shown to have a strong link with m1.  

The important role of cohesion for the must be expected, because physical model pillars in the 

slender range before the squat effect cannot sustain the first development of macro fractures in 

their sidewalls. With further loading, fractures will propagate very soon, if not immediately, 

through the residual core of the pillar. The pillar is not capable of increasing its load bearing 

capacity appreciably beyond the level at which first yielding occurred. The initial loss of cohesion 

therefore determines the peak strength of the pillar.  

However, it is not yet fully understood from a mechanical point of view why a higher cohesion 

of the rock leads to higher rates of strength increase. This aspect requires further research. It is 

not unlikely that the stiffness of the pillar material play an important role in this regards as well: 

in laboratory tests one usually finds a good correlation between the cohesion and stiffness of the 
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material (Fig. 5). And a review of 9 test series on model pillars, where the material stiffness has 

been determined in uniaxial compression tests, indicates that a statistical relationship between 

Young’s modulus E and m1 exists as well (Mathey 2015). 

Figure 5. Relationship of c and ϕ with the rate of strength increase m1 in laboratory model pillars. 

4.2 Influence of boundary conditions 

Two different types of boundary conditions around mine pillars have been discussed in section 2 

of this paper (Fig. 1): a pillar system with a mechanical interface which is controlled by friction 

only (Type A), and a fully attached pillar system, whose strength may benefit substantially from 

horizontal confining stresses in the strata (Type B). 

The Type A pillar system is by far the most commonly investigated system in laboratory stud-

ies, where the interface friction between the model pillar and the loading system is either the 

natural friction angle that occurs between flat ground rock and steel, or it may be modified through 

lubrication or bonding with substances. 

A number of 11 compression test series on various model pillars in which the interface friction 

angle φ has been quantified are identified from literature and referenced in Figure 6. In an attempt 

to isolate the effect of φ on the capacity of a pillar to increase in strength with increasing w/h- 

ratio, the value of m1 has been normalized by the material cube strength σc.  

Figure 6. Influence of the interface friction angle φ on the rate of strength increase m1/σc in laboratory model 
pillars. 

Figure 6 strongly suggests that parameter φ may have an important influence on the shape effect 

in pillars, provided that a critical value is exceed. This critical value is about φcrit ≈ 13-15˚ in the 

sampled laboratory tests. Below this value, the normalized rate of strength increase m1 /σc remains 
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approximately constant, while it increases drastically above this value. Most contact friction an-

gles between pillars and strata in both coal and hard rock mines will fall into this range of φ > 15˚, 

and therefore, the interface friction should always be a critical choice when conducting physical 

or numerical modeling for pillar design. 

Type B pillar systems do not feature interfaces and can therefore be most competent. Here, 

compressive horizontal stresses in the surrounding strata may enhance pillar performance signif-

icantly, provided that no strata failure occurs. A study conducted by Babcock (1968) on limestone, 

marble, sandstone, granite materials replicated the Type B boundary conditions. This was 

achieved by cutting specimens of dog-bone shape, where the top and bottom parts were confined 

with passive or pre-stressed steel rings.  

The findings from Babcock (1968) are summarized in Figure 7, where the average relationship 

between pre-stress confinement and strength improvement for the 4 different rock types is shown. 

The strength improvement factor compares the strength of the passively confined pillar systems 

(0 MPa pre-stress) and actively pre-stressed systems with the strength of straight model pillars 

tested directly between steel loading plates.  

One observes that the strength improvement increases with increasing σh, however, the rela-

tionship appears to be regressive which indicates that an optimal level of horizontal confinement 

may exist (Babcock 1968). A similarly regressive relationship between lateral pre-stress end-con-

straint and strength improvement has also been indicated by Bieniawski (1974), who tested 1 m 

cubes of coal in-situ where the pillar top and bottom ends were constrained with pre-stresses steel 

frames.  

It is also evident from Figure 7 that pillars with large w/h-ratios have greater benefit from hor-

izontal confining stresses in the strata than those with relatively low aspect ratios. 

Figure 7. Influence of end-constraint σh on pillar strength in laboratory studies (data from Babcock 1968). 

5 STRENGTH AND SHAPE EFFECT IN SQUAT PILLARS 

At some critical w/h-ratio, Rsq, the first linear trend in the strength versus w/h-relationship of pil-

lars is interrupted by a kink, which marks the onset of a squat effect (Fig. 2). The squat effect is 

caused by a substantial contribution of confinement provided by the crushed outer zones of the 

pillar to the remaining intact pillar core. Squat pillars with w/h > Rsq can improve their strength 

significantly more rapidly than members in the slender shape range.  

The few available laboratory evidence of the squat effect can only provide first insight into the 

conditions of its occurrence and the role of material properties and boundary conditions in this 

regards. Some materials for which squat effects have been investigated (Mathey 2015) are listed 

in Table 1, together with their material properties and relevant boundary friction angles (all tests 

performed between hardened steel loading platen). 
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The squat effect has been encountered in coal-cretes, sandstone and granite model pillars at 

w/h-ratios of about Rsq= 4-5, but not for coal model pillars. This finding is consistent with results 

from compression tests on coal model pillars conducted by various international authors, as pre-

viously mentioned in section 3. In all of those tests the strength versus w/h-relationship of coal 

can be described by a single regressively increasing or linear trend up to w/h = 9 or higher.  

In the context of this paper, the difference in the behavior of coal as compared with other rock 

and composite materials is of great importance, since it provides insight into the limited relevance 

of intact mechanical properties and boundary conditions on the performance of squat pillars: 

Firstly, it is observed from Table 1 that coal has the most competent interface friction φ with the 

loading system, and secondly, the intact material properties c and ϕ range well in between those 

of the other rock and composite materials. Yet, there is no squat effect for coal, and this may 

indicate that it is neither intact material properties nor boundary conditions which dominate the 

squat effect in pillars.  

This observation brings one’s attention to the role of residual material properties of pillars after 

fracturing. They are as yet unexplored and difficult to obtain in laboratory studies, since it is not 

the residual properties of a single discontinuity, but the effective residual friction and cohesion 

within a network of fractures in pillar sidewalls which has to be determined. 

Table 1. Materials properties and characteristics of the squat effect experienced for different materials in 
laboratory compression tests. 

Material c [MPa] ϕ [˚] φ [˚] Rsq κ = m2 / m1 Rb-d 

Coal-crete (1) 3.11 35.80 - 4-5 2.0 6 

Coal-crete (2) 0.62 54.54 - 4-5 2.2 6 

Coal 5.29 41.38 21.2 - - 9-11 

Sandstone 8.19 42.19 20.0 4-5 1.3 6 

Granite 33.56 50.86 13.7 3.5-5 2.9 - 

A simple FLAC (Itasca 2011) pillar model can be devised for a qualitative investigation into 

the influence of residual friction ϕr on the squat effect and squat pillar strength. The selected 

constitutive model and model geometry are shown in Figure 8.  

The pillar is modeled in quarter symmetry with rigid contact to an imaginary, rigid strata. The 

mesh contains 30 x 30 elements for a pillar of w/h = 1 and additional elements are added in the 

lateral direction to create various pillar w/h-ratios of up to 10. A brittle strain-softening law is 

used, in which the intact cohesion is dropped to a residual level over a plastic strain interval of 

dεp = 0.001. Material properties are chosen to resemble coal material. Intact mechanical properties 

(ci, ϕi) and residuals (cr, ϕr) are as follows: ci = 4 MPa, ϕi = 30˚, cr = 0.1 MPa and ϕr = 10˚, 15˚, 

20˚, 23˚, 25˚, 27˚, 30˚. The model pillars are loaded in velocity-control and the stress-strain be-

havior is sampled by a FISH-function, from which peak and residual strength levels are obtained. 

An example of results for a model pillar with ϕr = 20˚ is provided in Figure 9.  

Figure 8. Constitutive model and geometry of simple pillar model in FLAC. 
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Figure 9. Effect of shape on strength in FLAC model pillars (ϕr = 20˚). 

The squat effect is clearly noticeable at Rsq = 4.5 and manifests as a kink in the strength versus 

w/h-relationship. The subsequent rate of strength increase in the squat range is by a factor of 

κ = 2.1 higher than in the slender range. The residual pillar strength is observed to increase expo-

nentially, and the brittle-ductile transition occurs at Rb-d = 8.5.  

 Due to the exponential nature of the residual strength versus w/h-relationship, small changes 

for ϕr will have a marked impact on Rb-d. The higher the residual properties of the model, the more 

rapid the exponential increase in residual strength and therefore the earlier the brittle-ductile tran-

sition occurs. In the chosen models the range for brittle-ductile transition is Rb-d = 5 for ϕr = 30 

and Rb-d > 12 if ϕr < 15˚. 

The critical w/h- ratio for the squat effect is influenced by the residual material properties in a 

very similar way. The higher ϕr is the earlier Rsq occurs. In the selected scenarios, Rsq ranges be-

tween Rsq = 3.5 for ϕr = 25-30˚ and Rsq = 6 for ϕr = 10˚. 

Another important observation is that for pillars in the slender range, i.e. before the occurrence 

of the squat effect, ϕr does not appear to have any significant influence on the rate of strength 

increase m1 (Fig. 10).  

Figure 10. Influence of residual friction ϕr on the slender and squat rates of strength increase m1 and m2 in 
FLAC model pillars. 
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In the squat range, however, ϕr becomes the dominant property which controls the rate of 

strength increase m2, provided that a critical minimum level of friction, ϕr,crit, is exceeded (e.g. 

ϕr,crit = 20˚ in the modeled scenarios). 

Two further points of interest should be noted: Firstly, it was found that the principal relation-

ships between the residual friction angle ϕr and the characteristics of the squat effect, as described 

above, do also exist in more detailed numerical pillar models which include strata and mechanical 

interfaces (Mathey 2015).  

Interfaces can indeed impact the characteristics of the squat effect as well, i.e. the introduction 

of an interface usually causes a slight increase in Rsq , Rb-d and a decrease in m2. However, changes 

in the frictional property of the interface appear to be less sensitive as compared to the same 

changes in residual friction of the pillar itself.  

Secondly, it has been found that a small squat effect occurs in all FLAC pillar models consid-

ered by the author, irrespective of the existence of an interface or the magnitude of the residual 

friction in the pillar. This contradicts with the fact that no squat effect has been encountered in 

coal specimens. The comparatively late brittle-ductile transition in coal (Table 1) may point to 

relatively low levels of residual friction in the specimens. But even for very low residual friction 

levels of ϕr ≤ 15˚ FLAC computes small squat effects in the order of κ = 2. One possible source 

for this problem may lie in the continuum assumption inherent to the FLAC numerical models: 

while pieces of coal can unravel and detach from physical pillars after fracturing, the numerical 

continuum assumption contains all failed parts in their original position, and thus always main-

tains a certain level of confinement in the pillar. 

6 CONCLUSIONS 

The shape effect in mine pillars has been presented as a bi-linear relationship between strength 

and w/h-ratio. This bi-linearity is caused by a squat effect, which occurs in pillars of sufficiently 

large w/h-ratio where the confinement provided by the partially crushed pillar periphery to the 

remaining intact pillar core becomes effective. Pillars in the squat shape range can increase their 

strength more rapidly with growing w/h-ratio than pillars in the slender range. 

The strength of physical model pillars in the slender range depend primarily on the cohesive 

strength of the pillar material. In general, igneous rocks show higher rates of strength increase 

than soft sedimentary rocks or coals. The angle of internal friction does not show any meaningful 

relationship with the shape effect in slender pillars, which may further indicate that confinement 

does not play an appreciable role here. Boundary conditions do also have a powerful impact on 

pillar strength: For Type A system with mechanical interface between the pillar and the loading 

environment it was found that contact friction angles > 15˚ have a significant influence and com-

pressive the rate of strength increase. For Type B system with fully attached strata, horizontal in-

situ stresses can provide substantial confinement to the pillar and enhance its strength. 

In the squat range, residual material properties dominate the strength and shape effect. Labor-

atory tests in model pillars indicate that the influence of intact material properties or boundary 

conditions are less pronounced here. An analysis in FLAC indicates that the higher the residual 

friction in the pillar material, the lower the critical w/h-ratios for the occurrence of both the squat 

effect and the brittle-ductile transition (provided that pillar does not burst upon core failure). Also, 

the higher residual friction the more rapid the rate of strength increase in the squat range is. 

The squat effect in pillars is therefore defined as the transition from a predominantly cohesion-

controlled strength to a friction-dependent mechanism of strength.  

The study presented in this paper also highlights that both peak and residual material properties 

must be calibrated carefully in numerical models in order to assure the models validity. A careful 

choice of residual properties is particularly important if the aim of the modeling exercise is to 

predict or extrapolate pillar behavior outside the calibrated range.  
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1 INTRODUCTION AND CASE BACKGROUND 

The present case evaluates the spacing and type of reinforcement necessary for a long term (life-
of-mine) access drift, i.e., stresses are not influenced by the mining methodology. The design life 
of the drift evaluated was of 10,000 days (27.4 years). For comparison purposes, reinforcement 
dimensions were selected based on the recommendations of the Q-System chart. Two common 
reinforcement systems were evaluated separately: resin-encapsulated bars and non-tensioned ca-
ble bolts.  

The drift is located 1000 meters below the ground surface in a hard, jointed rock mass consist-
ing of mainly diorite-dolomite-magnetite geology. The rock mass typically has 2 to 4 sets of joints 
and a random set. The typical RQD for the case site ranges from 50% to 80%. Joints at the site 
are tightly healed to slightly altered, non-softening, with a joint persistence ranging from 1 to 3.5 
meters. Groundwater conditions at the site are dry with minor inflow. The rock mass presents a 
tight structure, with some squeezing pressures at depth within a few weak zones. Squeezing for 
this case is the primary failure mode given that unsupported tunnel strains vary from about 2.5% 
at 100 days to over 10% at 10,000 days (Hoek 2001), with rock wedge failure acting as the sec-
ondary failure mode. This case study analyses a 6 x 6 m horseshoe life-of-mine drift.  

To evaluate underground opening support needs it is common to get an initial estimate utilizing 
the Norwegian Geotechnical Institute (NGI) Q-system (Norwegian Geotechnical Institute 2013) 
shown in Figure 1.  

The rock mass object of this case study has a Q value between 1 and 4, which results in average 
bolt spacing between 1.7 and 2.1 meters when considered with sprayed fiber reinforced concrete, 
and a spacing of 1 to 1.6 meters when considered with bare rock. 
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The rock mass is competent enough that no forepoling is necessary. In this case study, the 
reinforcement evaluated does not include sprayed fiber reinforced concrete or shotcrete.   

2 MECHANICAL STRENGTH 

Several mechanical strength tests were performed on intact rock cores, including unconfined com-
pression strengths (UCS) and triaxial tests. The intact rock UCS typically ranges from 70 to 180 
MPa, with an average of 130 MPa.  

Figure 2 shows two typical triaxial test results for intact rock samples. The sample tests were 
conducted as circumferential strain-controlled tests with confining pressures between 2 and 50 
MPa. Post peak behavior was also evaluated for residual strengths. 

Figure 1. NGI Q-System chart utilized in reinforcement estimates. 

Figure 2. Typical triaxial test results. 

The IRMR/MRMR (Laubscher & Jakubec 2000) methodology was applied to assess the com-
petency of the in-situ rock mass. The approach allows for adjusting intact rock strength values to 
in-situ rock mass strength by applying reduction factors. These reduction factors account for: 
weathering, induced stresses, blasting, joint spacing, condition and orientation, and the presence 
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of water. The IRMR/MRMR methodology was utilized to come up with in-situ strength parame-
ters for 3D numerical modeling. Table 1 illustrates some of the values for intact and in-situ prop-
erties utilized in the analysis.  

Table 1. Rock mechanical properties. 
__________________________________________________________________________________________________________ 

Intact Properties Rock Mass Properties 
__________________________________________________________________________________________________________ 

  RQD Tensile Strength Compressive Strength Modulus GSI MRMR Compressive Modulus 
(%) (MPa) (MPa) (MPa) Strength (MPa) (MPa) 

__________________________________________________________________________________________________________ 

  50-80 10 130 52,000 60 74.2 30,000 
__________________________________________________________________________________________________________ 

The application of the Burgers-creep viscoplastic model in FLAC3D necessitated the conver-
sion of Hoek-Brown rock strength properties into equivalent Mohr-Coulomb material properties 
via the method outlined in the 2002 edition of the Hoek-Brown failure criterion considering a 
𝜎3 𝑚𝑎𝑥 = 100 𝑀𝑃𝑎 (Hoek et al. 2002) The equivalent Mohr-Coulomb failure envelope is pre-
sented in Figure 3, alongside the fitted Hoek-Brown curve for intact samples, triaxial test results, 
the Hoek-Brown curve based on the modeling parameters (theoretical) and the Hoek-Brown curve 
for the rock mass based on MRMR. 

Figure 3. Hoek-Brown Envelopes for intact rock and rock mass. 

3 REINFORCEMENT 

Rock support refers to the procedures and materials used to improve and maintain the stability of 
rock near the boundaries of an underground excavation and stop it from closing. In this paper we 
evaluate two types of active support commonly used in the mining industry. The primary objective 
of active support systems is to mobilize the strength of the rock mass so that it becomes self-
supporting. Though fracture rock zones can extend several meters into the rock mass, rock bolting 
systems exist to accommodate for even dramatic wedge failures. Therefore, the support is also 
necessary to hold up the dead weight of the loose material.  

The type of support installed in a particular underground excavation depends on the extent of 
the zone of fractured rock surrounding the opening. Underground mines use two principal types 
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of rock reinforcement: tensioned anchored reinforcement and untensioned grouted or friction an-
chored reinforcement. For this case, we analyzed 2 types of support systems: resin-encapsulated 
bars and non-tensioned cables. 

3.1 Resin-encapsulated bars 

Resin-encapsulated bars combine many advantages of other bolt systems. Resin grouted rebar 
bars are used in areas which require more support than what a point anchor bolt can give. The 
rebar used is of similar size as a point anchor bolt but does not have an expansion shell. Once the 
hole for the rebar is drilled, cartridges of resin are installed in the hole. The rebar bolt is installed 
after the resin and spun by the installation drill. This opens the resin cartridge and mixes it. Once 
the resin hardens the drill spinning tightens the rebar bolt holding the rock together. Resin grouted 
rebar is considered a permanent ground support with a lifespan of 20–30 years. The bars used in 
this analysis are 21.7 mm in diameter and have a yield strength of 375 MPa. The bars are installed 
into 28 mm diameter holes at various spacings. For ease of comparison with the Q-system, the 
bar length was kept constant at 2.4 meters. 

3.2 Non-Tensioned Cable Bolt (NT) 

Non-Tensioned Cable Bolt (NT) is the most commonly used cable bolting system. Normally used 
as a secondary bolting system, it can also be used as a center bolt in three bolt patterns and is also 
being trialed in four bolt patterns. This bolting system is a typically passive, non-tensioned system 
used to support the primary bolting system after forming an effective beam with the primary bolts. 
Grout is injected in the drill hole surrounding the cable.  For this analysis a 15.2 mm diameter 
plain cable with a cross sectional area of 143 mm2 is modeled with the cable grouted into 30 mm 
diameter holes and grouted using 60 MPa grout.  The cable has a tensile strength of 250 kN and 
is kept at only 2.4 meters, to compare results with the recommendations of the Q-system. 

4 REINFORCEMENT PLACEMENT 

The reinforcement is installed in arrays as shown below in Figure 4. The resin-encapsulated bars 
and cables are installed at the crown of the drift and at 22.5o intervals along the curved roof. Along 
the flat side of the drift, the reinforcement is installed every 1 meter vertically from the excavation 
floor. 

Figure 4. Reinforcement array placement. 

52



5 ANALYSIS METHOD 

5.1 The Hoek-Brown criterion 

The Hoek-Brown criterion was selected because of the particular geological conditions of the rock 
evaluated in this case. This constitutive model is particularly suited for this case because is derived 
from research on jointed brittle hard rocks, such as those encountered at the site. The Hoek-Brown 
criterion is widely used in scaling laboratory results of intact rock samples to estimate in-situ rock 
mass strength and its subsequent implementation in numerical models. As indicated previously 
the IRMR/MRMR methodology was applied to obtain rock mass strength values. Figure 3 shows 
the data and the envelopes generated for both, intact rock and rock mass.  

5.2 The modified Burgers-creep viscoplastic model 

To avoid the limitation of the Burgers-creep model that only describes the viscoelastic materials 
before their third-stage creep, the modified Burgers-creep model utilizes Mohr-Coulomb to ad-
dress this shortcoming. The modified Burgers-creep viscoplastic model is characterized by a 
visco-elasto-plastic deviatoric behavior and an elasto-plastic volumetric behavior. The visco-elas-
tic and plastic strain-rate components are assumed to act in series. The visco-elastic constitutive 
law corresponds to a Burgers model (Kelvin cell in series with a Maxwell component), and the 
plastic constitutive law corresponds to a Mohr-Coulomb model (a composite of shear and tensile 
criteria). Figure 5 shows a schematic of the modified Burgers-creep viscoplastic model. 

During primary creep -stage 1- the material experiences strain rapidly. Secondary creep -stage 
2- experiences relatively constant creep. During tertiary creep -stage 3- creep displacement rate
increases exponentially. Figure 6 shows a schematic creep curve (French 1991).

Figure 5. Modified Burgers model. 

Figure 6. Schematic creep curve (French 1991). 

6 ANALYSIS SOFTWARE – FLAC3D 

Because one of the objectives of this case study was to evaluate the effects of rock reinforcement 
spacing, it was necessary to utilize a program that could handle three dimensional (3D) analysis. 
The analysis was conducted utilizing FLAC3D (Itasca 2012). FLAC3D is a numerical modeling 
code for advanced geotechnical analysis of rock and structural support in three dimensions. It 
utilizes an explicit finite difference formulation that can model complex behaviors not readily 
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suited to Finite Element codes, such as problems with several stages, large displacements and 
strains, non-linear material behavior, and unstable systems. 

A Burgers-creep viscoplastic model in FLAC3D is characterized by a visco-elasto-plastic de-
viatoric behavior and an elasto-plastic volumetric behavior. In the model implementation in 
FLAC3D (Itasca 2012), new trial stress components are computed assuming visco-elastic incre-
ments. Trial principal stress components are calculated and sorted, and the yield function is com-
puted. As long as the function is equal or greater than zero, the trial stresses are taken for new 
stresses. If the function is less than zero, plastic flow is taking place, and the trial stresses must be 
corrected by a component due to incremental plastic strain before their value is assigned to the 
new stresses and the evolution law is updated. Finally, new global stress components are calcu-
lated, assuming that the principal directions have not been affected by the occurrence of plastic 
flow. 

6.1 FLAC3D models 

The FLAC3D models utilized for this analysis consist of a mesh generated with 0.5 meter ele-
ments. The radius of the rounded tunnel ceiling is 3 meters and the height and width of the square 
tunnel floor are 3 meters. The boundaries of the model are extended above, below, and along the 
horizontal axis 18 meters from the tunnel center. The depth of the model was dependent on rein-
forcement spacing. Only one half of the tunnel was modeled due to system symmetry. 

The vertical boundaries along the tunnel symmetry centerline and the opposite face were fixed 
in the X direction, the faces of the model on each end along the length of the tunnel were fixed in 
the Y direction, and the lower face of the model was fixed in both the X and Y directions. A 
normal force was applied to the outside of model to simulate initial stress conditions before exca-
vation.   

Hoek-Brown material properties were applied to each element and the area of the drift was 
removed to simulate excavation conditions far from the tunnel face. Upon excavation, the model 
was allowed to reach equilibrium before installation of the reinforcement and application of the 
Burgers-creep viscoplastic model. The plastic zone around the excavation was approximately 
equal to one diameter (Campero 1997 & Campero 1998). The creep model was run for the ap-
proximately 30 year design life (10,000 days) of the reinforced drift and displacements of the 
nodes at the location of the reinforcement as well as the midpoint between reinforcement sections 
were recorded. Figure 7 shows the 3D mesh utilized in the analyses.  

Creep material properties and equivalent Mohr-Coulomb values applied to the plastic zone for 
the Burgers-creep viscoplastic creep models were obtained from tests and are summarized in Ta-
ble 2 below. 

Figure 7. FLAC3D models with reinforcement displaying stress in the cables (left) and creep displacement 
contours (right). 

54



Table 2. Properties applied to FLAC3D Burgers-creep viscoplastic model. 
__________________________________________________________________________________________________________ 

Material Property Units Value 
__________________________________________________________________________________________________________ 

Cohesion MPa 17.6 
Friction Angle degrees 29.56 
Dilation Angle degrees 29.56 
Density kN/m3 2.6 
Kelvin Shear Modulus GPa 6.9 
Kelvin Viscosity m2/s 1.06E+15 
Maxwell Shear Modulus GPa 6.6 
Maxwell Viscosity m2/s 1.62E+14 

__________________________________________________________________________________________________________ 

7 DISCUSSION OF RESULTS 

As discussed before, the purpose of this analysis was to determine the optimum bolt spacing for 
an underground mine drift ceiling with a design life of approximately 30 years through the use of 
Hoek-Brown and Burgers viscoplastic creep models. We observed the expected creep behavior: 
a brief initial creep stage, a stable creep stage where strain acceleration gradually diminishes, and 
an accelerated creep stage. This behavior is clearly observed in the log-scale displacement curves. 

7.1 Displacement at drift crown 

Displacements along the crown typically show an elastic-visco-plastic behavior without reinforce-
ment. In the present case study, creep starts only after 11 days and continues until the opening 
closes. Reinforcement at the crown slows creep down, keeping the rock from deforming beyond 
approximately 50 mm at the point of reinforcement (POR). This behavior is very similar for both, 
cables and resin-encapsulated bars, and it is maintained for over 10 years, where relaxation causes 
creep to re-start. Cable bolt models with 4 meter spacings show displacements of 80 mm after 
approximately 27 years (10,000 days). Resin-encapsulated bars at the same spacing, present dis-
placements of 60 mm at similar time spans. Figure 8 illustrate these results and Table 3 summa-
rizes these values. 

Rock displacements between reinforcement sections exhibit similar displacements (50 to 60 
mm) except at a spacing of 2 and 4 meters, where creep strains large for resin-encapsulated bars.
Cables at 4 m spacings behave virtually like unreinforced rock. In this case, models predict cable
displacements of approximately 250 mm at 10 years and half meter (500 mm) at the 27 year mark
(10,000 days). Resin-encapsulated bars for spacings of 4 meters present smaller deformations, in
the order of 150 mm at 10 years and 230 mm at design life. Figure 9 illustrates these results.

Figure 8. Projected displacements at drift crown for both cables and resin-encapsulated bars at the point of 
reinforcement. 
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Table 3. Summary of crown displacements at various reinforcement spacing. 
__________________________________________________________________________________________________________ 

Displacements at Drift Crown (mm) 
__________________________________________________________________________________________________________ 

No reinforcement At 1.0 m At 1.6 m At 2.0 m At 4.0 m 
10  27 10 27 10 27 10 27 10 27 

years years years years years years years years years years 
__________________________________________________________________________________________________________ 

Cables at POR 305 615 41 41 43 45 46 46 59 82 
Resin Bars at POR 305 615 48 48 50 52 55 60 57 61 
Cables at Midpoint 305 615 52 35 66 55 86 86 265 505 
Resin Bars at Midpoint 305 615 56 45 55 40 134 201 151 233 
__________________________________________________________________________________________________________ 

Figure 9. Projected displacements at drift crown for both cables and resin-encapsulated bars between rein-
forcement cross sections. 

7.2 Displacements at 45 

Plastification zones in deep underground openings at 45° are typically amongst the largest along 
tunnel ceiling configurations (Campero 1997 & Campero 1998). It is because of these reasons 
that these displacements are the controlling factor in the selection of spacing between reinforce-
ment sections at opening roofs. For cable-reinforced sections spaced at 4 meters, it can be ob-
served that at the point of reinforcement, deformations are in the order of 120 mm at 10 years and 
210 mm at 27 years for. At the same location, resin-encapsulated bars show displacements 80 mm 
at 10 years and 110 mm at 27 years. Figure 10 illustrates these results and Table 4 summarizes 
these values. 

Figure 10. Projected displacements at 45 for both cables and resin-encapsulated bars at the point of rein-
forcement. 
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Table 4. Summary of displacements at 45 for various reinforcement spacing. 
__________________________________________________________________________________________________________ 

Displacements at 45 (mm) 
__________________________________________________________________________________________________________ 

No reinforcement At 1.0 m At 1.6 m At 2.0 m At 4.0 m 
10  27 10 27 10 27 10 27 10 27 

years years years years years years years years years years 
__________________________________________________________________________________________________________ 

Cables at POR 230 456 58 75 68 102 78 122 120 220 
Resin Bars at POR 230 456 67 73 68 83 88 110 82 127 
Cables at Midpoint 230 456 55 64 80 88 100 140 205 388 
Resin Bars at Midpoint 230 456 65 68 68 73 130 210 140 230 
__________________________________________________________________________________________________________ 

Between reinforcement cross sections at 2 and 4 meter spacings, displacements at the design 
life exceed 100 mm. Reinforcement placed at 1 and 1.6 meters result in displacements between 
61 and 86 mm. Figure 11 shows these results. 

Figure 11. Projected displacements at 45 for both cables and resin-encapsulated bars between reinforce-
ment cross sections. 

7.3 Displacements at drift walls 

Plastification at the drift walls cause the largest deformations in the opening regardless of rein-
forcement spacing. At the point of reinforcement, displacements at 10 years are in the order of 
100 to 130 mm for both cables and resin-encapsulated bars spaced at 2 m or less. Displacements 
at life-of-mine are between 180 and 250 mm for resin-encapsulated bars and between 200 and 320 
mm for cables. Figure 12 presents these results and Table 5 summarizes these values. 

Rock displacements between reinforcement sections exhibit large displacements in all cases. 
Models predict cable displacements of approximately 105 to 110 mm at 10 years and 205 mm at 
the 27 year mark (10,000 days) for spacings of 1 and 1.6 meters. Displacements at cable insertion 
points with 2 m spacings are in the order of 220 mm, and at 4 m spacings in the order of 320 mm. 

Resin-encapsulated bars present deformations of approximately 100 mm at the midpoint point 
for both 1 and 1.6 m spacings and deformations in the order of 190 mm at the design life. Resin-
encapsulated bars between 2 m spacings show displacements of around 120 and 220 mm for 10 
year and life-of-mine respectively. Resin-encapsulated bars between 4 m spacings show displace-
ments of around 150 and 250 mm for 10 year and life-of-mine respectively. Figure 13 illustrates 
these results. 
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Figure 12. Projected displacements at drift walls for both cables and resin-encapsulated bars at the point of 
reinforcement. 

Table 5. Summary of wall displacements at various reinforcement spacing. 
__________________________________________________________________________________________________________ 

Displacements at Drift Wall (mm) 
__________________________________________________________________________________________________________ 

No reinforcement At 1.0 m At 1.6 m At 2.0 m At 4.0 m 
10 27 10 27 10 27 10 27 10 27 

years years years years years years years years years years 
__________________________________________________________________________________________________________ 

Cables at POR 190 366 107 201 107 203 118 220 162 318 
Resin Bars at POR 190 366 97 186 95 182 125 239 139 250 
Cables at Midpoint 190 366 107 203 113 206 124 223 171 322 
Resin Bars at Midpoint 190 366 101 188 101 184 131 242 145 252 
__________________________________________________________________________________________________________ 

Figure 13. Projected displacements at drift walls for both cables and resin-encapsulated bars between rein-
forcement cross sections. 

8 CONCLUSIONS 

The results of the FLAC3D models suggest that an acceptable level of roof reinforcement can be 
achieved with 2 meter spacing resin-encapsulated bar only, or cable reinforcement. These results 
indicate that a 0.4 meter increase in spacing can be considered from the Q-System described in 
the introduction of this paper. Cases with resin-encapsulated bars as primary reinforcement sys-
tem, and cables as secondary reinforcement were not analyzed in this study. 
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Increasing the spacing of roof reinforcement arrays by 25% (i.e., 2 m) significantly reduces the 
time and cost involved in mine drift reinforcement. Based on material and installation costs, the 
cost of the alternative spacing (2 m) with combined resin-encapsulated bars and secondary cable 
reinforcement when considered against a purely resin-encapsulated bar reinforcement system, 
represent an additional 16% cost savings for a drift of the similar dimensions. 
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1 INTRODUCTION 
1.1 Block caving mining 
For years now, Block/Panel caving has stood out as the least expensive among the underground 
mining methods, in terms of mineral cost per ton. 

Block caving as a mining method is particularly well suited to the extraction of massive, low 
grade deposits. By creating an undercut in the base of the orebody, the rock fractures due to the 
action of the force of gravity. Because of this, Block Caving Operations use a relatively low 
amount of explosives and mechanized work, as the rock fracturing process is aided by the force 
of gravity. 

One of the main features of the technique is the use of drawbells, excavations that accumulate 
the material as it breaks, the rock is then extracted by an LHD ("Load, Haul and Dump", a low 
profile front end loader) then dumped into an orepass. An important problem a block caving type 
of operation may encounter is a phenomenon known as hang ups.  

Maass (2013), classified hang ups in three categories: Blockage, mechanical arch and cohesive 
arch. Blockage occurs when a rock that is too massive according to the design of the drawbell 
enters it. Mechanical arch occurs when several rocks become compacted and together stop the 
flow of material through the drawbell. Finally cohesive arches occur due to electrostatic forces 
that bond together the fines within the material column, also stopping the flow of material through 
the extraction point. Said phenomenon has been linked to various unwanted consequences, 
namely: 

– Less production
– Interruptions in the operation
– Caving pull problems
– Operational risks associated with unblocking the extraction point

A methodology for the study of drawbell hang-up phenomena 
using three-dimensional discrete elements 

J. Vallejos & C. Martínez
Mining Engineering Department, Advanced Mining Technology Center, University of Chile, Santiago,
Chile

A. Brzovic
Codelco Chile, Division El Teniente, Santiago, Chile

ABSTRACT: As of today, block caving mining remains the least expensive of the available un-
derground mining methods, in terms of cost per ton. The method however, is not without its chal-
lenges. One particularly dangerous challenge is the occurrence of hang-ups in which the flow of 
material through the drawbell is somehow interrupted. Hang-ups are known to occur due to a 
variety of reasons, making their prediction and modelling very difficult. All we have today are 
empirical guidelines that conservatively try to avoid the formation of hang-ups. Through creative 
and novel usage of 3DEC, we were able to come up with a methodology that allowed us to model 
a particular drawbell design and fit the size distribution of the discrete elements to a particular 
granulometric curve. We were able to recreate the repose angle of the pile and the settling of the 
pile after successive draws of material. The result was a model that realistically represents the 
movement of rock within the drawbell, and approximates the size distribution in a way not done 
before while allowing for the use of different drawbell geometries and particle size curves. It does 
it without resorting to 2D simplifications or imposing a uniform size or form on the particles.  
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 Damage to the nearby mining infrastructure
Failure to unblock hang ups can eventually result in the abandonment of the extraction point,

resulting in lost reserves and geomechanical problems. 

1.2 Modeling of rock flow using DEMs 

Several authors have explored the idea of using a DEM approach to model rock flow. Nazeri & 
Mustoe (2002) investigated the use of 2D discrete elements in the investigation of rock flow 
through orepasses, depending on the shape of both the orepass and the ore. Hadjigeorgiu &Lessard 
(2007), expanded on the idea by investigating orepass hang ups using three dimensional discrete 
elements, in orepasses of different cross sections. More recently, Taghavi & Pierce (2011) used 
3D, tetrahedron shaped elements of uniform size to model rock flow through the use of polyhedral 
elements.  

2 OBJECTIVES 

The main objectives of this work are to propose a methodology for the study of drawbell hang-
ups using three-dimensional polyhedral elements; show that 3DEC (Itasca 2013) is able to model 
rock flow without the need to impose a uniform size on the particles; show that the behavior of 
the model agrees with reality; and identify the effect of the DFN in the fragmentation curve. 

2.1 Limitations and considerations 

Following is a list of limitations and simplifying assumptions: 
 All blocks are rigid.
 Blocks are non-deformable.
 There is no presence of water.
 A portion of the finest particles in the curve has been deleted in order to speed up the cal-

culation process.
 The simulations were run in half of the drawbell to reduce calculation time.
 All blocks are of uniform density.

3 METHODOLOGY 

The following steps (Fig. 1) outline the methodology used: 
1. Generate the drawbell geometry to be studied. Important design features are the major apex

height, the angle of the drawbell walls and the dimensions of the drawpoint.
2. Apply DFN to the material inside the drawbell. Once the drawbell has been generated, the

material inside of it is selected. A DFN is applied, generating blocks of different sizes and
shapes.

3. Apply shrinkage algorithm. The new blocks created by the interaction of the DFN with the
original block are exported. The shrinkage algorithm is applied to the coordinates of each
block, reducing the size of all the elements in the same proportion, while maintaining their
shapes, meaning that the granulometric curve is displaced to the left, toward smaller particle
sizes. The granulometric curve for the blocks created is compared against the target curve.

4. Loading back into 3DEC and settlement under gravity. The blocks are loaded back into
3DEC. At this stage the blocks are allowed to fall due to gravity and form a pile.

5. Material extraction and flow. After the original pile has been formed, extraction of material
is modeled by deleting those blocks that lie inside the drawpoint, allowing the flow of ma-
terial from the higher parts of the drawbell. At this stage eventual hang ups can be identified.
This process is computationally intensive and time consuming.
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Figure 1. Outline of methodology used. 

4 CASE STUDY 

A drawbell design was taken from Cavieres et al. (2005) and was generated in 3DEC. The selected 
drawbell was 60 m high. The parameters for the drawbell design can be seen in Table 1 below. A 
target granulometric curve was also selected, the parameters for the granulometric curve can be 
seen in Table 2. 

 
Table 1. Drawbell parameters. 

  Drawbell height 20 m 
  Minor apex angle  64.4° 
  Major apex angle  40° 
  Brow angle  70° 
  Brow height  8.23 m  

 
 
Table 2. Target granulometric curve. 

  Size Percentage 

  0.00001 1 
  0.0001 2 
  0.001 7 
  0.01 22 
  0.1 52 
  1 77 
  10 94 
  100 99 

 

5 RESULTS 

5.1 Drawbell design 

The drawbell design selected for the project was 60 m high. Figure 2 below shows the drawbell 
design in 3DEC. 

 
 

 
Figure 2. Sideview of half of the drawbell. 
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5.2 Application of DFN 

The selected DFN type used was Power Law, while position and orientation were considered 
uniform. Figures 3a and 3b show the original block before and after applying the DFN. After this 
procedure the block count inside the drawbell increased from 1 to 23.428 

Figure 3 a) Block inside drawbell design. b) Blocks after joints through DFN. 

5.3 Block shrinkage 

The block coordinates were exported from 3DEC and a shrinkage factor of 50% was applied to 
the blocks, as can be seen in Figure 4. We can see at this stage that the blocks retained their 
original shape, while their volume decreased. 

Figure 4. Blocks after shrinkage algorithm is applied. 

5.4 Granulometric curve check 

The granulometric curve of the blocks created by the DFN was generated. The obtained curve 
was plotted next to the target curve as can be seen in Figure 5 below. It can be seen that the ob-
tained curve provides a good fit in the middle of the size spectrum. That is the most important 
factor for the purpose of this study. 
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Figure 5. Plot of obtained and target granulometric curves. 

5.5 Pile formation 

Figure 6 below shows the pile formation process. It can be seen that the voids created by the DFN 
begin to be filled with material. This process is very time intensive as every block in the model is 
displaced by a large distance. It can be seen that as the blocks fall they interact with the drawbell 
walls and other blocks, by the time the pile is formed, the original DFN that generated the size 
distribution cannot be identified. 

Figure 6. Gravity settling process. 

The following are the parameters used to run the model: 
 Density = 2.7 [g/cm3]
 Normal Joint stiffness (kn) = 1e9 [N/m]
 Shear Joint Stiffness (ks) = 1e8 [N/m]
 Friction angle = 35 deg

From the resulting pile, the following values were extracted: 
 Pile repose angle = 53 deg, measured using the 3DEC planes tool.
 Obtained apparent density = 1.74 [g/cm3], measured by taking the total mass enclosed in

111 m3 volume within the pile.

5.6 Extraction and rock flow 

Figures 8a and 8b below show the process of extraction and formation of a hang up. In Figure 8 
we see the pile immediately after the material is removed, after the model was run, the result was 
Figure 9. We see the material has displaced but a stable arch has formed in the upper part of the 
draw point. At this stage the velocity of the blocks is almost zero. In this experiment, the stable 
arch was formed after the third extraction round. 
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 (a) (b) 

Figure 8. a) Extraction. b) Formation of hang up. 

6 DISCUSSION ON THE PARAMETERS AFFECTING THE MODEL 

The DFN used to create block size and shape distribution has a power law distribution in size and 
was uniform in position and direction, therefore the only contributing factor to the shape of the 
overall curve was the scaling exponent “a”. 

We can see from the plot in Figure 9 that choosing a lower value of the scaling exponent a, 
results in a curve with smaller size in average. This agrees with the theory, since a lower value of 
a, means a larger ratio of large to small joints, as the joints of the DFN superimpose, having many 
large joints results in blocks being cut many times, and therefore smaller blocks in average. 

Figure 9. Comparison of the effect of the Power Law exponent in the obtained granulometric curve. 

For the damping values, although the pile formation phase of the model is a freefall problem, 
the free fall response is not the main concern of the model. Mass proportional Rayleigh damping 
was used as it allowed the model to run considerably faster than joint stiffness proportional damp-
ing. 

A simple experiment was setup to determine the center frequency for the model. Two blocks, 
of roughly the same volume as the largest (4.47 m3) and smallest block (0.0092 m3) in the model, 
regardless of shape, were put on a fixed block the gravity was activated and the vibrations in the 
blocks vertices plotted as seen below in Figures 10-12. 

By choosing a central frequency that lies between the plotted frequency for the large and the 
small block, we find a value that is useful for the whole model. 
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Figure 10. Vibration experiment setup. 

Figure 11. Displacement vs. step graph for small block. 

Figure 12. Displacement vs. step graph for large block. 

The level of damping was then selected according to the expected response of the model. An 
underdamped model would allow for faster formation of the pile, however, too little damping 
would mean the blocks would keep bouncing, increasing the overall runtime and affecting, at the 
same time the pile repose angle. On the other hand, too much damping means the blocks would 
fall very slowly and only slightly vibrate without bouncing at all, which is also not realistic. A 
central frequency of 7Hz, with a fraction of critical frequency of 0.05 as seen in Figure 13 gives 
the best response for the project and was the once finally selected. 

Figure 13. Displacement vs. Time for varying center frequency values: a) 3Hz, b) 5Hz, c) 7Hz. 

a) b) c) 
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Finally, in order to keep the model run time within manageable terms, the smallest part of the 
curve, those blocks which volume is less than 1e-2 were deleted from the model, this increased 
the critical timestep by one order of magnitude, as we can see in Table 3 below. 

Table 3. Model parameters. 

Damping setting Timestep 

No damping  1.00E-07 

Stiffness proportional Rayleigh damping 1.00E-11 

Mass proportional Rayleigh damping 1.00E-07 

Mass proportional, size>1e-2     1.00E-06 

7 CONCLUSIONS 

We were able to successfully model rock flow in three dimensions using 3DEC, using realistic 
drawbell geometry and dimensions. Choosing the DFN model that creates the joints is probably 
the most delicate aspect of the process, as it defines the overall shape of the granulometric curve, 
the shrinkage algorithm then displaces the curve to the left as all particle sizes are reduced in the 
same proportion. 

In this model, a single DFN template, which was uniform in position and orientation, was used 
to approximate the granulometric curve. Using a combination of DFNs would provide more con-
trol over the obtained granulometric curve. 

The most important factor in the final pile angle obtained is the material friction angle, it was 
seen that as the friction angle increases, the pile angle also increases steeply. The obtained appar-
ent density agrees with the value expected for a 50% decrease in block volume. The correct for-
mation of the pile was the most important part of the model. To correctly model the free fall of 
the blocks, the model was run in dynamic mode and the damping level adjusted to obtain the 
desired response. 

 In this model, Rayleigh damping proportional to the block mass was used. Using joint stiffness 
proportional Rayleigh damping made the model impossibly slow, due to the large distances the 
blocks had to travel. Also, the amount of bounce of the particles is directly related to the level of 
damping used. If the damping is too high the model will progress more slowly, and the pile angle 
may become too steep as too much energy has dissipated to allow movement of the finer particles 
through the pile. On the other extreme, if the damping is too low, it is difficult to form the pile as 
the particles don’t stop moving and bouncing, it also results in a lower pile angle. 

Damping level was finally defined in response to the energy dissipation required to avoid ex-
cessive bouncing of the blocks and the pile angle was adjusted for by the material friction angle. 

The main limitation the authors see for the use of this technique is the fact that is it too time 
consuming because of the large quantity of contacts involved, that would make it impractical to 
apply it to a larger model, however the importance of taking into account the different sizes and 
shapes of the particles when modeling rock flow cannot be ignored. 
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Pseudo-coupled approach to evaluating steel-casing/rock 
interaction using FLAC 

T. Brandshaug
GeoTech Consulting, LLC., Plymouth, MN, USA

ABSTRACT: This paper describes an alternative method to analyzing the steel-casing/rock 
inter-action associated with time dependent ground displacements from the solution mining of 
potash. The nonlinear response of the casing, grout and evaporate rock units are explicitly 
modeled, and the method uses a pseudo coupling of predicted displacements between a 
large-scale “cavern model” and a small-scale “casing model.” The alternative method is 
demonstrated by analyzing a sequence of three solution mined caverns and their associated 
casing/rock interaction above the immediate roof line of each cavern during mining. Results are 
presented that show the casing is predicted to yield, but the amount of plastic strain is well 
within the rupture strain of the steel grade used. 

1 BACKGROUND 

Often, numerical model analysis is confronted with a contrast of geometric scale, where a struc-
tural component on a small scale may be the focus of the analysis but its loading is the result of 
a response on a much larger scale. Such is the case when attempting to evaluate the structural 
re-sponse of grouted-in-place steel-casing used in solution mining   of potash. The casing with 
an outside diameter of 0.178 m and thickness of 8 mm, is exceedingly small compared to the 
cavern and formation scale of hundreds of meters where the ground deformations occur that 
causes the casing to be loaded. It is impractical to include both scales in one model, especially if 
variations in the casing design need to be examined, e.g., different steel grades, casing diameter, 
weak grout, strong grout, etc. Each one of these considerations would need a full evaluation of 
the model. 

This paper provides an alternative method to analyzing the grouted steel-casing/rock 
interaction associated with time dependent ground displacements (i.e., creep) from the 
solution mining of potash that results in large-diameter brine-filled caverns. The downward 
displacement of the cav-ern roof over time can pull on the grouted casing, effectively loading 
it in tension. Therefore, depending on the amount of roof displacements that occur and casing 
steel grade being used, there is a possibility that the casing could rupture in tension. A case 
history of such a scenario is de-scribed by Osnes et al. (2007). 

The alternative method uses two axisymmetric models; a large-scale "cavern model" and 
a small-scale "casing model", which are pseudo-coupled with respect to displacements. The 
method is demonstrated by analyzing casing stresses and strains above the roof lines of three 
caverns, which are solution mined for their potash resource (in the form of sylvinite). The 
resource is lo-cated in Saskatchewan, Canada, and is part of the Prairie Evaporite formation 
which dates to the middle Devonian period (390 MYA). The potash is found in three minable 
layers [from lower to upper: Esterhazy (EH), Belle Plaine (BP), and Patience Lake (PL)] at a 
depth ranging from ap-proximately 1645 to 1725 m below ground. Because the potash and 
halite have a viscous charac-ter, “real-time” analyses are conducted using a creep constitutive 
model. 

The analyses described are based on on-going comprehensive geomechanics evaluations 
re-lated to a current mine design and specific issues important to the successful extraction of 
the potash resource. 
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2 OBJECTIVE 

The objective of this study was to provide estimates of the well-casing/rock interaction based on 
an expected mining schedule, current cavern design and mine layout, and currently best under-
standing of the characteristic mechanical response of the evaporate and sedimentary rock units. 
Specifically: 

Provide detailed estimates of the casing response in terms of axial stress and strain 
magnitude in the casing string above the cavern roof for likely mining conditions, 
including operational times and pressures during periods of cavern development, 
and primary and secondary mining, including interim waiting periods. 

3 SCOPE 

The study uses the efficiency of axisymmetric models to simulate (1) the ground displacements 
associated with the solution mining of potash, leaving large diameter circular caverns filled with 
brine; and (2) stresses and strains in the well-casing above the cavern roof-line as mining pro-
gresses and ground displacements occur over time. 
 Being separate models, the cavern model and casing model have complimentary detail in terms 
of their respective geometric scales. The analyses include a detailed evaluation of the casing re-
sponse during mining. Specifically, the axial stresses and strains in the casing are evaluated as 
they become increasingly tensile from the effects of the cavern roof displacing downward into the 
mined opening, effectively pulling on the casing during mining. The interaction between the rock 
and the grout and between the grout and the casing affects the extent to which the casing will be 
pulled as the roof displaces, and therefore, the maximum casing stress-strain response that will be 
induced. 

Operational considerations during mining may affect the duration of cavern development, and 
primary and secondary mining periods for each cavern, as well as interim waiting periods. Creep 
deformations depend on time; therefore, the amount of cavern roof displacement will vary for 
caverns with operational periods of different length. An estimated mining schedule is used in this 
study. A three-member mining scenario is evaluated, where minable intervals of the EH, BP and 
PL units were extracted, leaving brine-filled caverns with nominal pressure equal to the hydro-
static brine pressure.   

The general beneficial effect of maintaining a cavern pressure to minimize creep deformations 
also is evaluated by considering a pressure range from 16 MPa to 25 MPa, which brackets the 
nominal brine pressure. In addition, the model also is evaluated for the condition of shutting in 
the wells during interim waiting periods (i.e., cavern brine pressure may increase as a function of 
cavern creep deformations during shut-in periods). 

4 MODELING APPROACH 

The principal code used is FLAC Ver. 7.0 (Itasca 2011) with the model geometry split into a large-
scale cavern model and a small-scale casing model.  Both models are axisymmetric and are pseudo 
coupled, i.e., one-way coupling where the incremental displacements predicted in the cavern 
model subsequently are extracted and applied along the boundary locations of the casing model, 
which then is evaluated as a separate boundary value problem.  Because the casing model is small 
in number of degrees-of-freedom compared to the cavern model it is relatively quick to analyze.   

The axisymmetric cavern model was first calibrated to produce a similar ground-displacement 
versus time response (in the cavern roof and floor) as determined in earlier fully 3D geomechanics 
models (using FLAC3D) where the caverns were somewhat oval-shaped. Calibration was 
achieved by changing the cavern radius in the axisymmetric model.  

The cavern model accounts for the local site stratigraphy and rock mechanical response deter-
mined as part of a comprehensive geomechanics program. The model then is used to simulate the 
progressive mining of EH, BP and PL members following an estimated mining schedule.  
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4.1 Cavern model geometry and stratigraphy 

The overall geometry and stratigraphy of the cavern model are shown in Figure 1. The figure also 
shows the portions of the EH, BP and PL to be mined. The modeled region spans the depth from 
-1300 m to -2150 m, a height of 850 m, and incorporates details of the local stratigraphy in the
vicinity of the mining horizon. Table 1 shows dimensional detail of the stratigraphic column in
Figure 1, and also indicates the type of material response used in the cavern model for the different
lithologies, elasto-plastic or visco-plastic.

Figure 1. Cavern model stratigraphy with detail showing the mined sections. 

Table 1. Local stratigraphy and material response in the cavern model. 
__________________________________________________________________________________________________________ 

Formation Material Type Bottom* (m) Thickness* (m) Material Response 
__________________________________________________________________________________________________________ 

Un-named (1) Dolomite -1425 125 Elasto-Plastic 
Souris River Limestone -1505 80 Elasto-Plastic 
Davidson Evaporite Halite -1560 55 Visco-Plastic 
Un-named (2) Limestone -1580 20 Elasto-Plastic 
First Red Bed Dolomite -1595 15 Elasto-Plastic 
Dawson Bay Limestone -1640 45 Elasto-Plastic 
Second Red Bed Dolomite -1645 5 Elasto-Plastic 
Prairie Evaporites Sylvinite & Halite -1696 51 Visco-Plastic 
Floor Salt Halite -1744 48 Visco-Plastic 
Shell Lake Anhydrite -1754 10 Elasto-Plastic 
Whitcow Salt Halite -1804 50 Visco-Plastic 
Winnipegosis Limestone -2150 345.8 Elasto-Plastic 
__________________________________________________________________________________________________________ 

*Based on average layer thickness.
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4.2 Mining scenario and schedule 

The cavern model simulates mining starting in the EH followed by the BP and last, the PL. Mining 
of each horizon is completed before moving on to the next. The mining is simulated to occur 
gradually over time in accordance with an estimated mining schedule. Each unit is mined in sev-
eral steps to minimize inertial effects. EH is mined in four vertical cuts of equal height, while BP 
is mined in three cuts. The PL unit is mined through a sequence of primary and secondary mining 
periods, which take place in a total of 12 separate cuts. 

Because of operational issues during the life of the mine, the periods of cavern development, 
primary and secondary mining will be different for each cavern system and will include interim 
waiting periods when the caverns remain “at rest” (i.e., no fluid injection or brine extraction oc-
curs). Cavern development is associated with the creation of sumps and establishing hydraulic 
connections between fluid injection and extraction wells. Estimates of the expected duration of 
the different periods were used in these analyses. 

4.3 Conceptual FLAC model 

The cavern model and casing model are complementary axisymmetric models that occupy part of 
the same discretized spatial domain. The cavern model accounts for mining of the potash resource 
and resulting ground deformations, including creep of the overlying and adjacent rock mass, while 
the casing model provides the necessary spatial resolution to evaluate the response of the well-
casing and the cement grout adjacent to the rock. Figure 2 illustrates conceptual aspects of the 
approach along with model dimensions. Note that the lower boundary of the casing model always 
represents the roofline associated with the current mining. Therefore, this boundary will move 
upward with the progress of mining.  

In Figure 2, the lower-horizontal and two vertical boundaries of the cavern model were assigned 
the kinematic restraints of roller boundaries. The left vertical boundary represents the axis of sym-
metry. The top horizontal boundary was assigned a pressure to simulate the weight of the over-
burden rock. The in-situ stresses were assumed to be lithostatic, with the vertical stress being 
gravitational. 

 
 
 
 

 
 
Figure 2. Conceptual casing/rock interaction model. 
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The left image in Figure 3 shows the initial conditions used in the casing model. Prior to grout-
ing, the casing string is assumed to be hanging free in the borehole from the model top (i.e., 
-1300-m depth), hence, the casing is under axial tension from its own weight.  Subsequently, grout
is placed in the annulus between the casing and the borehole wall. It is assumed that the grout is
placed in one lift to the top of the model while remaining in a hydraulic state. Therefore, the grout
is initially assigned a hydrostatic stress state based on its density. Because the casing is subjected
to the grout pressure on the outside and a similar pressure is assumed on the inside, it is assigned
initial radial stress equal to the hydrostatic grout pressure. The effect of buoyancy on the steel
casing from the hydraulic grout is ignored.

The cavern and casing models are analyzed independently, with the cavern model analyzed 
first. Displacements are predicted throughout the cavern model in large strain for the entire time 
period of cavern development and mining. Displacements predicted in the cavern model at the 
end of the various progressive mining steps, and development and interim waiting periods, are 
interpolated and applied incrementally along the boundaries of the casing model. To minimize 
inertial effects, the incremental displacements are applied as velocities in “n=100,000” cycles 
while a hydrostatic brine pressure is applied inside the casing and to the bottom of the casing and 
grout (i.e., current cavern roofline) as shown in the right image in Figure 3. Subsequently, the 
applied velocities are changed to zero values (i.e., fixed conditions) and the casing model is run 
to elasto-plastic equilibrium. The procedure is repeated for each progressive mining step. 

This pseudo-coupled approach makes use of the macro language "FISH," available in FLAC to 
extract and interpolate the predicted incremental displacements in the cavern model, and to write 
this data to a binary file. Subsequently, the binary file is read by the casing model, where the 
interpolated displacements are applied to boundaries and the model analyzed for its response. 
Along with FISH, which makes communication possible between the two models, the axisym-
metry provides for very efficient analysis of the casing response. Re-evaluations of the casing 
response can be done quickly for different casing designs without having to go through complete 
re-analyses of the cavern model.  

Figure 3. Initial and boundary conditions used in the casing model. 
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The one-way coupling of the displacements is based on the assumption that the casing and grout 
do not affect the rate or magnitude of the cavern roof deformations. This is an entirely reasonable 
assumption given the scale of the casing and grout relative to the cavern dimensions and the enor-
mous creep induced ground forces that are at work. 

Although time-dependent creep is not included explicitly in the casing model, the effect of 
creep is expressed in the interpolated displacements. Likewise, the effects of the non-evaporite 
units above also are reflected in the transferred displacements from these units. 

5 MATERIAL RESPONSE 

5.1 Casing and grout response 

The material parameters used for the casing and the grout are given in Table 2. The casing steel 
grade is specified as J-55 with outside diameter of 0.178 m (7.0 in); the inside diameter is 0.162 
m (6.36 in). The casing is modeled as an isotropic elasto-plastic material using a Tresca yield 
criterion, and a strain-hardening-softening model that modifies the cohesive strength. The grout 
is modeled as a Mohr-Coulomb material with friction angle, cohesion and tensile strength. Hence, 
as the casing and grout interact with the deforming rock, yielding may occur in the casing and the 
grout by shear and/or tension. 
 
 
Table 2. Casing and Grout Properties. 
__________________________________________________________________________________________________________ 

    Tensile  Friction Bulk Shear 
 Material Density Strength Cohesion Angle Modulus Modulus 
  (kg/m3) (MPa) (MPa)  () (GPa) (GPa) 
__________________________________________________________________________________________________________ 

Casing 7800 379* 189.5 0 175 80.8 
 Grout 1875 1.5 5.2 35 2.64 2.88 
__________________________________________________________________________________________________________ 

*Tensile strength at first yield. 
 
 

The J-55 steel has a great capacity to yield plastically. This is shown in Figure 4, which provides 
a complete stress-strain curve of a tensile test through rupture (Šarkoćević et al. 2014). The test 
shows almost 33% strain to rupture. Casing manufacturers, e.g., Tenaris, report similar strain to 
rupture. The stress-strain approximation used for the casing in the FLAC model is also shown in 
Figure 4. The capacity of the casing steel to yield plastically is an important characteristic that 
accommodates the displacements induced in the evaporite units as a result of the mining. The 
effect is shown and discussed in the results section of this paper. 
 

 
Figure 4. Stress-strain response of J-55 steel in tensile test (from Šarkoćević et al. 2014). Approximation 
used in FLAC shown in blue dashed curve and blue stress values. 
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5.2 Rock mass response 

The mechanical response of the brittle sedimentary units is taken as elasto-plastic and character-
ized by a Mohr-Coulomb plasticity model. For the visco-plastic response in the evaporite units, 
the PWIPP model is used. Both these material models are intrinsic to FLAC. The parameter values 
for the evaporate units are listed in Table 3, while the rock mass parameter values for the sedi-
mentary units are listed in Table 4. These parameter values are based on significant laboratory 
and geotechnical logging efforts. 

5.2.1 Evaporite units 
The PWIPP model combines the visco-elastic response of the WIPP model (developed for the 
Waste Isolation Pilot Plant in Carlsbad, New Mexico) (Herrmann et al. 1980a,b) with plasticity 
according to a Drucker-Prager yield criterion. The functional form of the WIPP creep law is de-
fined in Equations (1) through (3). The model accounts for both primary and secondary creep 
rates.  

p s      (1) 

The formulation for the primary creep rate depends on the magnitude of the secondary creep 
rate: 
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The secondary creep rate is 
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In this equation 𝜎 is the shear stress (expressed by 23 J ); D, n, A, B, and ss  are material 

constants; R is the universal gas constant; Q is the activation energy; and T is the local temperature 

in degrees Kelvin.  
The Drucker-Prager yield criterion is given in Equation (4): 

s

of q k       (4) 

where  0sf   at yield,  / 3o kk  ,  and  2J  ,  where 2J  is the second invariant of the  

deviatoric stress tensor. Parameters q  and k  are material constants that relate to friction angle 

and cohesion, respectively, in Mohr-Coulomb terms. 
The WIPP creep parameters of the halite and sylvinite are listed in Table 3 and are based on a 

significant effort to characterize the creep response of the evaporite units. The parameter values 
reflect best-fits of the WIPP creep model from non-linear regression using creep data obtained 
from 30-day creep tests on site-specific core. 

 
Table 3. PWIPP creep parameter values for halite and sylvinite units. 
__________________________________________________________________________________________________________ 

 Parameter Halite Sylvinite 
__________________________________________________________________________________________________________ 

 Elastic Modulus, E (GPa) 29.9 26.4 
 Poisson’s Ratio, v 0.16 0.16 
 Unit Weight (kg/m3) 2,184 2,127 
 WIPP Constant, A 55.4 22.9 
 WIPP Constant, B 211 117 
 WIPP Constant, D (Pa-ns-1) 3.19e-20 4.29e-22 
 WIPP Exponent, n 2.49 2.82 
 Activation Energy, Q (cal/mole) 12,000 12,000 
 Universal Gas Constant, R (cal/mole-K) 1.987 1.987 
 Crit. S-S Creep Rate, *ss (s-1) 5.39e-8 5.39e-8 
 D-P Parameter, k (MPa) 8.30 8.26 
 D-P Parameter, q 0.223 0.279 
 D-P Parameter, q 0.0* 0.0* 
__________________________________________________________________________________________________________ 

* Relates to dilation angle in Mohr-Coulomb terms. Zero value assumed. 
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5.2.2 Brittle sedimentary rock units 
A considerable rock mechanics testing program was carried out to characterize the strength and 
stiffness of the brittle sedimentary units above and below the Prairie Evaporites. The rock mass 
parameter values listed in Table 4 reflect this effort.  

Note that the halite unit, Davidson Evaporite member, appears above the Prairie Evaporite 
group. No specific rock mechanics testing was conducted on this unit. As a reasonable approach, 
it was assigned the same characteristic mechanical response as the halite within the Prairie Evap-
orite group.  

Table 4. Rock mass parameter values for brittle sedimentary units. 
__________________________________________________________________________________________________________ 

Friction Tensile Young’s 
Material Cohesion  Angle Strength Modulus Poisson’s Density 

Formation Type (MPa) () (MPa) (GPa) Ratio (kg/m3) 
__________________________________________________________________________________________________________ 

Un-Named (1) Dolomite 6.50 30.7 0.77 15.92 0.22 2440 
Souris River Limestone 6.80 30.1 0.77 17.71 0.28 2600 
Davidson Evaporite Halite See Table 3 for parameter values 
Un-Named (2) Limestone 8.84 33.8 1.30 25.47 0.28 2570 
First Red Bed Dolomite 7.29 30.1 0.83 23.27 0.26 2690 
Dawson Bay Limestone 10.44 35.7 1.75 29.31 0.28 2580 
Second Red Bed Dolomite 2.68 21.6 0.13 5.81 0.28 2560 
Prairie Evaporites Sylvinite & Halite See Table 3 for parameter values 
Shell Lake Anhydrite 8.37 31.0 0.72 18.45 0.26 2580 
Whitcow Salt Halite See Table 3 for parameter values 
Winnipegosis Limestone 8.96 31.4 0.77 24.83 0.23 2720 
__________________________________________________________________________________________________________ 

6 ANALYSIS RESULTS 

The purpose of the cavern model is to focus on the local ground response near the caverns as they 
are developed and mined. Specifically, the vertical displacements in the evaporite units above 
current mining horizon are of interest, because the well casing will be “dragged” downward by 
these units during the entire mining period, which induces tensile loads in the casing. Results of 
cavern displacements and specifically histories of vertical displacements in the cavern roof are 
shown. Induced stresses and strains in the steel casing also are shown at different stages during 
mining. 

During mining, a nominal cavern brine pressure (in all caverns as they are being mined) is 
assumed, which is approximately the hydrostatic pressure of saturated brine at the depth of the 
evaporite units (-1645 m to -1696 m). Since, during interim waiting periods, the wells will likely 
be shut-in, the brine pressure will increase because the brine, which essentially is incompressible, 
will resist cavern-creep deformations during these periods. The cavern model accounts for this 
effect. However, to be conservative, the cavern model also is evaluated assuming a nominal brine 
pressure which remains constant. 

6.1 Cavern model results 

A perspective of the cavern displacements at the end of secondary mining in the Patience Lake 
unit is show in Figure 5. These results are for the case of nominal cavern brine pressure and with 
wells shut-in during interim waiting periods. The analyses were conducted in large-strain and 
Figure 5 shows considerable ground displacements after approximately 29 years of mining with 
the EH cavern almost completely closed. 

Note that the Halite Interbed #1, which separates the BP and PL caverns is only about 2 m 
thick. Therefore, this halite layer fails and will come to rest on the BP cavern floor soon after 
mining in the PL begins. Subsequently, the BP and PL become one cavern. The failure of this 
halite interbed has no structural effect on the stability of the cavern system. 
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Figure 5. Predicted ground displacements at the end of 29 years of mining. 

 
 

Histories of roof displacements are shown in Figure 6. The history locations are at the final roof 
line in all three caverns. The start and end of mining of the different caverns are indicated in 
Figure 6 and so are the interim waiting periods. 

The distinct stair-steps in the curves represent the waiting periods when the wells are shut-in. 
Because the brine is essentially incompressible, the displacements become constant almost im-
mediately upon shut-in. Full convergence between the roof and floor of the EH cavern is indicated 
to occur approximately after 18.5 years of mining. The EH history shows that there is only about 
1 m of roof displacements in the EH cavern as mining ends in this unit after 5 years. If casing 
structural integrity can be maintained for this period, it is expected that the EH unit can be suc-
cessfully mined. Likewise, to successfully mine the BP and PL units the casing above these units 
must remain intact for their respective mining periods. Note that the abrupt decrease in the BP 
history coincides with the time of failure of Halite Interbed #1. 

The predicted cavern pressure is shown in Figure 7. Because the brine essentially is incom-
pressible, shutting in the wells during the interim waiting periods produces an almost immediate 
increase in the brine pressure. The three caverns are assumed to be hydraulically connected, and 
it is also assumed there is no brine leakage to the formation.  

 
 
 

 
Figure 6. Histories of roof displacements for EH, BP and PL caverns. 
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Figure 7. Cavern shut-in pressure predicted during interim waiting periods. 

Although the rate of creep in the evaporate units is relatively slow, the pressure increase seen in 
Figure 7 is a result of the inertia of the viscous mass of the evaporite units surrounding the caverns. 
As soon as mining starts again, the brine pressure returns to its nominal value and the cavern roof 
continues to displace downward as seen in Figure 6. 

6.2 Casing model results 

Predicted axial (i.e., vertical) stresses in the casing above the current roof line during mining of 
the EH are shown in Figure 8. The EH is mined in four equal segments both in height and in time, 
and the four curves identified by “EH1 Plastic,” “EH2 Plastic,” “EH3 Plastic” and “EH4 Plastic” 
show the predicted casing axial stress at the end of each mining step when the casing responds 
elasto-plastically (i.e., it is allowed to yield). For comparison, the curve shown as “EH1 Elastic” 
represents the predicted casing axial stresses at the end of the first mining step when the casing 
responds elastically (i.e., infinite strength). The J-55 steel yield stress of 379 MPa is also shown 
for reference. The gray-shaded horizontal intervals in Figure 8 represent the thickness of the EH, 
BP and PL sylvinite units. 

The elastic stress curve in Figure 8 clearly shows that the casing will yield upon mining the 
first cut in the EH, and that the yielding occurs within the evaporite units and the Second Red 
Bed. When the casing is allowed to yield (i.e., it has finite strength), the stresses cannot increase 
beyond the strength, which is defined by the Tresca yield criterion used, with the prescribed strain 
hardening and softening shown in Figure 4. Figure 8 confirms this, with axial stresses slightly 
below the yield stress of 379 MPa across the evaporite units and across the Second Red Bed. It is 
noted that there is very little change in the casing stresses during EH mining beyond the first 
mining cut. 

As the casing yields, irreversible plastic strain accumulates, which in this case means the casing 
stretches plastically in the vertical direction. Figure 9 shows the corresponding axial plastic strain 
that accumulates along the casing during EH mining. Each curve represents the accumulated plas-
tic strain at the end of each mining cut. The maximum axial plastic strain predicted at the end of 
mining in the EH is only about 1.7%. In terms of casing structural integrity, this compares very 
favorably to the plastic strain capacity of J-55 steel (about 20% at ultimate strength and 30% at 
rupture), which was shown earlier in Figure 4. 
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Figure 8. Predicted axial stresses in the casing above the current roof-line during EH mining. 

Figure 9. Predicted axial plastic strain in the casing at the end of each mining cut while mining the EH 
cavern. 

Results of maximum plastic strain in the casing at specific times during the entire mining period 
is shown in Figure 10. Four curves are shown that represent different cavern brine pressure con-
ditions. The curve identified “17 MPa w\Shut-In” uses 17 MPa brine pressure in the caverns dur-
ing mining, while the wells are shut-in during waiting periods and the pressure allowed to in-
crease. Similarly for the curve identified “20.5 MPa w\Shut-In” (for which results have been 
shown in Figs. 5-9) and “23 MPa w\Shut-In.” In the curve identified “20.5 MPa Const Pressure,” 
the cavern brine pressure is 20.5 MPa and remains constant at all times. 
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Each data point in these curves has been labeled and represents the maximum plastic strain in 
the casing in or above the current mining horizon at the end of an event.  E.g., the first data point, 
labeled EH1, is at the end of the first mining cut while mining the EH; EH2 is at the end of the 
second cut and so on. EH is mined in four cuts, hence, EH4 is the maximum predicted plastic 
casing strain at the end of EH mining. The BP is mined in three cuts while the PL primary mining 
occurs in five cuts and the secondary mining occurs in seven cuts. The end of interim waiting 
periods are labeled Wtp2, Wtp3 and so on, while the end of cavern development periods are la-
beled BPDv for Belle Plaine and PLDv for Patience Lake. 

At the end of EH mining (i.e., data point EH4 in Figure 10) the concern for casing integrity 
shifts to casing locations in or above the BP. Therefore, the predicted plastic strain for the data 
points labeled Wtp2 and BPDv are with respect to locations above the floor elevation of the BP 
cavern. Similarly, at the end of BP mining (i.e., data point BP3) the concern for casing integrity 
shifts to casing location in or above the PL. Therefore, the predicted plastic strain for the data 
points labeled Wtp4 and PLDv are with respect to locations above the floor elevation of the PL 
cavern. The time segments associated with the shaded areas in Figure 10 identify interim waiting 
periods and periods of cavern development, while active mining occurs everywhere else. 

Figure 10 shows that the historically maximum predicted strains are generally small even for a 
low cavern brine pressure of 17 MPa. The highest strain predicted in the nominal case (i.e., 20.5 
MPa w\Shut-In) is about 1.7% and occurs toward the end of mining the EH. As expected, increas-
ing or decreasing the cavern pressure results in decreasing and increasing plastic strain, respec-
tively. The decrease in plastic strain during PL mining probably relates to diminishing creep be-
cause of the decreasing thickness of viscous material (sylvinite and halite) above the PL roofline. 

 
 

 
Figure 10. Predicted maximum axial plastic strain in the casing at any time during mining for different 
cavern pressure conditions. 
 
 

The effect of shutting in the wells during waiting periods reduces the plastic strain a small 
amount. This is consistent with the reduction in the roof displacements that occur during these 
periods (see Fig. 6). 

Some variation in the cavern brine pressure can be expected during operation. It is useful, there-
fore, to understand how cavern pressure might affect the induced strain in the casing. Figure 11 
illustrates the relation between cavern pressure and induced plastic strain in the casing for a vari-
ation in pressure between 16 MPa and 25 MPa. The relation represents the predicted maximum 
plastic strain at the end of EH mining. The end of EH mining was chosen because it represents 
the time when the highest plastic strain is predicted for the entire period of mining (see Fig. 10). 
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For perspective, the strain at ultimate tensile strength of J-55 steel is shown in Figure 11 as is 
the tensile rupture strain. The low slope of the predicted pressure-strain relation suggests that the 
plastic strain in the casing is not very sensitive to the cavern pressure. This is a positive result, 
and suggests that pressure monitoring during the mining period is not of vital importance with 
respect to managing the casing response, as long as the pressure is maintained within a “reasona-
ble operational range.” 

Figure 11. Predicted relation between cavern pressure and maximum induced plastic strain in the casing for 
a variation in pressure between 16 MPa and 25 MPa. 

The results of the casing/rock interaction model in this study are encouraging with respect to 
the structural integrity evaluation of the casing. Although the casing is predicted to yield, the 
maximum induced plastic strain remains small, less than 3% in all cases evaluated. If ground 
conditions during mining remain as reflected in these models, the casing should remain structur-
ally intact for the entire mining period. 

Possible difficulties may occur if ground conditions are such that bed separation occurs within 
the evaporite units during mining (e.g., along clay layers). Bed separation will result in strain 
concentration and likely higher induced plastic strain in the casing across the segment of separa-
tion than predicted in these analyses. Specific modifications to the current model would need to 
be made to address this issue. The casing integrity could also be affected by potential shear along 
bedding planes. An evaluation of this would require fully 3D models. 

7 SUMMARY AND CONCLUSIONS 

The current study is based on on-going geomechanics evaluations of solution mined caverns for 
potash extraction. Its focus is the integrity of the well casing in the evaporite units and in the 
nearby sedimentary units above during mining. The analyses is carried out using FLAC Ver. 7.0 
(Itasca 2011) in a pseudo-coupled approach  where two axisymmetric models are used; a cavern 
model and a casing model, both providing sufficient geometric detail of the respective scales being 
considered. Both models reflect the current mine design, estimated mining schedule and local 
ground conditions. 

Because the operational cavern pressure may vary some during the mining period, the casing 
response is evaluated for a range in cavern pressure from 16 MPa to 25 MPa. Also, the effect of 
shutting-in the wells so that the cavern pressure would increase during interim waiting periods 
was compared to conditions of constant cavern pressure. 

The following observations and conclusions can be made: 
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 At any time during mining, the predicted maximum amount of plastic strain in the casing
remains small, at less than 3% compared to the plastic strain capacity of 20% at ultimate
strength and about 30% at rupture for J-55 steel. If ground conditions during mining remain
as considered in these models, the casing is expected to remain structurally intact during the
entire mining period.

 Casing structural integrity is not strongly affected by the cavern operating pressure, and hence,
close monitoring of such pressure is not critical to the concern for casing integrity, as long as
the pressure is kept within a reasonable operational range.

 Shutting in wells during interim waiting periods causes increase in cavern pressure from the
inertia of the deforming halite and sylvinite units, but a significant reduction in the cavern
roof displacements is seen because of the low compressibility of the cavern brine. Compared
to a constant cavern pressure throughout the mining period, the shut-in effect results in lower
predicted plastic strain in the casing, however, the difference is relatively small.

The current models consider the evaporite units to be cohesive, i.e., there is no possibility for 
separation of layers. If thin clay or anhydrite layers are present in situ, vertical bed separation is 
possible, which would concentrate strain in the casing across the separation segment and likely 
induce higher plastic strain in the casing than predicted in these analyses. Likewise, the potential 
for shear along bedding planes would concentrate strain locally across the casing.  Modifications 
to the current model or new models would need to be constructed to address these issues. 

The pseudo-coupled approach used in these models makes use of the macro language "FISH," 
available in FLAC to extract and interpolate predicted displacements in the cavern model, and to 
write this data to a binary file. Subsequently, the binary file is read by the casing model, where 
the interpolated displacements are applied as boundary conditions and the model analyzed for the 
response. Along with FISH, which makes communication possible between the two models, the 
axisymmetry provides for very efficient analysis of the casing response. Re-evaluations of the 
casing response can be done quickly for different casing designs without having to go through 
complete re-analyses of the cavern model. 
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1 INTRODUCTION 

Chuquicamata mine, located 1650 km north of Santiago, Chile, is one of the largest open pit mines 
in the world. The current dimensions of the mine are 4.5 km in length, 2.7 km wide and 1.0 km 
deep. The geology of the deposit is strongly controlled by the presence of a near vertical regional 
fault known as the West Fault, oriented roughly north-south, separating the ore body (porphyry 
on the east side) from the non-economical materials located to the west. Regarding production, 
the extracted material from the mine, considering ore and waste, is nowadays around 450,000 
Tons Per Day (TPD), including at present only two active pushbacks in ore: Pushback 42, located 
at the West Wall and reaching the bottom of the pit, and Pushback 46/49, covering the northern 
end of the pit. Several of these elements can be seen in Figure 1. Throughout its 100-year history, 
the mine operation has dealt with very challenging behaviors from the geomechanical point of 
view, the most complex being the large deformations usually experienced on the West Wall as a 
reaction to mining, dominated by a toppling mechanism (Board et al. 1996).  

According to the current mining plan, the transition process of the mine from open pit to un-
derground via caving methods should begin in 2019, aimed at producing 140,000 TPD. The suc-
cess of this project is the largest medium term challenge for Chuquicamata. In this context, one 
of the critical aspects to plan is the period of simultaneous exploitation of both operations, which 
would mitigate the lower production rates during the ramp-up period of the underground mine. 

Recent experience in numerical modeling applied to 
Chuquicamata Mine 

V. Rivero & P. Gómez
Itasca S.A., Santiago, Chile

R. Ledezma
CODELCO Chile, División Chuquicamata, Calama, Chile

ABSTRACT: CODELCO Chile´s Chuquicamata mine is one of the largest open pit mines in the 
world and has been in continuous operation for a century. Currently, the mine is close to starting 
its transition to underground mining via caving methods. The open pit has always shown complex 
geotechnical conditions which have been a significant challenge for the mine operation. This sit-
uation has been particularly evident on the West Wall, where in many instances during the pit 
history it has been observed that mining at the bottom of the slope, an environment dominated by 
low quality materials, leads to activating movements of the wall, which propagate upwards fol-
lowing a toppling mechanism. To study these and other relevant issues of concern to the opera-
tion, Itasca has applied a variety of numerical modeling techniques in an involvement lasting for 
over 20 years. This paper aims to provide a description of the numerical modeling methods that 
have been used in recent periods, emphasizing strategies that have generated practical recommen-
dations for the operation. 
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Figure 1. Current view of Chuquicamata mine (August 2015), and spatial distribution of geotechnical units. 

2 HISTORIC ACTIVITIES OF NUMERICAL MODELING 

Itasca S.A. (Itasca) has been retained as a major consultant in geomechanics for the mine for over 
20 years and has applied a variety of numerical modeling techniques. Initially, studies were fo-
cused on performing slope stability analysis for different sectors of the pit via two-dimensional 
discontinuum modelling using UDEC (Itasca 2014) in order to explicitly include geological struc-
tures in the analysis. At the time, 2D modeling was preferred for computational efficiency reasons, 
related to the development of computationally intensive analyzes such as risk analysis, aimed at 
evaluating the factor of safety (FoS) and the probability of failure (PoF) of slopes by applying the 
point estimate method (Rosenblueth 1981). In all these analyses, the mechanical response of ma-
terials was assumed as elasto-plastic using the Mohr-Coulomb failure criterion, while the FoS 
were estimated using the shear strength reduction technique (Zienkiewicz et al. 1975). 

In this context, significant efforts were made to reproduce: i) the toppling mechanism histori-
cally observed on the west wall, associated to the presence of a sub-vertical structural system 
dipping into the slope within the GDF unit, as well as ii) displacement rates recorded by prisms 
on the wall, ranging in the order of meters per year, which are noticeably controlled by pit exca-
vation in the lower part of the slope. Evidence has shown that when mining is developed within 
the Shear Zone, adjacent to the West Fault and dominated by materials of poor geotechnical qual-
ity, the mobilization process is activated and propagates to higher portions of the slope through 
the toppling mechanism described above. Two-dimensional analysis performed in the UDEC code 
showed that displacement rates recorded in the slopes can be reasonably reproduced when the 
Shear Zone is represented by a creep model which combines the viscoplastic two-component Nor-
ton Power Law and the Mohr-Coulomb elasto-plastic model (Lorig & Calderon 2002, Silva et al. 
2015), which is illustrated in Figure 2.  

Despite the inherent complexity associated to it, three-dimensional modeling was considered 
appropriate as a next step to better understand the structural control in some of the observed be-
haviors at the mine. Some of the 3D studies included:  
 stress field calibration against field measurements captured via overcoring and hydraulic

fracturing techniques;
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 predictive slope stability analysis through a three-dimensional discontinuum model built
using 3DEC (Itasca 2013a) for studying the progression of superficial cracks induced by
mining of Pushback 38 in the southwest corner of the pit; and

 preliminary studies for the Chuquicamata Underground Mine Project (PMCHS), oriented
to obtain predictions of caving development for different mining plans;

In terms of hydrogeology, the typical approach was to incorporate water pressures from inferred 
water tables based on the hydrogeological understanding of the mine at that period. At the begin-
ning of the current decade, the first successful attempts were made to develop a three-dimensional 
hydrogeological model for Chuquicamata mine, using the MINEDW code (Itasca 2012). 

Figure 2. UDEC section used to study the time-dependent behavior observed on the west wall of Chuquica-
mata mine. On the right, a comparison is shown between a prism record versus the UDEC results (Lorig & 
Calderon, 2002). The prism is located in the middle of the slope in the GDF unit, where toppling behavior 
is strongly observed. 

3 CURRENT APPROACH IN NUMERICAL MODELING: USE OF 3D CAPABILITIES. 

To take advantage of the available computer processing capabilities, in recent periods a trend 
toward using three-dimensional modeling to study the hydrogeological and geotechnical problems 
in Chuquicamata mine has been established. This approach has improved the representation of 
aspects that are only approximately captured through two-dimensional modeling, such as ground-
water flow or complex failure modes including instabilities with combined control between geo-
logic structures and rock mass quality. In this context, efforts have been focused on developing a 
three-dimensional numerical model that could be applied to deliver practical recommendations to 
the mining operation, and at the same time, be able to consider in the analysis the relevant ele-
ments recognized in the mine as controlling the geomechanical behavior of the walls, namely: 

1. Presence of geological structures of major persistence (hundreds of meters), named Very
Important Faults (VIFs), which are known to have historically participated in the processes
of instability.

2. Reasonable representation of the distribution of underground water pressures, considering
the available hydrogeological conceptual model and the field data captured, such as meas-
ured flows in the underground drainage system and piezometric levels.

3. Spatial distribution of geotechnical units.
4. Updated estimate of the stress field, incorporating the latest database of measurements at

the site.
5. Shear strength properties of both rock mass and discontinuities, ideally obtained from la-

boratory tests and/or geotechnical logging, which have been verified by means of back anal-
ysis studies.

3.1 3DEC Model 

All of the above considerations were incorporated into the 3DEC model developed for Chuquica-
mata mine, illustrated in Figure 3: 
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Figure 3. 3DEC model developed for Chuquicamata Mine, showing a comparison between the structural 
model of the mine (left) and the explicit inclusion of hundreds of VIFs into the model. 

As shown in Figure 3, the model explicitly incorporates more than 200 VIF structures. At the 
same time, a sub-vertical anisotropy representing the structural system dipping into the slope 
within the GDF Unit was included to simulate the toppling mechanism already discussed.  

The mechanical response of the material has been represented through elasto-plastic constitu-
tive models, using initially the Mohr-Coulomb model, adjusting the shear strength parameters of 
cohesion and friction angle to the Hoek and Brown envelope (Hoek et al. 2002), and recently, 
through the modified Hoek and Brown (mhoek) constituve model, which directly incorporates the 
strength parameters provided by Chuquicamata staff: geological strength index (GSI), uniaxial 
compression strength (UCS), intact rock parameter mi and intact modulus of deformation (Ei). 
The exception to this process has been the GDF geotechnical unit, which has been represented as 
a ubiquitous-joint model in order to incorporate the anisotropy described above; in this case, the 
Mohr-Coulomb parameters (cohesion / friction angle) are instantaneously computed in the model 
through a linear fit tangent to the nonlinear Hoek and Brown envelope, which is applied to each 
element depending on the confinement (3) determined in the numerical model. 

The Hoek and Brown disturbance factor has been applied depending on the wall under analysis; 
for the West Wall, due to the large deformation accumulated over time, it has been considered 
reasonable applying a band of 130 m width with a constant value of D=1; however, in the East 
Wall, a different approach considering the latest evidence collected by Itasca (Silva & Gómez 
2015) has been applied, implementing a triangular-shaped damage band, where the width in-
creases with depth to take in account the effect of stress relaxation; within the band, the D factor 
decreases linearly from a maximum value at the surface (related to the blasting effect) to zero at 
depth. For the time being, aspects such as the time dependence observed in the movement of the 
slope (creep) and degradation in the rock mass strength from the deformation (strain softening) 
have not been considered in 3D analyses. The shear strength of discontinuities (West Fault, VIFs 
and joints) has been represented assuming a Mohr Coulomb criterion, incorporating peak param-
eters of cohesion and friction angle. 

3.2 Back analyses as a means to improve the confidence of the model 

The set of assumptions and strength parameters described above was applied to various successful 
back analysis exercises, among which are: 

1. October 2006 (northwest corner of the pit). This instability occurred in a sector with a long
history of periods of large deformation, associated with the phenomenon of toppling already
discussed. It is characterized by the occurrence of displacements greater than 10 cm/day
(reaching peaks of 25 cm/day), that occurred mainly between October 2006 and mid-2007.
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Given the toppling mechanism, this instability cannot be classified as a brittle failure, how-
ever, it mobilized approximately 90 MTons, resulting in loss of production and mining in-
frastructure. Figure 4 illustrates the result of the calibration of this behavior in a 3DEC 
model, showing a reasonable spatial fit against the mobilized volumes identified from 
prisms. 

 
 

 
Figure 4. 3DEC Back analysis of a large instability process in the NW corner of Chuquicamata mine, oc-
curred in October 2006. 

 
 
2. May 2010 (northeast corner). A 2 MTon failure occurred inside the poor geotechnical qual-

ity unit named Lixiviado (Leached). The failure mechanism is rock mass controlled, with 
partial structural control limiting the extent of instability to the east. The prisms experienced 
a progressive movement of the slope, with rates lower than 0.25 cm/day for a period of three 
years before the collapse, suggesting the occurrence of some strain-softening mechanism. 
Figure 5 shows the 3DEC calibration of this behavior, again achieving a reasonable spatial 
agreement when compared to the actual unstable area. 
 

 

 
Figure 5. 3DEC Back analysis of the May 2010 instability in the NE corner of Chuquicamata mine. 
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3.3 Considerations about water pressure input 

The water pressures used in the 3D analyses referred previously, were generated using the 
MINEDW code, a numerical model developed by Itasca. The model has been calibrated using 
field data comprising piezometric levels and flows measured in the underground drainage system 
available at the mine, consistent as well with a robust conceptual model. The pressure distribution 
so obtained was exported to the 3DEC model via algorithms developed in the FISH language. It 
is relevant to note that MINEDW does not resolve the groundwater problem in a hydro-mechanical 
fashion, i.e. it doesn´t take into account the stress-strain behavior of the rock mass when solving 
for the flux. This implies that the final distribution of water pressures inside the rock mass only 
depends on the initial hydraulic parameters of the media, regardless of the changes that may occur 
as a consequence of the strains induced by deformation. This scheme is considered valid for av-
erage permeability rocks, but considering that Chuquicamata mine has very low permeability ma-
terials, the flow analysis results in high water pressures, particularly in the shear zone (K ≈ 10-10 
- 10-11 m/s). The practical consequence of these consideration is that it is not possible using the
water pressures from the decoupled MINEDW analysis directly into 3DEC, as the model becomes
numerically unstable due to the excess water pressure near the surface. In order to correct this
aspect, an algorithm based on the theoretical formulation of the hydro-mechanical coupling was
coded into the 3DEC model. This algorithm allows for water pressure dissipation based on the
volumetric strain determined during the problem solution in 3DEC. The expression used for this
purpose is the constitutive law assumed for a fluid acting on a porous media under saturated,
undrained and isothermal conditions, which determines the changes in water pressure as follows:

  p M      (1) 

where p = change in fluid pressure; = Biot coefficient; M = Biot modulus, in N/m2; and = 
volumetric strain, obtained directly from 3DEC. 

In accordance with Equation 1, the volumetric expansion of a material (>0) leads to a reduc-
tion in water pressures. Since the volumetric strain is determined in 3DEC, the  and M parame-
ters are adjusted so that the water pressure regime is not significantly affected when compared to 
the calibration data. It is recognized that this process is not as rigorous as a fully coupled simula-
tion, but the outcome is believed to be reasonably representative of the actual phenomenon. 

4 PRACTICAL APPLICATIONS OF THE 3DEC MODEL 

4.1 Predictive analysis of different combinations of mining plans and drainage alternatives 

The purpose of this study was using the 3DEC model to assess the effect of two alternative oper-
ational strategies aimed at mitigating the occurrence of large displacements in the wall during 
mining in deep sectors of the pit. The alternatives studied were: 
 implementing alternative unloading designs for the upper parts of the west slope (central

and north areas), and
 increasing the drainage capacity of the underground drainage system via an increase in the

amount of drainholes; the latter was modeled in the MINEDW model, resulting in an alter-
native set of water pressures with respect to the base case.

Results showed that drainage would be the most effective solution compared to unloading to 
mitigate the high displacements expected in the wall as a result of mining. 

4.2 Assessment of the open pit – underground mine interaction 

As part of the studies focused on the transition from open pit to underground (UG) mining, a series 
of studies have been developed aiming to assess critical aspects of the process such as: 
 Caving propagation, mainly related to the time for the connection of the UG cave to the

surface and the understanding of the geometric evolution of the cavity.
 Definition of areas under subsidence, associated to appearance of large scale cracking gen-

erated by the caving process.
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 Slope stability analyses for the potential period of interaction between the two mining 
schemes. This has relevance from the perspective of securing the reserves being accessed 
either through the open pit or through the UG mine (dilution). 

 Integrity of critical mining infrastructure, such as production ramps, which could be af-
fected by the subsidence, caving or slope instability. 

The study was performed applying the caving algorithm developed by Itasca (Pierce et al. 2006, 
Board & Pierce 2009) during the International Caving Study (ICS) and the Mass Mining Tech-
nology (MMT) projects, which was implemented in FLAC3D (Itasca 2013b). This methodology 
captures the essential aspects included in the conceptual models of caving accepted in the industry 
(Duplancic & Brady 1999), particularly, the progressive degradation of the rock mass during the 
transition from in situ material to broken rock, a phenomenon that has been represented using a 
constitutive model of strain softening, which reduces the shear strength of the rock mass with 
increasing plastic deformation caused by mining. 

The methodology applied to date is summarized as follows:  
1. use of the caving algorithm in FLAC3D to estimate the development of the cavities filled 

with broken rock, notice that this model is not geared to assessing the slope stability because 
it is a continuum model without including the structural information;  

2. exporting of the caved volumes from FLAC3D, defined as the iso-surface of 1 m vertical 
displacement (Álvarez et al. 2014);  

3. determination in the numerical model of water pressures associated to the changes in per-
meability imposed by the presence of the cavities;  

4. stability analysis in 3DEC, assessing the mining plan for the period of interaction and in-
cluding as an input parameter the cavities generated in FLAC3D and the water pressures 
from MINEDW.  

Some relevant results are shown in Figures 6 and 7. First, in Figure 6 we show the application 
of the caving algorithm, which allowed identifying areas with high fracturing (volumes with total 
> 0.5), based on the work of Cavieres et al. (2003), and the volumes of mobilized rock mass. 
Results are shown for two stages of interaction, selected to show the connection process and its 
relation to open pit mining in the north end of the pit. 

 
 

 
Figure 6. Large scale fracturing and mobilized (caved) zone estimated through the caving algorithm in 
FLAC3D modeling, showing for the periods prior and during the connection to surface. 

 
 
Finally, Figure 7 shows the effect of the connection of the cave to the surface on the stability 

of the west wall slopes. This result was obtained from the 3DEC modeling after including the 
caved volumes generated in FLAC3D and the water pressures determined in the MINEDW anal-
ysis. Results are shown based on the total displacements obtained in the model as soon as the 
connection of the cave has occurred (left) and through the behavior of three virtual monitoring 
points located in the GDF unit in the west wall and above the UG mining sector. 

 

91



Figure 7. 3DEC results for the open pit – underground interaction period. Total displacements obtained in 
the model as soon as the connection of the cave has occurred (shown on the left) and behavior of three 
virtual monitoring points located in the GDF unit in the west wall and above the UG mining sector (shown 
on the right). 

5 CONCLUSIONS AND FUTURE ACTIVITIES 

The various numerical modeling exercises developed at Chuquicamata mine through the years 
have proven useful in generating practical solutions to the mining operation. In particular, recent 
modeling exercises conducted in 3DEC have enabled incorporating key aspects of the rock mass 
behavior into the analysis. 

Future modeling activities at Chuquicamata mine will be focused in the short term towards 
detailed assessment of the transition to UG mining. In this context, the main objective will be 
performing the caving simulations in the discontinuum code 3DEC (via the same caving algorithm 
used in FLAC3D), which will allow explicit inclusion of geological structures in the rock masses 
subject to caving, a capability not included in the continuum modeling performed to date. 
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1 BACKGROUND AND INTRODUCTION 

Itasca has been assisting the De Beers Consolidated Mines Central Technical Group with the 
geomechanical design of the underground expansion at the Venetia diamond mine in South 
Africa, and particularly that of a sub-level caving (SLC) mining method. This paper describes 
preliminary analyses conducted in the winter of 2014-2015 to examine various alternative blast 
designs associated with increasing the SLC panel width in the K01 ore body from 14.0 to 15.0 m 
in order to enhance productivity and reduce mining costs. 

This work was completed from two different angles: empirically with a Kuz-Ram-based Cell 
Powder Factor approach adapted to fanned drilling, and numerically via simulations with the 
Itasca Blo-Up™ code. 

The objective of these analyses was to assess the change in k50 (the side length of a square 
through which 50% of the blasted fragments would pass) that would result from various blasting 
options associated with a 15 m-wide SLC panel size. Given that no blast-induced fragment size 
distribution data were available, these analyses did not attempt to reproduce any particular size 
distribution. Instead, the work consisted in comparing, in a relative manner, the k50 variations that 
would be expected from various alternative designs. In other words, the absolute k50 values are 
not relevant in this paper – only their relative variations are. 

Empirical and numerical analysis of sub-level caving ring blasting 

P. Andrieux & J. Furtney
Itasca Consulting Group, Inc., Minneapolis, MN, USA

C. O’Connor
SRK Consulting (Canada), Inc., Sudbury, Ontario, Canada

S. Herselman
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ABSTRACT: Itasca participated in the geomechanical design of the underground expansion at 
the De Beers Venetia Mine in South Africa, and particularly that of a sub-level caving (SLC) 
mining method. Within the scope of this work, alternative blast designs associated with increasing 
the SLC panel width in the K01 ore body from 14 to 15 m were examined. This work was com-
pleted from two different angles: empirically with a Kuz-Ram-based Cell Powder Factor approach 
adapted to fanned drilling, and numerically, with simulations with the recent Itasca Blo-Up soft-
ware. 

The objective of these analyses was to assess the change in k50 (the side length of a square 
through which 50% of the blasted fragments would pass) that would result from various blasting 
options associated with a 15 m-wide SLC panel size. Since no fragment size distribution data were 
available, these analyses did not attempt to reproduce any particular size distribution. Instead, the 
analyses consisted of comparing, in a relative manner, the k50 variations that would be expected 
from various alternative designs. 

Size distribution predictions were derived for six different scenarios. Good agreement was 
found between the empirical Kuz-Ram predictions and the numerical results from Blo-Up. As 
part of this work, Blo-Up was improved to make better estimates of k50 and more accurate size 
distribution curves. In addition to size distribution, Blo-Up predictions of damage and cave swell 
were also produced. 
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2 BLASTING OPTIONS EXAMINED 

The blasting options examined were as follows (all cases considered a 25 m-high panel geometry, 
with only the width varying): 

 Base Case (reference): ten (10) 102 mm blastholes in a 14 m-wide panel

 Option 1: eight (8) 102 mm blastholes in a 15 m-wide panel

 Option 1A: nine (9) 102 mm blastholes in a 15 m-wide panel

 Option 2: ten (10) 102 mm blastholes in a 15 m-wide panel

 Option 2A: eleven (11) 102 mm blastholes in a 15 m-wide panel

 Option 3: twelve (12) 89 mm blastholes in a 15 m-wide panel
Options 1A and 2A, with their odd number of blastholes, were only examined empirically.

Since an even number of blastholes was preferred to improve breakage, relief and fragmentation 
in the panel apex, these options were not examined any further with the numerical code. 

The burden was taken to be 2.5 m for all the 102 mm blasthole scenarios and 2.2 m for the 89 
mm blasthole situations. This was done in order to maintain a constant burden-to-hole diameter 
ratio for both hole sizes. (This ratio fell within the general guideline that the burden should be 
within 25 to 30 times the blasthole diameter.) Collar lengths were visually adjusted to prevent 
over-loading in the region where the blastholes converge, with the same collar lengths being im-
plemented in both the empirical and numerical analyses. 

3 EMPIRICAL FRAGMENTATION ASSESSMENTS 

The empirical fragmentation assessments were completed using the well-known Kuz-Ram ap-
proach (Cunningham 1983, 1987, 2005). One limitation of the original Kuz-Ram empirical frag-
mentation model is that it assumes parallel blastholes, which is often not the case in underground 
situations. As a result, an alternative approach was developed to accommodate non-parallel 
blastholes, which uses a Cell Powder Factor (CPF) approach along with the basic Kuz-Ram 
model. 

The CPF method (King et al. 1990) is a contouring technique whereby measurement “cells” of 
fixed size and spacing are overlaid on a blasting ring layout. The intersected explosives are tracked 
at each successive cell location, and the powder factor is calculated based upon the size of the cell 
and the mass of explosives within it. The layout then is recompiled to provide a contour of explo-
sives distribution, which can be used for further analysis. Figure 1 illustrates the general process 
for a blasting ring, from the initial blasthole and charge layout to the powder factor contour. 

(a) Initial layout. (b) Cell locations. (c) Powder factor contouring (kg/t).

Figure 1. The general steps of the CPF method. 
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The “Modified Cell Powder Factor” methodology extends the CPF method to include a frag-
mentation analysis. It involves a random cell placement instead of a fixed cell layout, and a Kuz-
Ram fragmentation analysis is performed at each cell location (Fig. 2a). The operation is repeated 
as many times as desired, and the size fractions at each cell location are recompiled into a global 
representation of the original layout (Fig. 2b). This method was calibrated against fragmentation 
data collected at the Stobie Mine, a SLC operation in Sudbury, Ontario, Canada (O’Connor 2005). 
The resulting recombined curve provides a more realistic assessment of the fines content and 
oversize fraction, a limitation noted in most photographic analysis methods (Fig. 2b). 

The result of these analyses is summarized in Figure 3 and Table 1. 

 

(a) Before recombination (showing individual (b) After recombination (and compared to field
fragmentation curves at each cell location). measurements, showing comparable k50 values).

Figure 2. Fragmentation analysis methodology with the modified CPF approach. 

Figure 3. Fragmentation results for the various options examined. The x-axis on all graphs refers to size (in 
cm) and the y-axis to % passing.
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Table 1. Summary of the empirical analysis results. 
__________________________________________________________________________________________________________ 

k50 Average powder factor 
Hole size Value Change Value Change 

Layout (mm) (cm) (%) (kg/t) (%) 
__________________________________________________________________________________________________________ 

14 m  25 m 10 holes 102 6.9 Ref. 1.75 Ref. 
15 m  25 m 8 holes 102 7.3 +6 1.34 -23
15 m  25 m 9 holes 102 7.1 +3 1.33 -24
15 m  25 m 10 holes 102 7.0 +1 1.65 -6
15 m  25 m 11 holes 102 6.8 -1 1.72 -2
15 m  25 m 12 holes 89 6.3 -9 1.60 -9 
__________________________________________________________________________________________________________ 

Note that the 8 and 9 hole layouts will tend to underestimate the coarse fraction and overestimate the pow-
der factor due to the ratio of toe spacing relative to the cell size/burden. 

4 NUMERICAL FRAGMENTATION ASSESSMENTS 

The Blo-Up model (Furtney et al. 2009, 2011) is a three-dimensional first principles-based nu-
merical code developed by Itasca for the simulation of the rock blasting process. It uses a combi-
nation of discrete and continuous numerical methods to model the complete blasting process in-
cluding detonation, dynamic wave propagation, rock fracture and muck pile formation (Ruest 
2008). This package has been used to study SLC ring blasting, as reported by Whimmer et al 
(2012). 

The following assumptions were made for the Blo-Up simulations: 

 A 5 m by 30 m by 55 m volume of rock was modeled in each case.

 Only one row of blastholes was modeled.

 A single primer was used in all cases, located 1.0 m from the toe of each charge, and all the

charges were detonated simultaneously in each case.

 The ring-cave boundary was represented with a Blo-Up “flex boundary” to account for the

interaction with the caved material. All other boundaries were assumed to be with intact

rock, which represents a confined ring, without caved rock above and to its side.
The initial rock mass is represented in Blo-Up as particles that are bonded together. The bonds 

between certain particles can break as a result of the dynamic loading, resulting in individual 
discrete fragments of mutually connected particles being formed. These individual fragments can 
be used to derive a traditional size distribution curve. 

The result of the Blo-Up fragmentation analyses are summarized in Figure 4 and Table 2. 

Figure 4. Blo-Up-based fragmentation results for the various options examined. 
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Table 2. Summary of the numerical analysis results. 
__________________________________________________________________________________________________________ 

  k50 
Layout Hole size (mm) Value (cm) Change (%)  
__________________________________________________________________________________________________________ 

14 m  25 m 10 holes 102 6.9 Ref. 
15 m  25 m 8 holes 102 7.4 +7
15 m  25 m 10 holes 102 7.2 +4
15 m  25 m 12 holes 89 5.7 -17 
__________________________________________________________________________________________________________ 

One advantage of the Blo-Up simulations is that they also provided additional information, such 
as rock damage (outside of fragmentation), as well as ring swell for each scenario. 

Both fracture and rock damage are represented in Blo-Up as discrete bond breaks between par-
ticles, which can be thought of as individual micro-cracks. Micro-cracks that represent fractures 
are differentiated from those that represent damage: fractures separate fragments, whereas damage 
is internal to individual discrete fragments (fragments being mutually connected, or bonded, 
groups of particles). As a result, estimates of rock damage can be derived with Blo-Up. 

Table 3 shows the percentages of intact bonds, fracture cracks and damage cracks relative to 
the total number of bonds in the zone of interest in each model (which was around 50e6) for the 
various scenarios simulated. Figure 5 shows the same results graphically. One will notice that the 
89 mm results shown in Figure 5d indicate qualitatively more fracturing than the other cases, 
whereas Table 3 indicates there is less fracturing and damage for that 89 mm case. This is due to 
a different model resolutions being used in the 89 mm case compared to the other three 102 mm 
cases, caused by the resolution being set by the code to the borehole diameter. In the 89 mm case 
there are more total broken bonds (thus the picture looks darker), but these correspond to a smaller 
proportion relative to the total number of bonds. Blo-Up applies a tensile strength scaling when 
the resolution is changed from a reference value of 20 cm, which is done to ensure the model 
fracture toughness is constant regardless of model resolution. 

Table 3. Percentages of intact bonds, fracture cracks and damage cracks relative to the total number of 
bonds. 
__________________________________________________________________________________________________________ 

Layout Hole size (mm) Intact (cm) Fractured (%) Damaged (%) 
__________________________________________________________________________________________________________ 

14 m  25 m 10 holes 102  66 11 23 
15 m  25 m 8 holes 102  67 11 22 
15 m  25 m 10 holes 102  64 12 24 
15 m  25 m 12 holes 89  70 9 21 
__________________________________________________________________________________________________________ 

(a) Base Case (b) Option 1 (c) Option 2 (d) Option 3
14 m-wide panel 15 m-wide panel 15 m-wide panel 15 m-wide panel
10 × 102 mm holes 8 × 102 mm holes 10 × 102 mm holes 12 × 89 mm holes

Figure 5. Contours of fracturing (in black) and damage (in red) computed by Blo-Up for the four cases 
considered. 
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The blasted ring pushes material onto the adjacent caved material. This process is represented 
in Blo-Up via the “flex boundary condition” at the ring-cave boundary. This allows local estimates 
of swell to be performed throughout the ring area. Ring swell is defined as the distance the blasted 
ring is displaced into the adjacent caved ore  it is controlled by the local void ratio and stress 
conditions in the caved material. Ring swell can be adjusted in the Blo-Up model by changing 
parameters in the flex boundary condition. At Venetia, the flex boundary was adjusted to give a 
ring swell of approximately one meter, as reported being the case by Whimmer (2012) based on 
ring blasting experiments. Figure 6 shows contours of this ring swell, blue corresponding to a ring 
swell of 1 m and above, and red corresponding to a swell of zero. Note how swell is greatest where 
the blastholes are closest together, and when the explosive energy is more evenly distributed 
through smaller blastholes. 

(a) Base Case (b) Option 1 (c) Option 2 (d) Option 3
14 m-wide panel 15 m-wide panel 15 m-wide panel 15 m-wide panel
10 × 102 mm holes 8 × 102 mm holes 10 × 102 mm holes 12 × 89 mm holes

Figure 6. Contours of ring swell (blue shows a ring swell of 1 m and above, and red no swell). 

5 COMMENTS AND DISCUSSION 

Table 4 summarizes and compares the results of the empirical and numerical fragmentation    
analyses. 

Table 4. Summary of, and comparison between, the empirical and numerical fragmentation analysis results. 
__________________________________________________________________________________________________________ 

Empirical k50 results Numerical k50 results 
Hole size Value Change Value Change 

Layout (mm) (cm) (%) (cm) (%)
__________________________________________________________________________________________________________ 

14 m  25 m 10 holes 102 6.9 Ref. 6.9 Ref.
15 m  25 m 8 holes 102 7.3 +6 7.4 +7
15 m  25 m 10 holes 102 7.0 +1 7.2 +4
15 m  25 m 12 holes 89 6.3 -9 5.7 -17 
__________________________________________________________________________________________________________ 

Given their widely different methodological foundations, the two approaches showed surpris-
ingly good agreement, both giving similar global conclusions. 

 Using 10 × 102 mm blastholes on a 2.5 m burden in a 15 m-wide SLC panel is not expected

to significantly affect fragmentation;

 Using 8 × 102 mm blastholes on a 2.5 m burden in a 15 m-wide SLC panel is expected to

result in a coarser fragmentation; and,
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 Using 12 × 89 mm blastholes on a 2.2 m burden in a 15 m-wide SLC panel is expected to

result in finer fragmentation due to the reduced burden and a better spatial distribution of

the explosive energy.
In reviewing these results, it is important to remember the following limitations. 

 The Kuz-Ram analyses could not explicitly take into account the rather confined geometry

of blasting rings associated with a SLC method. Furthermore, these assessments were un-

calibrated to site observations and required various assumptions to be made on certain key

inputs.

 The CPF approach tends to overestimate the fines content compared to other methods

(which is not necessarily a problem as most other methods tend to underestimate fines);

while underestimating the coarse fraction for certain ratios of blasthole toe spacing over

cell size. However, the method is considered to generally provide reliable results for the

k50 average fragment size.

 The Blo-Up simulations required numerous assumptions to be made, which, given the ex-

plicit nature of the code, had an effect on the results. However, these analyses readily pro-

vided (i.e., without any stretched assumptions and remaining within sound engineering

judgement) a very good match with the empirically derived fragmentation estimates.
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1 INTRODUCTION 

Methane under certain pressure and temperature conditions forms a crystalline structure which 
depends on the pressure and temperature (Makogon 1997). It is now established that the amount 
of methane in the "solid" form is comparable to all other stocks currently known of 
hydrocarbons. Natural gas production from hydrates is a complex technical problem. Existing 
methods are based on heating and decompression of hydrates to isolate the natural gas. The 
disadvantage of these methods is that they require a large expenditure of energy and leads to the 
destruction of the hydrate formation. The result can be exhaustion of the bearing capacity of the 
reservoir and bifurcation of the deformation process leading to the localization of deformation in 
some areas (Garagash 2012). Therefore, increasing attention is drawn to a third method of 
extracting natural gas from gas hydrate, based on the replacement of methane with carbon 
dioxide (i.e. the transformation of methane hydrate into hydrate of carbon dioxide). With this 
method of production the hydrate formation remains stable and preservation of large quantities 
of carbon dioxide is allowed. 

However, in this case a change in the physical properties of hydrate occurs (Jung et al. 2010). 
The mechanical properties of the hydrate (the bulk modulus and shear modulus) after replacing 
CH4 with CO2 remain practically unchanged. Also, the density of the hydrate increases since the 
density of carbon dioxide hydrate is 

2

3
COρ 1110 kg/m= , and the density of methane hydrate is 

4

3
CHρ 929 kg/m= . Another feature is that the coupling of methane with water increases the 

volume of hydrate and the ratio is equal to 4CH
hyd / 1.234waterV V = , whereas in the case of 

compounds of water and carbon dioxide the ratio is 2CO
hyd / 1.279waterV V = . Therefore, replacing 

CH4 with CO2 leads to a volume expansion of the hydrate in the pores of 
ε / 0.045waterV V= ∆ = . Whilst the increase in density is relatively small and does not lead to 
large changes in the stress state, the dilation effect may well lead to the destruction of the 
collector. 

Stress state in a gas hydrate reservoir during the injection of 
carbon dioxide: Example of the Mallick deposit  

I.A. Garagash
Institute of the Earth Physics, Moscow, Russia

ABSTRACT: A geomechanical model of the structure of the large gas hydrate Mallik deposits 
(Northwest Territories, Canada) was created to study the stress state of the reservoir during the 
extraction of methane performed by displacing the methane by carbon dioxide in the solid gas 
hydrate. Numerical calculations were performed. It is shown that the greatest influence of the 
gas displacement on the stress state comes from the effect of decompression. This 
decompression process, accompanied by plastic flow within sedimentary strata, may lead to the 
destruction of the reservoir and is accompanied by a vertical rise of the surface above the 
deposit. 
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A geomechanical model was created and numerical calculations were performed to study the 
stress state in the reservoir during the extraction of methane from natural gas hydrate by 
displacing methane with carbon dioxide in the solid gas hydrate. It is shown that the greatest 
influence of gas displacement on the stress state is caused by the dilation effect. This process is 
accompanied by plastic flow within sedimentary strata and may lead to the destruction of the 
reservoir and wells. 

2 STRESS STATE CHANGES DURING THE INJECTION INTO THE RESERVOIR OF 
CARBON DIOXIDE 

To create the model for the analysis, we focus on the structure of the large gas hydrate Mallick 
deposits, located above the Arctic Circle, in the Delta of the Mackenzie River on the shore of the 
Beaufort sea (Northwest Territories, Canada). The gas hydrate reservoir, located under the 
permafrost layer, has a thickness of about 640 m and consists of a sequence of at least ten 
hydrates saturated sandy layers with individual thicknesses up to 30 m and a total capacity of 
more than 110 m, which lies in the depth interval from 890 to 1106 m on the arch of the regional 
anticline (Fig. 1). The concentration of hydrates in these sandy strata, exceeds in some cases 
80% by volume of the pore space. It makes Mallick one of the most concentrated accumulations 
of natural gas hydrates in the world. 

Figure 1. Seismic profile through the Mallick deposit. The orange color shows the accumulation of gas 
hydrates.   

To study the behavior of the collector in terms of substitution of methane with carbon 
dioxide, we consider the three-dimensional model, presented in Figure 2. The typical 
dimensions of the model correspond to those of the Mallick field. The grey marks the area 
within which the pore pressure decreases.  

The deformable medium is simulated using the software package FLAC3D (Itasca 2006) and 
at each step it satisfies the equations of motion 
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where ij are the components of the stress tensor, Mi are  the body forces,  is the density, ui are 
the displacements. We assume that the host medium and deposit behave as elastic-plastic porous 
material with Coulomb - Mohr yield condition. 

Before loading the reservoir pore pressure, the initial stress state in the model is established 
under the action of its own weight. The initial distribution of average stress (the first invariant of 
the stress tensor) and the maximum shear stresses are shown in Figure 3a and Figure 3b, 
respectively. Since the system has two vertical planes of symmetry, only a portion of the model 
is shown. 

 
 
 
 
 

 
Figure 2. The stratigraphy accounted for in the model. 

 
 
 
 
 

 
Figure 3. a) The initial distribution of the average stress, and b) the maximum shear stress. 

 

 

 
 Note that the dome-shaped structure of the strata, and the more rigid gas hydrate inclusion 

affect the stress distribution. The gas hydrate weight was increased after the replacement of 
methane molecules with carbon dioxide. Based on a porosity of 0.3 and assuming complete 
replacement of methane we calculate the changes in stress and strain. Figure 4 shows the 
increment of average stress and maximum shear stress. It is clear that the changes are confined 
to the inclusion of gas hydrate, but due to the smallness of the relative increase in density the 
changes are small and do not exceed ten kilopascals. Also small changes in strain (Fig. 5) and 
displacement (Fig. 6) are induced. 
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Figure 4. a) Distributions of average stresses, and b) maximum shear stress induced by an increase in the 
density of the hydrate, after replacement of methane by carbon dioxide. 

Figure 5. a) Distributions of volume strain, and b) shear strain intensity induced by an increase in the 
density of the hydrate after substitution of methane with carbon dioxide. 

Figure 6. Distribution of horizontal (a, b) and vertical (c) displacements with increasing density of hydrate 
after replacement of methane with carbon dioxide. 
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The dilation of hydrates has a larger influence on the stress and strain. Figure 7 shows the 
distribution of the increments of average stress and maximum shear stress. We see that in this 
case the changes are measured in tens of megapascals. Moreover, they are concentrated in gas 
hydrates inclusion. The large plastic zone, covering the inclusion indicates that the deformation 
was nonlinear. 

The distribution of volume strain and shear strain intensity (Fig. 8) is also large and has the 
same character as the average stress and the maximum shear stress. As can be seen from Figure 
9, the vertical rise of the surface can be up to 1 m, and the maximum horizontal displacements 
are about 0.5 m. 

Figure 7. The orange color shows the accumulation of gas hydrates. a) The distributions of average 
stresses, and b) maximum shear stress induced by dilatancy of the hydrate after replacement of 
methane with carbon dioxide. c) the distribution of areas of plastic flow. 

Figure 8. a) The distributions of volume strain, and b) shear strain intensity induced by dilation of the 
hydrate after replacement of methane with carbon dioxide 
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Figure 9. Distribution of horizontal (a, b) and vertical (c) displacements caused by the increase in density 
of hydrate after replacement of methane with carbon dioxide. 

3 CONCLUSIONS 

Replacement of the molecules of methane CH4 with carbon dioxide CO2 leads to volume 
expansion of hydrate in the pores by an appreciable amount. As the result, the average stress and 
shear stresses increase significantly within the gas hydrate inclusion. The large plastic zone 
covering the inclusion and the surrounding rock, caused by the nonlinear deformation process, 
can cause the destruction of the collector. The vertical rise above the surface of the developed 
deposit can reach 1m. 
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Slope Stability





1 INTRODUCTION 

The contribution of intact rock strength in the stability of potential rock slides has been recognized 
for several decades. Numerical approaches incorporating the geometry and geomechanical prop-
erties of discontinuities within the rock mass in an explicit manner offer a means to model the 
initiation and propagation of failure along discontinuities and intact rock (Elmo et al. 2011). Ex-
amples of this approach can be found in Eberhardt et al. (2004a & 2004b), Wen et al. (2014), 
Elmo et al. (2011), Brideau et al. (2011), and Martin et al. (2011), among others. 

Itasca is developing a three-dimensional slope stability code, Slope Model (Itasca 2014), which 
considers discontinuity geometry and geomechanical properties in an explicit manner. This allows 
progressive slope failure through generation and propagation of discontinuities when rock tensile 
strength is exceeded. One primary objective of this code is to provide a simple tool to understand 
slope failure mechanisms and deformation behaviour within open pit mines and slope cuts. Ulti-
mately, the code would aid in back analysing rock mass behaviour and strength as an aid for slope 
cut designs. Tuckey et al. (2012), Wolter et al. (2013), and Havaej et al. (2013) are a few examples 
where Slope Model was used to explore the propagation of discontinuities through intact rock that 
eventually lead to slope failure. 

1.1 Itasca’s Slope Model 
Slope Model is a lattice-spring code that simulates complex rock mass behaviour using an explicit 
time-stepping, discrete element approach. Slope Model incorporates the synthetic rock mass 
(SRM) approach to simulate rock masses as a combination of intact rock and discontinuities 
(Itasca 2010, Wolter et al. 2013). Large-scale, important discontinuities such as faults and bedding 
planes can be included in an explicit manner. The lattice formulation of Slope Model consists of 
point masses (nodes) connected by springs (Fig. 1). 

Influence of joint stiffness in back analysis of rock tensile 
strength using Slope Model

R. Macciotta & C.D. Martin
Department of Civil and Environmental Engineering, University of Alberta, Edmonton, AB, Canada

ABSTRACT: Slope Model is a discontinuous approach capable of incorporating the geometry 
and geomechanical properties of discontinuities explicitly within the rock mass. Two objectives 
for its development are the back analysis of rock slope failures to understand their mechanisms, 
and investigate the contribution of intact rock bridges in the stability of rock slopes. Variations in 
discontinuity normal and shear stiffness can impact the back analysis of a slope failure. This paper 
evaluates the variation in rock tensile strength required to achieve a state of insipient failure with 
variations of discontinuity stiffness. Variations of discontinuity normal and shear stiffness 
through three orders of magnitude resulted in variations of the rock tensile strength up to +/- 60% 
of average results. All models suggested that internal rock breakage was required for sliding to 
be kinematically feasible. 
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Slope Model simulates fracture through the breakage of springs in shear and tension along with 
joint slip (Havaej et al. 2013). The code uses an explicit solution scheme suitable for simulation 
of highly nonlinear behaviour such as fracture, slip and opening/closing of joints (Itasca 2010). 
The program incorporates a discrete fracture network (DFN) model that consists of multiple disk-
shaped joints superimposed on the lattice springs. The lattice scheme models brittle fracture as a 
combination of sliding (or opening) of discontinuities and fracture of intact rock bridges. 

Figure 1. Representation of the lattice formulation as nodes joined by springs (a) and normal and shear 
components of each spring (b). 

1.2 Objective of this study 
Similar to other numerical approaches, adoption of Slope Model for open pit slope design requires 
adequate strength and deformation input parameters. These parameters are intended to represent 
the behavior of the rock mass with its major discontinuities. The “intact” rock geometry modeled 
in numerical approaches consists of intact rock bridges and non-persistent discontinuities typically 
too closely spaced and short to be modeled explicitly. The behavior of the simplified intact mate-
rial is commonly estimated through back analyses of slope failures or slopes considered near fail-
ure. 

It is the experience of the authors that normal and shear stiffness of discontinuities at the slope 
scale are typically associated with significant uncertainty. The wide range of values they can take 
could have a significant impact in the back analysis of a slope failure. This paper presents an 
evaluation of the variation of the rock tensile strength required to achieve a state of incipient 
failure with variations of the normal and shear stiffness. The slope configurations consisted of 
pseudo two-dimensional models. The results presented here correspond to three structural condi-
tions typically encountered in practice. 

2 CONFIGURATIONS MODELED 

The three configurations modeled for this study are shown in Figures 2-4. All three consist of a 
40 m high slope with an inclination of 70°. Configuration 1 (Fig. 2) simulates a persistent discon-
tinuity dipping 45° towards the face of the slope, and located near the toe of the slope. The purpose 
of this configuration was to evaluate the influence of intact rock bridges at the toe of the slope. 
Configuration 2 (Fig. 3) simulates non-persistent discontinuities dipping 45° into and out of the 
slope. These are distributed throughout the slope. The purpose of this configuration is to evaluate 
the influence of intact rock bridges through the formation of stepped shear surfaces. Configuration 
3 (Fig. 4) simulates two persistent discontinuities, one defining the back scarp of a potential rock 
slide and the other daylighting the slope face and defining the base shear surface. The purpose of 
this configuration is to evaluate the formation of internal shears to allow for the kinematics of the 
rock slide. The parameters of the rock material were the same for all configurations, except for 
the tensile strength. In each model the tensile strength was reduced to reach a state of incipient 
failure. 

Nodes

Springs

a) b)
kn

ks
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Figure 2. Configuration 1 modeled in Slope Model showing the model dimensions. 

The models considered homogeneous rock with a unit weight of 25 kN/m3, elastic modulus of 
10 GPa and poison ratio of 0.2. The shear strength of the persistent discontinuities for Configura-
tions 1 and 3 (Figs. 2 & 4) was modeled as a friction angle of 25° (clay gouge and crushed rock). 
A friction angle of 30° was used for the non-persistent discontinuities in Configuration 2 (clean 
joints and sheared zones). Pseudo two-dimensional models were used to simplify the interpreta-
tion of results (the model thickness was 5 m). The models had a node spacing of 0.75 m. 

Figure 3. Configuration 2 modeled in Slope Model showing the model dimensions. 
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Figure 4. Configuration 3 modeled in Slope Model showing the model dimensions. 

3 MODELING RESULTS 

The discontinuity normal stiffness varied between 1, 0.1, 0.01 and 0.001 GPa/m, and the shear 
stiffness between 0.1, 0.01 and 0.001 GPa/m. All combinations considered the normal stiffness 
equal or greater than the shear stiffness. An iterative process was used to calculate the rock tensile 
strength required for the model to be at a state of incipient failure. Horizontal and vertical dis-
placements were monitored near the crest of the slope and stability determined when displace-
ments stopped before 10% strain (4 meters) as illustrated in Figure 5. 

 
 

 
Figure 5. Vertical (green) and horizontal (blue) displacements at the crest of the slope - configuration 1. 

 
 

114



3.1 Failure mechanisms and tensile strength for limit equilibrium 
Figures 6-8 illustrate typical displacement and rock breakage patterns for configurations 1 through 
3. In these figures, displacements correspond to absolute values. They transition from red (larger
displacements) through yellow, green and blue (no displacement). In the lower section of the fig-
ures, dark red corresponds to areas where rock has broken by tension. Figure 6 clearly illustrates
the breakage of a large zone at the toe to allow for the formed wedge to move out of slope. Crack
formations are also observed within the sliding block. Figure 7 shows coalescence of existing
discontinuities through tensile breakage of rock bridges, and displacements correspond to the for-
mation of the through going shear surfaces that fully define detached blocks. Figure 8 shows the
formation of internal shears required for the rock block to slide, even though pre-existing sliding
surfaces are fully developed and daylight at the slope face.

Table 1 shows the rock tensile strength back analyzed at incipient failure for all cases. For the 
three configurations, the back analyzed tensile strength of the rock varied between 0.18 MPa and 
1.3 MPa, just under one order of magnitude. A simple average of the rock tensile strengths result 
in 0.40, 0.78 and 0.35 MPa for configurations 1, 2 and 3, respectively. The range of tensile 
strengths (difference between the maximum and minimum in Table 1) corresponds to 0.43, 1.05, 
and 0.33 MPa. These represent variations with respect to the average tensile strength of +/- 54%, 
68%, and 48% for configurations 1, 2 and 3, respectively. 

Figure 6. Displacement (above) and rock breakage (below) at incipient failure - Configuration 1. 
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Table 1. Rock tensile strength back analysed at incipient failure. __________________________________________________________________________________________________________ 
Model Normal stiffness Shear stiffness Tensile strength (MPa) for configuration 
 (GPa/m) (GPa/m) 1 2 3 __________________________________________________________________________________________________________ 
1 0.1 0.001 0.32 0.45 0.28 
2 0.1 0.01 0.26 0.42 0.21 
3 0.1 0.1 0.19 0.35 0.22 
4 0.01 0.001 0.47 0.93 0.35 
5 0.001 0.001 0.61 1.3 0.51 
6 1 0.1 0.18 0.25 0.18 __________________________________________________________________________________________________________ 

 
 
 
 
 

 
Figure 7. Displacement (above) and rock breakage (below) at incipient failure - Configuration 2. 
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Figure 8. Displacement (above) and rock breakage (below) at incipient failure - Configuration 3. 

3.2 Tensile strength variation trends 
The variation of the rock tensile strength back analyzed at incipient failure was compared to var-
iations of both the normal and shear stiffness of discontinuities. Figure 9 shows the variation of 
rock tensile strength at incipient failure for variations of discontinuity shear stiffness. In this fig-
ure, the normal stiffness was kept constant at 0.1 GPa/m. 

Figure 9 shows that, generally, the required rock tensile strength for the slope to be at incipient 
failure increases with decreasing shear stiffness. Simple average of the rock tensile strengths result 
in 0.26, 0.4 and 0.25 MPa for configurations 1, 2 and 3, respectively. The range of tensile strengths 
(difference between the maximum and minimum in Figure 9) corresponds to 0.13, 0.1, and 0.07 
MPa. These represent variations with respect to the average tensile strength of +/- 25%, 13%, and 
14% for configurations 1, 2 and 3, respectively. 

Figure 10 shows the variation of rock tensile strength at incipient failure for variations of dis-
continuity normal stiffness. The shear stiffness was kept constant at 0.001 GPa/m. Figure 10 
shows that the required rock tensile strength for the slope to be at incipient failure increases with 
decreasing normal stiffness. This trend is more pronounced for configuration 2. Simple average 
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of the rock tensile strengths result in 0.47, 0.88 and 0.4 MPa for configurations 1, 2 and 3, respec-
tively. The range of tensile strengths (difference between the maximum and minimum in Figure 
10) corresponds to 0.29, 0.85, and 0.23 MPa. These represent variations with respect to the aver-
age tensile strength of +/- 31%, 48%, and 29% for configurations 1, 2 and 3, respectively. 

It is not uncommon in numerical modeling of rock slopes to adopt values of the discontinuity 
shear stiffness that are approximately one order of magnitude smaller than the adopted normal 
stiffness (refer to studies referenced in the introduction of this paper). Three combinations of dis-
continuity shear-normal stiffness were evaluated for the three configurations: (shear-normal in 
GPa/m) 0.001-0.01, 0.01-0.1, and 0.1-1. The trends of variation of the rock tensile strength at 
incipient failure for these combinations are presented in Figure 11. 

Figure 11 shows that the required rock tensile strength for the slope to be at incipient failure 
increases with decreasing stiffness. Simple average of the rock tensile strengths result in 0.33, 
0.59 and 0.27 MPa for configurations 1, 2 and 3, respectively. The range of tensile strengths (dif-
ference between the maximum and minimum in Figure 11) corresponds to 0.29, 0.68, and 0.17 
MPa. These represent variation with respect to the average tensile strength of +/- 44%, 58%, and 
31% for configurations 1, 2 and 3, respectively. 

 
 
 
 

 
Figure 9. Variation of rock tensile strength at incipient failure for variations of discontinuity shear stiffness 
(for normal stiffness of 0.1 GPa/m). 

 
 
 
 
 

 
Figure 10. Variation of rock tensile strength at incipient failure for variations of discontinuity normal stiff-
ness (for shear stiffness of 0.001 GPa/m). 
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Figure 11. Variation of rock tensile strength at incipient failure for variations of discontinuity stiffness 
(shear stiffness one order of magnitude smaller than normal stiffness). 

4 SUMMARY AND CONCLUSIONS 

This paper presents an evaluation of the variation of the rock tensile strength required to achieve 
a state of incipient failure with variations of the normal and shear stiffness for three configurations 
with structural conditions typically encountered in practice. 

All configurations consist of a 40-m high slope with an inclination of 70°. The purpose of the 
configurations was to evaluate the influence of intact rock bridges at the toe of the slope, the 
influence of intact rock bridges through the formation of stepped shear surfaces, and the formation 
of internal shears to allow for the kinematics of the rock slide. The parameters of the rock material 
were the same for all configurations, except for the tensile strength, which was to be back analyzed 
at a state of incipient failure. 

The discontinuity normal stiffness was varied between 1, 0.1, 0.01 and 0.001 GPa/m, and the 
shear stiffness between 0.1, 0.01 and 0.001 GPa/m. All combinations considered the normal stiff-
ness equal or greater than the shear stiffness. This corresponds to the common practice of adopting 
larger values for discontinuity normal stiffness than for shear stiffness. 

In general, all models showed internal breakage of the rock in tension. This was particularly 
significant for Configuration 3, where the formation of persistent discontinuities was required for 
the rock slide to be kinematically feasible. 

It was observed that the required rock tensile strength for the slope to be at incipient failure 
increases with decreasing discontinuity stiffness. For the configurations analyzed, variations of 
the normal stiffness seemed to have more effect on the required rock tensile strength than varia-
tions of shear stiffness. However, the models that varied the normal stiffness had very low shear 
stiffness (0.001 GPa/m) when compared to the normal stiffness of models that varied shear (0.1 
GPa/m). The softer overall system could be the reason for this difference and the study is not 
conclusive in this regard. However, keeping the normal stiffness of discontinuities equal or higher 
that the shear stiffness is consistent with practice, and is the reason behind selecting these stiffness 
values. 

Numerical modeling of rock slopes tend to adopt values of the discontinuity shear stiffness that 
are approximately one order of magnitude smaller than the adopted normal stiffness. Variations 
of stiffness keeping the ratio of normal to shear values at 10 also showed that the required rock 
tensile strength for the slope to be at incipient failure increases with decreasing discontinuity stiff-
ness. In particular, the configuration where non-persistent discontinuities dipping into and out of 
the slope are distributed throughout the slope showed the most sensitivity. 

The models suggest that for the configurations analyzed, variations of the rock tensile strength 
required for incipient failure can vary between +/- 10% and 60% of the average results, for vari-
ations of discontinuity shear stiffness covering three orders of magnitude. Therefore, the rock 
strengths obtained through back analysis, regardless of the detail in  the numerical model and 
geomechanical information available, need to be considered as indicators of the magnitude of 
these strengths, and its potential variability accounted for if they are to be used in slope design. 
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1 INTRODUCTION 

Defined by several authors, the toppling failure modes in rock slopes are one of the most common 
and hazardous events in industries such as, hydroelectric, mining, highways, construction and also 
in natural slopes. According to the toppling studies there are two toppling modes, Primary and 
Secondary Toppling process (Goodman & Bray 1976, Cruden 1989, Cruden & Varnes 1996, 
Benko 1997). Regarding the Primary classification, toppling processes are listed as follows: Block 
toppling, Flexural toppling and Block-Flexural toppling (Goodman & Bray 1976). Block toppling 
processes are developed by the interaction of rock blocks prone to overturn due to their own 
weight. The last block situated in the toe of the slope bears the total force developed by the action 
of each block weight in the system; if the total force is greater than the capacity of bearing of the 
toe block then the slope fails in block toppling fashion. On the other hand, the flexural toppling is 
idealized as a set of superposed cantilever beams, prone to flexure by the sum of their weights. If 
the tensile stress in the outmost fiber of the last beam is greater than its tensile strength then the 
slope fails in flexural toppling. Toppling studies have shown a number of cases where the toppling 
failure was driven in a combination of the two processes described above, that means in a block-
flexure mode; as the North Slope Case of Tintaya Mine in Perú and the rock slope facing 
Calandrood Mine in Iran, (Dueñas 2006, Amini et al. 2012). In the studies of toppling no suitable 
analytical solutions were proposed for block-flexural toppling but the one developed by Amini et 
al. (2012) This analytical approach regards the interaction of rock blocks between two cantilever 
beams, it est., there is no random arrangement of blocks in the system, and the calculus is made 
regarding a flexural force exerted by a beam on to a block below; and then, the resulting force of 
these block in the next beam below. In this paper experimental studies of rock slopes under top-
pling failure mechanisms are modeled using the PFC2D code (Itasca 2008) in order to validate 
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the applicability of the method. Later, block-flexural toppling slopes are modeled in order to un-
derstand the mechanisms involved and to verify the analytical approach by Amini et al. (2012). 

2 LITERATURE REVIEW 

The first suitable work concerning toppling mechanisms was presented by Freitas & Watters 
(1993), later a formal definition of toppling was proposed by Goodman & Bray (1976) concerning 
Primary and Secondary toppling processes. Afterwards, Cruden & Varnes (1996), suggested the 
term “block spreads” as toppling mechanisms in the base of the slopes, adding the secondary 
toppling list. 

There are various approaches for understanding the toppling mechanisms. In the kinematic 
approach, Goodman & Bray (1976) proposed the stereographic analysis which is a preliminary 
tool to determine the probability of block toppling. Physical models were built in order to simulate 
the effect of the gravity in models. Physical tests of toppling were driven by Whyte (1973), Soto 
(1974), Aydan & Kawamoto (1992), Adhikary et al. (1997), Majdi & Amini (2008) and Amini et 
al. (2008). Analytical approaches were proposed by Goodman & Bray (1976) for block toppling; 
Aydan & Kawamoto (1987) proposed an analytical model for flexural toppling and Amini et al. 
(2012) proposed an analytical method for block-flexure toppling. In numerical approaches, top-
pling failure has been modeled by Cundall (1971), Byrne (1974), Pritchard & Savigny (1990), 
Adhikary et al. (1996, 1997, 1998, 2001), Brideau & Stead (2009), Alzo´ubi et al. (2010). 

3 NUMERICAL MODELING OF TOPPLING 

In order to model the block-flexural toppling, progressive steps were followed taking into account 
the physical processes involved in the phenomena and the feasibility of applying the PFC2D code 
(Itasca 2008) in its simulation. Isolated processes are simulated like the capacity of representing 
the overturn of a block, the capacity of representing flexural beam strains, the shear process in 
rock discontinuities and the strength in tensional stresses. 

3.1 The response of toppling and sliding phenomena in PFC2D 

In order to reproduce the toppling and sliding phenomena for a single rock block in PFC2D, a 
symmetrical arrangement of disk-shape particles was used. These particles were bonded together 
with parallel bond and contact bond with high elastics constants in order to have no influence of 
body deformations. The basal plane with a friction angle of 38.155° degrees was represented by 
a group of particles with single smooth joint contacts aligned to the basal plane (Fig. 1). 

 
 

    
Figure 1. Toppling and sliding of a single block. 
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Since PFC2D considers the gravitational acceleration forces, the stability condition suggested 
by Goodman & Bray (1976) for a single block with Arctan(Δx/y) = 31° and α = 30°, is not fol-
lowed. As presented in Figure 1, the velocity of the upper left particle is incremented by each step. 
Therefore, the numerical analysis fits better with the pseudo-static approach developed by Sa-
gaseta (1986).  

3.2 Flexure of a cantilever rock beam 

The strain capabilities of the synthetic material comprising the rock beam was the first factor 
considered for conceiving the numerical flexural toppling model used, since this characteristics 
have a significant role in the mechanical behavior of the slope.  

In doing so, the Parallel Bonded Particle Material (BPM) versus the Flat-Jointed Bonded Par-
ticle Material (FJ-BPM) behavior under flexion were compared against the analytical formulation 
based on the elasticity theory, to study the behavior of a cantilever beam loaded at the end, devel-
oped by Timoshenko & Goodier (1970). Figure 2 shows a better approximation of the Flat-Jointed 
BPM to the analytical curve than the BPM material. The elastic properties of the material evalu-
ated were 4.0e9 Pa and 0.27, for Young’s modulus and Poisson’s coefficient respectively.  

Figure 2. Bending error in PFC2D. 

3.3 Response of the numerical model in bending strength of rock beams 

Caused by the external forces acting on the column faces of the slope, bending stresses could 
bring the synthetic rock to failure by tensile modes. In order to establish the relation between 
bending and direct tensile strength, a series of three point (TPBT), and four point bending test 
(FPBT) were compared with the tensile strength reached by uniaxial tensile tests performed in the 
synthetic rock. Four different samples, with the same micro and macro properties were loaded in 
direct tensile and bending modes until rupture. 

The results showed a good approximation between mean strength values and variations in the 
three types of tests, meaning that the rupture in flexural processes takes place when the material 
tensile strength is reached. 

3.4 Response in discontinuities shear processes  

The slippage between columns or blocks allows the slope to fail in a toppling mode, since differ-
ential movements between discontinuity faces occurs while the toppling process is being devel-
oped. In order to simulate a direct shear process in a discontinuity, a material used by Aydan & 
Kawamoto (1992) is modeled by a synthetic rock block of 25 cm x 5 cm (Fig. 3). Afterwards, a 
discontinuity comprised by smooth-joint contacts model is included. Later, the walls are deleted 
and the block is taken to equilibrium. A servo mechanism is applied to the plate that is meant to 
exert a constant normal force during the shear process. A velocity of 0.001m/s is applied to the 
lateral plate in order to represent the application of a quasi-static force.  
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A quasi-static loading deforms the structure very slowly and the inertial effects could be neg-
ligible. Huang & Detournay (1999), have proposed an expression to define the loading velocity 
in a quasi-static manner; that keeps in mind the oscillation between the static and the numerical 
tension and its relationship with the sample strength (Fig. 4). 

The shear test in these conditions reproduces a coherent behavior until the total displacement 
equals the maximum particle radii. That is, because new contacts are created while two particles 
collide between them. A new smooth joint contact model between particles is created, if and only 
if the centers of both particles are in opposite sides of the discontinuity geometry. If that condition 
is not fulfilled, a linear contact model is created instead (Fig. 5). 

 

 
Figure 3. Direct shear test developed in PFC2D. 

 

     
Figure 4. Schematic oscillation between numerical and static solution for direct shear test. 

 

 
Figure 5. Process of the creation of new contacts between particles. 
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In order to solve this problem an internal routine with a new condition was made. This routine 
defines the particles that comprise the top and bottom blocks. Later, a label is assigned depending 
of the region that the particles belong. Subsequently, a smooth joint contact model is created only 
if the particles have a different label. Figure 6 shows the comparison between the tests made with 
and without the routine. 

Figure 6. Comparison of shear test driven with the correction routine and without it. 

3.5 The block toppling response 

The analytical solution proposed by Goodman & Bray (1976) for the block toppling was com-
pared against the numerical solution of the same problem modeled in PFC2D. In order to model 
rigid blocks, a symmetrical arrangement was conceived and the elastic constants in the contacts 
were set high enough to eliminate the effect of body strains. Figure 7 represents the velocity of 
the toe block. Unlike the friction angle of 38.155° suggested by the analytical approach, the nu-
merical value of 38.182° is more conservative. The last statement is accepted since the resulting 
velocity of the toe block tends to zero when the last angle of friction is used. 

Figure 7. Toe block velocity (m/s). 
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3.6 The flexural toppling response 

An analytical model for flexural toppling process was proposed by Aydan & Kawamoto (1992). 
Regarding the elasticity theory, the stability condition is reached when the resulting bending force 
in the last rock beam is less than the tensile strength of the material. That is, there is no fracture 
of the outermost fiber of the toe beam or column, which may bring the whole system to its col-
lapse. Figure 8 shows a slope studied in a physical test developed by Aydan & Kawamoto (1992), 
were the slope angle of 80° is the main variable that controls the system stability. This means that 
any other angle above 80° will result in the slope collapse. 

In Bandis (1983), the studies of discontinuities have shown that relative displacement between 
two surfaces in contact is controlled by the friction angle and their stiffnesses; and bearing in mind 
that the slope stability is usually governed by the geometrical distribution and mechanical prop-
erties of discontinuities rather than the rock itself, it was expected in the numerical model that the 
mechanical properties of the discontinuities plays a main role in the slope stability.  Since no other 
property rather than the friction angle was given in the Aydan & Kawamoto work, several rela-
tionships of micro parameters of Kn/Ks, (50, 100, 200 and 300), of singular smooth-joint contacts 
were tested in order to calibrate the response of the numerical model with the physical model.  In 
doing so, the best relationship seems to be Kn/Ks = 300. Figure 9 shows the agreement in the 
response of the numerical slope for angles of 80° and 81°.  The values of Kn = 2e8 Pa/m and    
Ks = 6.67e5 Pa/m in the smooth-joint contact model, fits better the condition of stability and 
instability, any other value does not represent the observed behavior of the slope when the slope 
angle changes. 

Figure 8. Numerical model of the physical test driven by Aydan & Kawamoto (1992). 

Figure 9. Slope strain registered in the upper column for different discontinuity stiffness’s values. 
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3.7 Modeling of a centrifuge test 

Adhikary et al. (1997) recorded the deformation of the slopes tested on a centrifuge device using 
a model manufactured in laboratory. The model was constructed by casting horizontal layers of a 
mixture consisting of ilmenite, sand, and 15% of gypsum then superimposed to form a block. 
After, it was cut to form the exact slope model geometry. The slope characteristics reported by 
Adhikary et al. (1997) are listed in Table 1. 

 
 

Table 1. Adhikary’s slope properties and geometry. 
__________________________________________________________________________________________________________ 

 t c  E v t H   
 (KPa) (KPa) (kN/m3) (MPa)  (mm) (mm) () () 
__________________________________________________________________________________________________________ 

 1.1 7.0 23.8 2.4 0.35 10 330 24 61 
__________________________________________________________________________________________________________ 

 
 

Simulating the increase of gravity loads, the model was subjected to a series of increases in the 
velocity of the centrifugal machine until it reached the collapse. To model this condition in 
PFC2D, the gravity acceleration was increased gradually in 2 g’s increments and the displace-
ments were monitored. 

As it was shown in the last section, the joint stiffness played a significant role in the numerical 
simulation. Both micro-parameters Kn and Ks were tested and modified in order to fit the hori-
zontal deformation in two points of the physical model. The strain and rupture point in any gravity 
level was reproduced with smooth-joint stiffness values of Kn=1e12 Pa/m and Ks=0.9e12 Pa/m. 

Taking into account the results in the flexural toppling simulation, it is established that the 
stiffnesses of the discontinuity controls the behavior of the slope in terms of deformability and 
strength.  Higher values of smooth-joint normal stiffness seem to produce greater normal  inter-
column forces, which may restrain the slippage between columns and, therefore, the resultant 
deformation in the slope could be decreased. On the contrary, it is reasonable to establish that 
lower values in the shear stiffness of smooth-joint contacts, can allow bending strains and the 
subsequent development of tensile stresses that may bring the rock beams to its rupture.  

Figure 10 shows the horizontal displacements measured in the physical and numerical model. 
Point A represents the top of the slope and point B the middle point of its height. It can be noticed 
that the maximum slope strain prior to failure in the numerical model has a good approximation 
with the experimental results. However, in earliest stages it presents a slight difference. The tran-
sitional deformation patterns occurred under 40 g’s was not reproduced. It is reasonable to con-
sider that the full closure of the discontinuities in the experimental model happens in this range, 
accumulating deformations between columns that are not shown in the control points until the 
above mentioned “g” level has been overcome. Plus, as mentioned previously, Bandis et al. (1983) 
have shown the dependence of the joint shear stiffness with the confinement stress level, which 
could be considered as a way to explain the changing behavior of the gradients in Figure 10.  

The rupture surface showed in this numerical simulation has a good approximation with the 
physical rupture surface; nevertheless, studies with the lattice scheme described in Cundall (2011) 
show a better fit even.   

4 NUMERICAL MODELING OF BLOCK FLEXURAL TOPPLING 

4.1 Block-flexural toppling with a single secondary basal discontinuity 

Considering the same geometry and mechanical properties of the Adhikary’s slope simulated in 
the previous section, a secondary discontinuity was placed as a way to form columns and blocks 
as shown in Figure 11. This configuration reproduces the same condition conceived in the Amini 
analytical model, which means blocks between columns (Amini et al. 2012). Once the slope prone 
to block-flexural toppling has been built, increases of 2 g’s of the gravity force are applied to the 
model until the slope failure is reached. Two numerical slopes were tested under gravity incre-
ments: Slope “A” with a secondary basal discontinuity dipping 18° degrees; and Slope “B” with 
secondary basal discontinuity dipping 32° degrees. 
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Figure 10. Displacements at the top of the slope, comparison between centrifuge rupture surface and nu-
merical rupture surfaces; flexural and compression zone in the numerical slope. 

Figure 11. Slope prone to block-flexural toppling process, model proposed by Amini et al. (2012). 

At this point, the analytical solution of the problem suggest 21.82 g’s and 37.95 g’s gravity 
values in order to reach the equilibrium limit state for slopes “A” and “B” respectively. On the 
other hand, the numerical simulation of the slopes “A” and “B” suggests gravity values of 20 g’s 
and 28 g’s respectively. In addition to these results, the fracture of the slope “B” begins at the 
fourth column from the toe slope (Fig. 12). 

This feature in the slope “B” is not taken into account in the analytical approach. This may 
result in an inaccuracy when the strength of the slope against block-flexural toppling is estimated. 

Another feature that the analytical approach proposed by Amini et al. (2012) does not consider 
is the change of the point of force application while the calculus procedure comes from the upper 
columns to the bottom columns and blocks (Fig. 13). The rearrangement of the force application 
point in the calculus gives a slight change in the equilibrium gravity level of 21.31 and 34.76 for 
slope “A” and “B” respectively. However, the “key” block or column where the fracture begins 
seems to be the main factor in the slope stability.  
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Figure 12. Block-flexural toppling failure of the slope “B”. Beginning of the fracture process occurs in the 
fourth column. 

 

 
Figure 13. Change in the point of inter-column force application for the calculus process in the analytical 
model.  

4.2 Block-flexural toppling of a slope with a random distribution of discontinuities 

A random distribution of discontinuities in the same slope was simulated, and then subjected to 
gravity level increments. The strength against block-flexural toppling shows 15 g’s. The slope’s 
initial and final state are presented in the Figure 14. Once the failure is reached, it can be seen 
various phenomena’s that are not described by block toppling or flexural toppling, instead sliding 
and back overturn of blocks at the same time takes place. Isolated processes of block toppling and 
flexural toppling also occur. Therefore, the complexity of this behavior restrains the applicability 
of Amini’s analytical model. Nevertheless, the problem could be approached bearing in mind 
representative zones where different processes take place, assuming resultant forces for each re-
gion where each process develops. 

4.3 Summary of the analysis 

Results of the analytical and numerical models have a slight approximation in the gravity level 
failure of the Slope “A”. On the contrary, the analytical model has an overestimated value for the 
strength of the Slope “B”. This is because the analytical model does not consider the change in 
the “key” block, which is a main element in the slope stability. 
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The discontinuity stiffness is a characteristic that is not considered in the analytical model, this 
condition besides the strain and displacements occurring in the toppling process does not help in 
the identification of process involved in the mechanism. For the calculus in the analytical ap-
proach it has to be considered the point of force application change while the calculus comes from 
the upper blocks to the bottom blocks. 

Figure 14. Initial and final state of the numerical slope subjected under a toppling process by a random 
distribution of discontinuities. 

5 CONCLUSIONS 

The objective of this work was to simulate the block-flexural toppling mechanisms in rock slopes 
thought the PFC2D code. In order to understand the main factors involved in this phenomena. 
Making a progressive modeling of each singular process that govern the problem. 

Since the flexural phenomena in cantilever beams is a main factor involved in the block-flexural 
toppling, two materials were tested: the Parallel bond material (parallel BPM) and the flat-jointed 
material (flat-jointed BPM). The resultant strain was contrasted against the Timoshenko formula-
tion. In doing so, the flat-jointed material has shown a better response; therefore, this material was 
used in the subsequent simulations. 

The differential displacement between the faces of a discontinuity is a feature that allows bend-
ing and overturning of columns and blocks. Therefore, the response of the PFC2D simulating a 
direct shear test in a rock discontinuity was tested. Since the spatial geometry of the discontinuity 
in PFC2D remains unchanged, new contacts with the linear contact model between particles that 
comprising the face of the discontinuity are created. This condition does not represent the coherent 
behavior of a direct shear test. To solve this problem, a new internal routine with a new condition 
was created in order to create contacts of smooth-joint type, which provides a better response. 

The fixity of the discontinuity geometry may bring problems in the simulation of problems 
which involve large strains. Therefore, new considerations should be made in the smooth –joint 
contact model in order to improve its applicability. 

The discontinuity stiffness was a main factor in the whole numerical toppling process simulated 
in this work. Different values in the discontinuity stiffness shows a direct response in the resultant 
strain and strength of each slope modeled. This suggests that once the slippage between columns 
is allowed to occur, the bending stresses produced by flexural event may lead the synthetic rock 
to its failure in tensile mode. 
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However, the analytical model for block-flexural problems has a slight approximation to the 
failure gravity level that results from the numerical model, features like the change of the “key” 
block and the change in the point of the force application in every column are not considered. In 
order to fit the results of the analytical approaches with the numerical results the last considera-
tions have to be taken into account. 

More complex block-flexural toppling processes governed by the interaction of a random dis-
tribution of discontinuities could present not only toppling process, but sliding and back overturn 
of blocks. These features make it impossible to use the analytical model proposed by Amini et al. 
(2012). But the calculus could be made considering the regions where different process occurs, 
and then, use each analytical approaches for each toppling process. Nevertheless, the quality of 
the result may be very dependent on the experience of the evaluator.  
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1 INTRODUCTION 

Slope stability is usually analyzed by traditional continuum methods that define material behavior 
in terms of either rock or soil. Cundall (2001) states that there are two problems with continuum 
methods: first, the adequate stress - strain law for the material may not exist and, if it does exist, 
it may be too complicated with many unknown parameters. Secondly, natural development of 
cracks and fracture surfaces is not managed well in the continuum approaches (Cundall 2001). 
Cundall suggests that the numerical modeling of soils and rocks in the future might substitute 
continuum methods by particle methods (Cundall 2001). One of the purposes of this paper is to 
encourage the utilization of alternative methods for slope stability analysis in order to approach 
even more to the real behavior of slope failure considering the effect of joints in soft rocks.  

The main objective of this study is to analyze failure mechanisms in Intermediate Geomaterials 
by applying the Discrete Element Method (DEM). In order to attain this objective, an analysis is 
conducted on the fissuring mechanisms in the Intermediate Geomaterial slopes found in the Bri-
ceno – Tunja – Sogamoso road concession. PFC2D (Itasca 2002) contact models were defined 
based on the fissuring mechanisms identified in these IGM in order to represent the slope condi-
tions of these materials; furthermore, failure mechanisms in Intermediate Geomaterial slopes were 
presented by using the PFC2D (Itasca 2002) program.  

DEM simulations in slopes have demonstrated potential for understanding the behavior of 
geomaterials. Chang (1992) conducted a DEM – based slope stability analysis focusing on failure 
progression in brittle materials; results include safety factor variation curves along the mobilized 
surface for various slope geometry types as compared to the constant safety factor obtained 
through Bishop’s method in limit equilibrium techniques.  

The presence of joints or discontinuities in a slope suggests a geomaterial strength reduction 
effect, failure trough preferential plans, among other factors. Radhakanta & Debashish (2010) 

Analysis of slope failure mechanisms in Intermediate 
Geomaterials (IGM) using the discrete element method 

L.S. Bravo, C.A. Buenahora, T.M. Ocampo & A.O. Rincón
Pontificia Universidad Javeriana, Bogotá, Cundinamarca, Colombia

ABSTRACT: Slope failure mechanisms in Intermediate Geomaterials (soil-rock transition mate-
rials) are not faithfully reproduced by solution-based continuum models since they do not repre-
sent joints development and propagation appropriately. This paper presents the results from the 
analysis of slope failure mechanisms in typical cut slopes by using the Discrete Element Method 
(DEM) and using the slopes at the Briceno – Tunja – Sogamoso Road Concession as reference 
points. Simulations were conducted with the PFC2D (Itasca 2002) computer tool, where slope 
geometry remained constant in terms of height and slope angle while orientation and joints sepa-
ration varied. A programming routine was developed to represent and analyze failure mechanisms 
and make observations about failure evolution as the rock mass degrades. Joints orientation is a 
conditioning factor on slope failure mechanisms; results approach well the failure modes observed 
in the field. Application of DEM shows potential for the analysis of rock mass degradation alt-
hough results depend on the calibration of the model parameters.  
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analyzed dumpsite slope stability, including discontinuities along the slope under various config-
urations, determining safety factor according to the scenario studied.  

Wang et al. (2003) analyzed cut slope stability in fractured rock or rock masses with joints. 
Several joint sets were included by using PFC2D and the persistence of sets varied from 90%, 
70% to 50%. This research concluded that rock slopes experience intensive failure at 90% persis-
tence, exhibiting an approximately circular failure surface that is typical in this type of slopes. 
When persistence decreases to 70%, failure also decreases and the failure mechanism shows a 
combination of “toppling”.  

Wang et al. (2003) show that DEM is a helpful tool for the understanding of rock failure mech-
anisms because failure evolution can be observed, including where it begins and how it develops.  

Mejía Camones et al. (2013) represent the mechanisms of planar and staggered faults in rocks 
thus proving the potentiality of DEM for the reproduction of coplanar joints propagation and co-
alescence.  

2 THE DISCRETE ELEMENT METHOD 

The Discrete Element Method (DEM) is a numerical method describing the mechanical behavior 
of particle assemblies regardless of their shape (Cundall & Strack 1979).  

This method was initially developed by Cundall at the beginning of the 70’s (Cundall 1971) for 
the analysis of rock mechanical problems, being also applied to soils a few years later (Cundall & 
Strack 1979). 

The method integrates rigid particle structure motion equations whose masses are connected 
through springs and buffers (dynamic process). Formulations are based on mainly two classical 
mechanics laws. The first law relates force to displacement (Contact Constitutive Law) through 
stiffness. The second law relates force to acceleration (Second Newton’s Law).  

The numerical description of the particle motion dynamic behavior is conducted in calculation 
cycles (time periods) where velocities and accelerations are considered constant within each pe-
riod of time, while displacement and forces are determined in the system for each cycle. A DEM 
calculation cycle is conducted by alternating the application of the Second Newton’s Law and a 
force – displacement law in the contacts within each discrete element conforming the particle 
system. The Second Newton’s Law is applied to determine motion of each particle resulting from 
the action of contact forces and volumetric forces, while the Constitutive Law (the Force – Dis-
placement law) is utilized to update the forces resulting from relative motion during each contact 
(Cundall 1971).  

The PFC2D software (Particle Flow Code in Two Dimensions), developed by Itasca Consult-
ing Group Inc. (2002), is a calculation tool based on the Discrete Element Method that operates 
with its own programming language named FISH. This software allows the definition and intro-
duction of new variables into the model, thus generating new geometries and constitutive relations 
as well as the utilization of servo controllers and cluster processing, among other potentialities 
(Valverde et al. 2011). 

The general behavior of a given material can be represented by defining a constitutive model 
for the contact occurring among particles. This constitutive model in the PFC2D program consists 
in the superposition of three contact models: Stiffness, Displacement, and Bonding. These models 
are described in the PFC2D manual (Itasca 2002). 

3 MATERIALS AND METHODS 

Two stages conform this study: the objective of the field stage was to study the fissuring mecha-
nisms of slopes in the Briceno – Tunja – Sogamoso Road Concession since they are one of the 
objectives of this paper. The second stage involved the development of a programming routine to 
simulate fissuring effects on virtual slopes in order to understand the development of failure mech-
anisms found in the field stage.  
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3.1 Field work 

Visits to the intervened sloped were conducted during the construction of the dual carriageway 
named Briceno – Tunja – Sogamoso (BTS) Road Concession in order to identify slope problems. 
This visit showed the presence of jointing patterns in the materials forming the slope and various 
failure mechanisms.  

Identification of joints in two sites of the road showing jointing and slope failure was con-
ducted. Figures 1 & 2 show failure mechanism and fissuring in the Sites 1 and 2, respectively.  

The parameters defined for joints identification were: 
 Joints orientation: favorable, average favorable and non-favorable with regard to stability

(Table 1).
 Joints gap: tight (0.3 mm); broad (1.0 m) and very broad (2.0 m). (Table 1).
 Persistence of Joints: Totally persistent, average persistent, low level of persistence (Table

1).

Table 1. Description of gap types. 
______________________________________________________________________ 

Tight separation.  

Favorable orientation 

for stability. Total 

persistence.  

Broad separation. 

Average favorable 

for stability. Average 

persistence.  

Very broad separa-

tion. Non favorable 

orientation for stabil-

ity. Low persistence.  

 ______________________________________________________________________ 

(a) (b) 

Figure 1. Site 1. a)  Joints gap. b) Fallen fault mechanism in IGMs. 
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(a) (b) 

Figure 2. a) Joints gap. b) Fractured surface of Site 2 rotational landslide. 

3.2 Simulation design 

The procedure leading to the design of an analysis routine is described as follows: 

3.2.1 Conceptual model of the physical system 
Figure 3 illustrates the ideal conditions of the physical problem. The virtual slope dimensions and the PFC2D 
basic simulations were selected after completing the field visits where the problem limit conditions were 
analyzed.  

Table 2 shows the dimensions of the virtual slope to be simulated.  

Figure 3. Virtual slope scheme. 

Table 2. Virtual slope dimensions. 
________________________________________________________________ 

Dimension Value Relation to h2 
________________________________________________________________ 

𝒉𝟏 2.5 m ℎ2/2 
𝒉𝟐 5.0 m -- 
𝒃𝟏 10.0 0 2 ∗ ℎ2 
𝒃𝟐 5.0 m ℎ2 
𝒕𝒉 0.25 -- 
𝒕𝒗 1 -- 
________________________________________________________________ 

3.2.2 Simulation of initial stress status 
The status of initial stress in the field was detected by applying a simulation subroutine. An average differ-
ence of 7.4% was found as compared to the values calculated by PFC2D and the real theoretical stress status 
of the slope. The difference of results can be due to porosity differences between the virtual and the real 
slope, being porosity in the virtual slope higher than the porosity shown by the material under study (Mejía 
Camones et al. 2013). 
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3.2.3 Definition of particle size 
Particle size is a simulation parameter that impacts modeling results in an important manner (Mejía Camones 
et al. 2013). The required computer time to execute a simulation is also a parameter depending on the particle 
radius. Therefore, the greater number of particles, the greater time required to complete a PFC2D calculation 
cycle.  

Basic simulation runs to choose the particle size were conducted, resulting in the largest particle radius 
selected at 0.025 m. This value offers good results and optimum computer time.  

3.2.4 Particle assemblies 
Three types of assemblies were conducted: organized, hexagonal, and a combined assembly.  

The simulations conducted for organized assemblies in virtual slopes reveal a trend toward vertical pref-
erential fault.  

The hexagonal assembly showed that contact force orientation follow a diagonal-oriented line, correspond-
ing to the particle bonding or contact line, thus producing a fault preferential surface.  

The combined assembly consisted in and organized assembly and the inclusion of smaller size particles in 
the empty spaces, as it is shown in the Figure 4. Contact forces all distributed to all directions, thus avoiding 
weakness lines and fault predefined surfaces. This was the chosen assembly for virtual slope simulation. 

 

 
Figure 4. Contact forces in the combined assembly. 

3.2.5 Contact model parameters  
The model parameters of simulations are included in Table 3. The density and friction coefficient parameters 
correspond to laboratory test values conducted on materials from the Briceno - Tunja – Sogamoso Road 
Concession (Ramírez & Ramírez 2013). 

Table 3. Microscopic properties in virtual slopes. 
______________________________________________________________________________________________________________________ 

Parameter Value Unit 
______________________________________________________________________________________________________________________ 

Radius greater than 𝑹𝟏) 2.5 cm 

Radius less than (𝑹𝟐) 0.86 cm 

𝒌𝒔/𝒌𝒏 1  

Density 2000 kg/cm3 

Friction coefficient 0.2  

Overlap  0.1 ∗ 𝑅 % 

Contact normal resistance (n_bond & s_bond) Material degradation criterion 
______________________________________________________________________________________________________________________ 

3.2.6 Material degradation criterion  
Fast degradation of IGM mechanical properties was simulated by including joints and degradation of the 
contact model parameters (contact bond). 

Material cohesion was simulated by the PFC2D, contact model named “contact bond”. This model allows 
the assignation of normal resistance in the bonded contact 𝐹𝑐

𝑛 and a cut resistance in the bonded contact 𝐹𝑐
𝑠 
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resulting between two contact particles, keeping them together. When this resistance is overtaken by tension 
and cut forces acting on contact, the bond is broken and a discontinuity is generated.  

The concept of cohesion is limited to the criterion of maximum resistance in terms of overlap and rigidity 
of particles, as it is shown in the following expressions: 

𝐹𝑐
𝑛 = 𝐹𝑐

𝑠 = C𝑓 ∗ K ∗ 𝛿 (1) 

𝛿 = 0.1 ∗ 𝑟𝑎𝑑𝑖𝑜 (2) 

where: 
𝐹𝑐

𝑛 = 𝐹𝑐
𝑠: Bond normal and cut resistance.

K = K𝑛 = Ks: Particle normal and cut rigidity. 
C𝑓: Failure constant or material degradation contact.
𝛿: Maximum overlap among particles. When the overlap is lost, the bond is broken. 

This criterion facilitates the generation of weakness zones and propagation of existing joints. 

3.2.7 Definition of joints 
A tight joints was simulated by zero-bonding resistance zones or “no bonding” zones, at an equal or inferior 
distance to the greatest radius of the assembly at both sides of the joints, that is, a gap equal to two times the 
greatest radius (Fig. 5) based on the joints simulation criterion by Mejia Carmones et al (2013). 

Figure 5. Joints idealization. 

3.2.8 Failure criterion 
The failure criterion selected consists in the deformation experienced by a sample when it reaches non-
drained cut resistance 𝐶𝑢, pursuant to the Regulation INV E 152-07. Table 4 shows the summary of the
deformation range for the BTS Road Concession materials. 

The subroutine for slope control deformation was determined by analyzing the criteria. The simulation 
determined that relative displacement was the comparative criterion considering the various deformation 
values included in Table 4.  

The final criterion for determining slope failure is the determination of cumulative average displacements 
of all the particles in the control area within PFC2D. The average displacement is equivalent to the sum of 
the cumulative displacement of each particle divided by the number of particles within the measuring area.  

𝑑𝑖𝑠𝑝(𝑥,  𝑦)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =
∑ 𝑑𝑖𝑠𝑝(𝑥,𝑦)

# 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒𝑠 
(3) 

Then relative displacement is equal to: 

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡𝑥 =
𝑑𝑖𝑠𝑝(𝑥)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑑𝑒𝑙𝑡𝑎_𝑥
(4) 

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡𝑦 =
𝑑𝑖𝑠𝑝(𝑦)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅

𝑑𝑒𝑙𝑡𝑎_𝑦
(5) 

A failure state is detected when the relative displacement grows bigger than the limits of 휀50 as defined in
Table 4. 
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Table 4. IGM Deformation range of CBTS. 
________________________________________________________________________ 

𝒒𝒖-ε50 (%) Average Deformation status 
Cu (kPa) ε50 (%) or Default state 
________________________________________________________________________ 

163.65 0.27 Low 
277.02 0.96 Average 
2861.65 3.57 High 
________________________________________________________________________ 

Source: (Ramírez & Ramírez 2013) 

 

3.2.9 Simulation scenarios 
Twenty seven (27) joints combinations were selected changing the orientation, persistence, and separation. 
Furthermore, six combinations including the three orientation types were considered and changes were made 
to the separation and persistence of joints. 

4 RESULTS AND ANALYSIS 

Images of the initial state, 3.57% fault state, and post-fault were taken for each combination. A comparison 
was made with slope failure images taken in the field. Figure 6 shows 2 examples out of the 33 simulations 
and Figure 7 illustrates the various states of simulation. 

All joints combinations with a gap of 0.3 m revealed slope failure mechanisms. Moreover, simulations of 
joints combinations with non-favorable orientation allowed the observation of slope failure mechanism.  

Simulation of joints with favorable orientation, a gap between 1.0 m and 2.0 m., and the three persistence 
cases did not show slope failure and only reached a fault state of 3.24%.  

The location of joints at the bottom of the slope acts as a conditioning factor for slope failure.  
 

  
(a) Initial condition (b) Fault state 3.57% 

  
(c) Resting state (d) Field correlation 

Figure 6.Combination with favorable orientation, 0.3 m gap and high persistence. 
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(a) Initial condition (b) Fault state 3.57%

(c) Resting state (d) Field correlation

Figure 7. Combination with non-favorable orientation, 0.3 m gap and high persistence. 

5 DISCUSSION 

Joints propagation and coalescence in this study was similar to the findings of Mejía Camones et al. (2013); 
This process cannot be reproduced by the limit equilibrium methods and FEM. Furthermore, the staggered 
failure mechanism simulated by Mejía Camones et al. (2013) was also obtained in this work. 

Persistence of joints demonstrated influence in the size of the mobilized rock mass: the greater persistence 
of joints, the greater the faulted rock mass size. This result can also be observed in the work by Wang et al. 
(2003) where 90% persistence, resulted in a deeper failure surface with regard to the 70% persistence value. 

Most of the failure mechanisms represented by limit and continuum equilibrium are restricted to rotational 
displacement mechanisms (circular failure surface) and translational displacement mechanisms (planar fail-
ure surface). This study reproduced failure mechanisms such as “rotations”, “detachments”, “translational”, 
“staggered translational” and “complex” (understanding complex as the combination of two or more failure 
mechanisms) that are very close to the mechanisms found in the field.  

6 CONCLUSIONS 

Joints orientation exerts structural control on slope failure and determines failure mechanisms. The transla-
tional fault is best represented by the “non-favorable” orientation. The “average favorable” orientation 
contributes to the reproduction of toppling and, finally, the “favorable” orientation leads to the falls failure 
mechanism.  

The greater the persistence of joints, the greater the depth of the failure surface, e.g., the mobilized slope 
mass is greater.  
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The Discrete Element Method (DEM) allowed the representation and analysis of IGM slope failure mech-
anisms appropriately, thus showing potential with regard to the analysis of failure mechanism evolution, 
being possible to observe where the fault begins and how it develops. The failure mechanisms in the simula-
tion process show a good approach toward failure modes in the field. However, results depend on good 
calibration of model parameters.  

7 FUTURE WORK 

DEM is a valuable tool for the analysis of slope stability. This research can be complemented by incorporat-
ing the following aspects:  

Conduction of laboratory tests leading to micro-scale calibration of parameters (parameters for PFC2D  
contact model parameters) and extrapolate them to the IGM macro-scale; implementation of a physical 
degradation model as proposed by Ocampo (2009), a chemical degradation model such as the model utilized 
by Calvetti et al. (2007), processes experienced by IGMs, inclusion of water pressure effect on joints and the 
decrease of the particle size shall lead to results with increased correlation to the observations in the field.  
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1 INTRODUCTION 

Baihetan is going to be the second largest hydroelectric project in China, after the Three-Gorges 
Dam Project in terms of power generation capacity. The Baihetan double curvature arch dam is 
located in the deep-cut valley of the Jinsha River, with the maximum dam height of 289 meters. 
The maximum principal stress in the left bank of the dam foundation is about 8~12 MPa.There 
are columnar jointed basalt with thickness of about 50 meters in low elevation position of the left 
dam foundation, also the shear zones (such as LS3319, LS331, etc.) in these region is dip to the vally, 
may not conducive to slope stability. Under relative high ground stress, the joint action of 
columnar jointed basalt and the shear zones has brought challenges during the arch dam 
foundation excavation. 
 
 
 

Figure 1. The location of Baihetan hydroelectric project. 

Analysis deformation mechanism in left bank of Baihetan arch 
dam foundation in China 

J. Wu, Y. Zhou & G. Meng 
HydroChina – Itasca R&D Center, Hangzhou, Zhejiang, China 

ABSTRACT: Based on analyzing the monitor data and investigating the on-site field shearing 
deformation on the left bank of the Baihetan arch dam foundation, the paper used a discrete ele-
ment numerical model (UDEC) to study the reason for shear deformation of the shear zones LS3319 
that takes place when the slope excavation is at an elevation of 630 m. The influence of another 
shear zones LS331 at the bottom elevation of 570 m in the left arch dam foundation also was fore-
casted during a subsequent excavation. Overall, shear zones and the columnar jointed basalt play 
a critical role in the deformation of the left bank of the Baihetan arch dam foundation. Therefore, 
the results provide helpful recognition and suggestions for a subsequent excavation scheme for-
mulation, support design and determining the key construction steps and supporting opportunity. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 02-04
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0

143



Figure 2. The Baihetan project and geology section along the Baihetan arch dam axial. 

2 EXCAVATION RESPONSE IN LEFT BANK OF ARCH DAM FOUNDATION 

On the left bank of the Baihetan arch dam foundation, induced springback and shearing occurred 
when excavating to an elevation of 630 m on December 26, 2014. During the excavation from 
elevation of 660.0 m to 630.0 m, the large fault F17 at the downstream slope excavation surface 
opened about 5-10 mm, shear deformation along LS3319 on the sidewall of tunnel WML2# and 
PSL2# can be clearly observed on site. The max shearing displacement along slightly inclined 
angle shear zone LS3319 is about 15 mm based on the on-site deformation monitoring data. 

Figure 3. The shearing deformation along LS3319. 

The deformation of the rock mass in the left bank of the Baihetan arch dam foundation during 
excavation is mainly caused by excavation and unloading of ground stress, especially of columnar 
jointed basalt on the hanging wall of LS3319. The relaxation depth (which acoustic wave velocity 
of rock mass is below 4000 m/s on Baihetan project is defined as relaxation area) of columnar 
jointed basalt is about 1.5-2.0 meters after excavation, and increased to 3.0-4.0 meters a half a 
month later with a mutation process. The relaxation depth of columnar jointed basalt at the hang-
ing wall of LS3319 seems bigger (such as the test region B & C); the average relaxation depth is 
about 2.9-3.4 meters. But the relaxation depth is about 0.5-0.8 meters at the footwall of LS3319. 

When acoustic wave testing the region of columnar jointed basalt, three types of support 
schemes have been used to compare the supporting effects. It seems the anchors have some effect 
at the initial stage, but the relaxation depth no longer increases 30-40 days after excavation. Even 
half a year later, the AE testing result shows relaxation depth and relaxation level also have no 
change. 
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a) AE testing hole arrangement in columinar jointed basalt area. 

b) The change of relaxation depth after excavation. 

Figure 4. The AE testing results of columinar jointed basalt.  

 
 
 

Table 1. The summarization of relaxation depth of columnar jointed basalt in AE testing area. 

Test  
region 

Elevation  
m 

Support  
Scheme 

Relaxation depth /m 

Range 
Average 

value 

A1 655～660 No  
Support 

0.1～1.9 0.8 

A2 650～655 0.1～1.6 0.5 

B1 
655～660 

Grouted  
anchor 

1.6～3.6 3.0 

B2 1.1～4.2 3.4 

C1 
650～655 

Prestressed  
anchor 

2.4～4.1 3.0 

C2 1.6～4.3 2.9 
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3 NUMERICAL SIMULATIONS 

3.1 Mechanical parameters of rock mass and structure surface 

At the Baihetan project, rock mass has been characterized in terms of the standard system in the 
hydro-engineering field in China. This system can be linked to the commonly used systems world-
wide. This system classifies rock mass quality into five classes. At the Baihetan project site, the 
ground basalt can be mostly classified as Class III1 and Class III2 at the arch dam foundation 
surface after excavation. The mechanical parameters of rock mass, fault, structures and shear zone 
of Baihetan arch dam foundation are shown in Table 2 and 3. 

Table 2. The rock mass parameters of basalt. 

Rock 
type 

density 
(kg/m3) 

Modulus 
(Gpa) 

Poisson 
ratio 

Friction 
angle (°) 

Cohesion 
(MPa) 

IV 2500 3.0 0.32 35.0 0.50 

III2 2600 8.0 0.27 42.0 0.75 

III1 2750 12.0 0.25 47.8 1.10 

II 2800 18.0 0.23 52.5 1.40 

Table 3. The parameters of structure surface. 

Structure surface  Thickness (cm)  Modulus (Gpa) 
Friction 
angle (°) 

Cohesion 
(MPa) 

C3 60 0.71 21.3 0.10 

C3-1 15 0.10 20.3 0.04 

LS337 15 0.20 20.3 0.05 

LS331 3 2.00 27.5 0.06 

LS3319 10 0.25 22.8 0.10 

LS3318 15 0.30 22.8 0.10 

F14 40 0.30 26.6 0.15 

F16 30 0.30 26.6 0.15 

F17 240 2.00 26.6 0.15 

3.2 Ground stress condition 

According to geology data on the Baihetan site, horizontal depth on the left bank of the arch dam 
foundation is 30~200 meters, and vertical depth is 40~280 m, the maximum principal stress is 
8.0~11.0 MPa, the second principal stress is 7.0~9.0 MPa and the minimum principal stress is 
3.0~8.0 MPa. 

Figure 5. In-situ stress distribution of Baihetan arch dam cross-section. 
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3.3 Excavation response in left dam foundation 

Considering total vertical excavation height on the left bank is about 250 meters, from elevation 
880.0 meters to 630.0 meters, the level of horizontal excavation depth is more than 180 meters 
(according to the typical cross-section), rock mass deformation and stress adjustment will be very 
obvious. To reflect the differences of deformation characteristics at different elevation parts of 
the dam foundation, a UDEC (Itasca 2004) model was built to analyze the excavation response. 
At the present stage, the whole process of excavation can be divided into two sections. 

1. EL880.0 m - EL680.0 m: In-situ stress in left bank of the dam foundation above eleva-
tion of 680.0 m is relatively low, rock mass deformation is small, during excavating on
excavation surface will gradually reveal multiple sets of interlayer (within) rupture
zone, including poor C3 and C3-1, and Fault F17.

2. EL680.0 m - EL620.0 m: This excavation stage revealed shear zone LS3319, the paper
focuses on the study of the mechanical mechanism of relaxation cracking at the hang-
ing wall of LS3319, and the shearing deformation along LS3319.

The excavation stage from elevation of 880.0 m to 680.0 m, deformation of rock mass is mainly 
unloading rebound. Total cumulative displacement is about 2-4 cm, vertical accumulative dis-
placement is about 2-4 cm, horizontal displacement is less than 1.0 cm, common ground stress is 
relatively low when above elevation of 680.0 m, and the shear displacement along shear zones 
such as C3, C3-1 is relatively small. This modeling result is consistent with the response of actual 
excavation on project site. 

Figure 6. Diplacement contour when excavation to elevation of 680.0 m. 

Figure 7. Shear diplacement of C3-1 during excavation process. 
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During excavating from elevation of 680 m to 630 m, rock mass at the hanging wall of LS3319 
deform to the outside of the slope as the main characteristics. Cumulative horizontal deformation 
is about 1.0 cm. Deformation at the sharp edge near the exposed point of LS3319 is more than 2.0 
cm; it is closely relative to unloading at horizontal direction. When slope excavation to an eleva-
tion of 620.0 m, accumulative displacement is about 3.0-5.0 cm. Overall, deformation perfor-
mance is mainly for horizontal unloading rebound at this excavation stage. But rock mass on the 
hanging wall of LS3319 performance for unloading relaxation deformation characteristics.  

Figure 8. Diplacement contour when excavation to elevation of 630.0 m. 

Displacement increment vector more clearly reveals deformation characteristics near shear 
zone LS3319. Displacement increment vector of the left bank foundation is almost perpendicular to 
excavation surface during excavating from elevation of 700.0 m to 660.0 m. Rock mass defor-
mation is continuous on the hanging wall and the footwall of LS3319.When excavation from ele-
vation of 660.0m to 630.0 m, the rock deformation is change to be discontinuous near the shear 
zones LS33319. There is occurrence relative high horizontal ground stress before LS3319 exposed 
totally on the excavation surface, the constraint is removed after the rock mass above LS3319 ex-
cavated, so the rock shearing along LS3319.  

During excavation from an elevation of 660.0 m to 630.0 m, the rock mass above LS3319 near 

the excavation surface suffered stress concentration and relaxation, the rock fractured, rock mass 
appears bulge deformation at last. The shearing deformation of LS3319 is mainly occurred during 
this excavation stage. During the whole process, deformation of rock mass at the hanging wall of 
LS3319 is different from footwall, deformation at the hanging wall of LS3319 is mainly unloading 
relaxation, it makes the shear zone LS3319 occurring more apparent shearing. 

Figure 9. Diplacement increment vector during excavation from elevation 700 m to 630 m. 
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Figure 10. Diplacement increment vector during excavation from elevation 700 m to 630 m. 

 
According to rock mass stress change during excavation (Fig. 11), we can see that the stress 

adjustment is relatively bigger of monitor point B (which is at the hanging wall of LS3319), the 
maximum stress value changes from 3.0 MPa to 6.0 MPa, and it appears stress concentration 
phenomenon before LS3319 exposed on the excavation surface. When LS3319 is exposed, stress at 
the hanging wall (point B) is characterized by relaxation unloading, the maximum stress value 
change from 6.0 MPa to 0.5 MPa, and the stress of the rock mass at the footwall (point A) still 
maintained the original stress state. 

Shear deformation of LS3319 mainly occurred at the excavation stage from an elevation of 660.0 
m to 640.0 m, after that shear deformation increment of LS3319 is not obvious. The maximum shear 
deformation of the calculated cross section is about 25 mm. This value is close to the monitoring 
shear displacement in tunnel PSL2, the cumulative shear deformation magnitude is about 10 mm. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11. The principal stress of monitor point near LS3319. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 12. Shear diplacement of LS3319 during excavation process. 
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3.4 Prediction of the subsequent excavation 

Considering the left bank of Baihetan arch dam foundation topography, geological structure, slope 
excavation, etc., the excavation responses have a significant three-dimensional effect, and three-
dimensional numerical models should be built to predict response of subsequent excavation. 
Though the character of shear zone LS331 is better than LS3319, but in-situ stress is relatively higher 
at the dam foundation bottom. Deformation of rock mass on the hanging wall of LS331 may be 
more prominent during excavation. So we built 3DEC (Itasca 2013) models for some research. 

Deformation characteristic of 3DEC model reveals that: shear zone LS3319, LS331 take signifi-
cant influence to the deformation of left dam foundation, especially the deformation above those 
shear zones is larger than other place, total displacement of the left bank of dam foundation is 
about 3~5 cm. And the horizontal direction (y-axial) is main deformation direction below eleva-
tion of 680.0 m as the major horizontal principal stress is in the N40~50°W direction. 

Shear deformation of LS331 began to emerge when excavating under an elevation of 600 m. 
Shear displacement of LS331 mainly occurred in the excavation stage from an elevation of 590 m 
to foundation bottom. Shear displacement in this stage accounts for about 60%-90% of total dis-
placement, until LS331 revelations in dam foundation. During excavation, LS331 existence shear 
deformation and slight bulge, and there are stress concentrations in the slope bottom corner, at the 
excavation stage from elevation of 600 m to 580 m. In order to control shear displacement of 
LS331, support should be applied, such as prestressed cables, before the shear displacement takes 
place completely. The reasonable time to apply support to control the shear displacement of LS331 
is before excavation under elevation 600 m. 

Figure 13. Accumulation deformtaion characteristic in left bank of dam foundation. 

Figure 14. Shear displacement of LS331 during the excavation process. 
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At the bottom of dam foundation, stress of rock mass on the hanging wall of LS331 experience 
stress concentration, excavation unloading relaxation process, maximum principal stress adjust-
ment at local region is greater than 10.0 MPa. The shallow rock mass occur plastic yielding and 
the overall depth is about 3-7 m. 

Figure 15. Yield zones of dam foundation after excavating complete. 

4 CONCLUSION 

Based on excavation response and monitor data in left bank of Baihetan arch dam foundation, 
shear deformation along shear zone LS3319 may due to excavating rebound and unloading relaxa-
tion. Rock mass near the tip of LS3319 and excavation surface experience stress concentration, 
stress relaxation during excavation processing.  

In-situ stress in left bank of Baihetan arch dam foundation is relatively high, and maximum 
principal stress direction is the same as the tendency of excavating slope, make the slope excava-
tion unloading relatively prominent, slope deformation is relatively large in the region of joints 
exposed, especially near the shear zone with low dip angle. Though these shear zones may have 
little effect to the stability of the whole slope, but it may have large influence on deformation and 
relaxation. 

In order to reduce shear displacement of shear zones, and minimize unloading relaxation depth 
of arch dam foundation, certain engineering treatment measures need to be considered, such as 
using the prestressed anchor cables to support the shear zone, choosing a certain thickness of 
protective layer when excavation the columnar jointed basalt to reduce the unloading relaxation 
depth of rock mass, apply prestressed anchor bolts in time to control the relaxation of rock mass, 
reduce the influence of blasting construction, etc.  

Columnar jointed basalt as a special structure of rock mass, the anisotropic failure relaxation 
characteristics is significant, it is necessary to do some deepen research of the columnar jointed 
basalt by using continuous constitutive model in future investigation. And it should continuously 
develop feedback analysis work based on the results of field testing and monitoring data. 
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1 INTRODUCTION 

Large scale open-pit mine failures occur from time to time. Many mining companies spend mil-
lions of dollars on slope displacement monitoring equipment and technology to deal with rock 
slope failure problems, to ensure the safety of people and equipment, and to reduce economical 
loss. The deformations and possible failures that take place depend on the following factors: (a) 
the lithological system, (b) major and minor discontinuity geometry, (c) geo-mechanical proper-
ties of intact rock and minor discontinuities, (d) geo-mechanical properties of major discontinui-
ties, (e) in-situ stress system, (f) groundwater conditions if applicable for the site and (g) dynamic 
loadings if applicable for the site. All these factors change from one mine to another. This means 

3-D numerical modeling of rock mass deformations and
comparison with field deformation data for part of an open pit mine 
in the US 

P.H.S.W. Kulatilake & B. Shu 
Rock Mass Modeling and Computational Rock Mechanics Laboratories, University of Arizona, Tucson, 
AZ, USA 

ABSTRACT: The intact rock properties and discontinuity properties for both Devonian Rodeo 
Creek (DRC) and Devonian Papovich (DP) rock formations that exist in the selected open-pit 
mine were determined from tests conducted on rock samples. Special survey equipment was used 
to perform remote fracture mapping in the research area. From remote fracture mapping data, the 
fracture orientation, spacing and density were calculated using more refined procedures compared 
to what exist in the literature. Discontinuity orientation distributions obtained through remote 
fracture mapping agreed very well with the results of manual fracture mapping conducted by the 
mining company. The GSI system and Hoek-Brown rock mass failure criterion were used to es-
timate the rock mass properties combining the fracture mapping results with laboratory test results 
of intact rock samples. Fault properties and the DRC-DP contact properties were estimated based 
on the laboratory discontinuity test results and field discontinuity information. A geological model 
was built in a 3DEC model including all the major faults, DRC-DP contact and two stages of rock 
excavation. The built major discontinuity system of 44 faults in 3DEC with their real orientations, 
locations and three-dimensional extensions were validated successfully using the fault geometry 
data provided by the mining company using seven cross-sections. Numerical modeling was con-
ducted to study the effect of boundary conditions and lateral stress ratio on the stability of the 
considered rock slope. For the considered section of the rock slope, the displacements obtained 
through stress boundary conditions seemed more realistic than those obtained through zero ve-
locity boundary conditions. Stable deformation distributions were obtained for k0 in the range of 
0.4 to 0.7. Because the studied rock mass is quite stable, it seems that an appropriate range for k0 
for this rock mass is between 0.4 and 0.7. The displacements occurred between July 2011 and 
July 2012 due to the nearby rock mass excavation that took place during the same period were 
compared between the field monitoring results and the predicted numerical modeling results; the 
best agreement was obtained for k0 = 0.4. Therefore, k0 = 0.4 can be considered as the most prob-
able k0 value for the studied mine site. Overall, the successful simulation of the rock excavation 
indicated the possibility of using the procedure developed in this study to investigate rock slope 
stability with respect to expected future rock excavations in mine planning. 
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deformation monitoring data collected from one mine cannot be applied to predict the possible 
deformation and failure behavior for another mine. However, such predictions can be made by 
using either continuum or discontinuum stress analyses. Continuum numerical modeling methods 
have limitations of simulating large scale displacements and rotations that occur in discontinuous 
rock masses arising due to the presence of discontinuities; therefore, those methods may not be 
sufficient to investigate the realistic behavior of rock slope stability problems. On the other hand 
the discontinuum numerical methods can simulate large scale displacements and rotations. There-
fore, the discontinuum numerical methods are better suited than the continuum numerical methods 
to investigate the realistic behavior of rock slope stability problems.  

The first objective of the study was to develop a discontinuum numerical stress analysis proce-
dure to predict deformations in three dimensions resulting from certain excavations at open-pit 
mines. In developing this procedure, it was necessary to incorporate the following: (a) the litho-
logical system, (b) the major discontinuity system, (c) the effect of minor discontinuities on rock 
mass properties, (d) the effect of boundary conditions and (e) effect of excavation. The second 
objective was to compare the obtained numerical results with the field deformation monitoring 
data collected at the mine. The Google Earth map of the large-scale open-pit mine considered in 
this study is shown in Figure 1. The study area was limited to the dashed rectangular area shown 
in Figure 1 in the north-west corner of the mine. Figure 2 shows the flow chart used in achieving 
the aforementioned objectives. 

Figure 1. Google map of the mine topography (Google Earth). 

Figure 2. Flow chart for the conducted research. 
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2 GEOLOGY 

Based on the geological information received from the mining company, the considered section 
of the slope can be divided into two major lithological formations: (a) the Devonian Rodeo Creek 
(DRC) unit and (b) the Devonian Popovich (DP) unit. The DRC formation rocks consist of argil-
lite, sandstone and interbedded siltstone, and argillite-mudstone. The DP formation rocks consist 
of laminated limy to dolomitic mudstone and micritic limestone. Between the DRC and DP units, 
a disconformity (contact plane) exists. The contact between the DRC and DP rocks was found to 
be a soft weak layer, which may be a potential significant deformation area. There are many faults 
that exist in the open-pit mine. These faults are also weak planes, and may contribute to high 
deformations and possible slope failures. Simulation of the geometric network of the faults and 
open-pit mine excavations, and investigation of stability of the slope in the north wall, was a very 
challenging part of the research.  
 

3 ESTIMATION OF DISCONTINUITY GEOMETRY PARAMETERS FOR 
DISCONTINUITY SETS 

Figure 3 shows the typical discontinuity geometry system that exists in DRC and DP rock masses. 
In each domain, the discontinuities can be divided into three sets, as shown in Figure 3. For the 
conducted study, 804 discontinuities were mapped in the DRC formation and 481 discontinuities 
were mapped in the DP formation. An instrument known as a VX spatial station was used to 
perform remote fracture mapping. This instrument has the capability to function as a total station, 
a camera and a laser scanner. Discontinuity orientation data were also available through manual 
mapping conducted by the mining company. The data obtained through the VX spatial station is 
very suitable to calculate orientation values for discontinuity sets 1 and 2. However, it was diffi-
cult to capture some of the flat lying discontinuities belonging to set 3 (bedding planes) through 
remote fracture mapping when the dip angle was close to zero. Therefore, discontinuity orienta-
tion values for set 3 were obtained from manual mapping conducted by the mining company. 
From remote fracture mapping data, the fracture orientation, spacing and density were calculated 
in a more refined way for this study, compared to the procedures that exist in the literature. Dis-
continuity normal vectors plotted on upper hemispherical equal angle polar nets for both the DRC 
and DP formations are shown in Figure 4. Discontinuity orientation distributions obtained through 
remote fracture mapping agreed very well with the results of manual fracture mapping conducted 
by the mining company (see Fig. 5 as an example). Mean orientations obtained for discontinuity 
sets of DRC and DP formations are given in Table 1 of Kulatilake & Biao (2015). Results obtained 
for discontinuity size, 1-D and 3-D intensities using the procedures given in the papers by Kulatil-
ake et al. (1993 and 2003) are given in Tables 1 & 2. 
 

 
 

 

Figure 3. Three fracture sets of DRC rocks. 
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(a) DRC formation (b) DP formation

Figure 4. Orientation distribution of discontinuity normal vectors of (a) DRC formation and (b) DP for-
mation on upper hemispherical equal angle polar nets (note that the scale given in the radial direction is 
designed to read dip angles directly from the normal vectors). 

(a) (b) 

Figure 5. Orientation distribution comparison between (a) remote and (b) manual fracture mapping for DP 
set 2. 

Table 1. Joint size results. 

Joint set number Number of data Average joint size, m Standard deviation, m 

DRC set 1 64 0.1352 0.0756 

DRC set 2 50 0.1049 0.0551 

DRC set 3 118 1.939 0.982 

DP set 1 50 0.116 0.035 

DP set 2 56 0.1429 0.0473 

DP set 3 51 2.7886 1.3180 

Table 2. Joint intensity results. 

Joint Set Number Number of survey lines 1-D intensity, λl, m-1 3-D intensity, λV, m-3

DRC set 1 20 4.6 68.8 

DRC set 2 20 4.7 106.8 

DRC set 3 41 4.2 1.2 

DP set 1 14 3.4 99.6 

DP set 2 14 3.5 73.8 

DP set 3 18 3.2 0.5 
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4 ESTIMATION OF INTACT ROCK, DISCONTINUITY AND ROCK MASS 
MECHANICAL PROPERTIES 

Intact rock properties for both DRC and DP rocks were obtained by performing Brazilian, stand-
ard uniaxial and triaxial tests. Table 3 shows the number of tests performed for each rock property 
and the obtained mean and coefficient of variation (COV) values. Uniaxial compression tests were 
also performed on cylindrical samples of 50 mm diameter and 100 mm height with a horizontal 
joint at the sample mid-height level to estimate Joint Normal Stiffness (JKN) values as a function 
of normal stress (σn) for discontinuities of DRC, DP and the contact surface of DRC and DP rocks. 
Direct shear tests were performed on the discontinuities of DRC, DP and the contact surface of 
DRC and DP rocks to estimate discontinuity friction angle (ϕj), cohesion (cj) and Joint Shear Stiff-
ness (JKS). The obtained summary results are given in Table 3. The estimated average value of 
Hoek-Brown mi parameter for DRC and DP rocks was 10.7 and 9.3, respectively. 

GSI values for DRC and DP rock masses were estimated using the procedure given in Cai et 
al. (2004). In this procedure, a GSI value is estimated based on values estimated for a parameter 
known as block volume (Vb) and a parameter known as joint condition factor (Jc) (for details see 
Kulatilake & Biao 2015, including Tables 5 & 6). Block volume, in turn, depends on the mean 
orientations and mean spacing of minor discontinuity sets. Joint condition factor depends on joint 
roughness, joint weathering and infilling conditions. Joint condition factor was estimated based 
on field investigations. Hoek-Brown rock mass strength parameters (Hoek et al. 2002) were then 
estimated using the estimated GSI value and a parameter known as degree of disturbance of the 
rock mass (D) (for details see Kulatilake & Biao 2015, including Table 7). 

Table 3. Summary results for intact rock and joint physical and mechanical properties. 

Material property 

Number of data Mean value COV 

DRC DP 

DRC/ 

DP 

contact 

DRC DP 

DRC/

DP 

contact 

DRC DP 

DRC/ 

DP 

contact 

Density, 102 kg/m3 14 10 - 24.9 24.6 - 0.06 0.02 - 

Brazilian tensile 

strength, MPa 
25 18 - 12.9 6.2 - 0.24 0.26 - 

Uniaxial compressive 

strength, MPa 
14 10 - 138.8 89.3 - 0.44 0.21 - 

Young’s modulus, GPa 7 4 - 42.6 32.0 - 0.19 0.29 - 

Poisson’s ratio 7 4 - 0.25 0.23 - 0.11 0.14 - 

Angle of internal fric-

tion, ° 
16 22 - 46.2 43.9 - 0.15 0.07 - 

Cohesion, MPa 16 22 - 24.2 17.9 - 0.25 0.17 - 

Joint friction angle, ° 17 13 5 26.4 28.5 26.5 0.17 0.21 0.21 

Joint cohesion, kPa 17 13 5 4.5 0.0 0.52 - - 

Joint normal stiffness, 

MPa/mm 
4 6 4 

10.0 

×σn 

14.9

×σn 

11.6× 

σn 
- - - 

Joint shear stiffness, 

MPa/mm 
54 51 19 

1.08 

×σn 

1.02 

×σn 

0.99 

×σn 
- - - 

Hoek-Brown parameters were then used to estimate Mohr-Coulomb parameters and tensile 
strength for rock masses using the guidelines given in Hoek & Brown (1997), Hoek et al. (2002) 
and Hoek (2007). Summarized values of the estimated rock mass strength parameters are given 
in Table 4. Procedures given in Hoek et al. (2002), Hoek (2007) and Kulatilake et al. (2004) were 
used to estimate the rock mass deformability parameters given in Table 4. For details on these 
aspects, the reader is referred to Kulatilake & Biao (2015). 

The laboratory test results were used to estimate the strength and stiffness of the contact be-
tween the DRC and DP rocks. The used friction angle is 26.5° from the direct shear test. The 
cohesion and tensile strength of the DRC-DP contact was assumed as 5% of that of the DRC and 
DP rock masses. JKN and JKS were estimated using the laboratory test results and an average 
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normal stress value applicable for the contact location at the mine. The estimated geo-mechanical 
properties for DRC-DP contact are given in Table 5. 

The friction angle value for faults was estimated from laboratory test results of discontinuities 
and some information available from the mining company. The cohesion and tensile strength of 
faults were taken as 5% of those of the two rock masses. JKN and JKS for faults were estimated 
using the laboratory test results and average normal stress values applicable for DRC and DP rock 
masses at the mine. The estimated geo-mechanical properties for the faults are given in Table 5. 

Table 4. Rock mass material properties used for numerical modeling. 

Property DRC DP 

Density, kg/m3 2492 2460 

Bulk modulus, Kr (GPa) 11.18 3.15 

Shear modulus, Gr (GPa) 5.02 1.63 

Rock mass cohesion, c' (MPa) 1.88 1.52 

Rock mass friction angle, φ' (°) 49.0 36.3 

Tensile strength, σtm (MPa) 0.299 0.083 

Table 5. Joint properties used for numerical modeling. 

Property Fault-DRC Fault-DP DRC-DP contact 

Cj, MPa 0.094 0.076 0.085 

φj, ° 26.4 28.5 26.5 

σt, MPa 0.015 0.0042 0.0096 

JKN, GPa/m 22.74 129.26 52.44 

JKS, GPa/m 2.46 8.90 4.50 

5 BUILT GEOLOGICAL MODEL 

The topographies of the open-pit mine are available from the mining company over its lifetime, 
and the company also provided the information to build the lithological system. The faults that 
exist in the area of the open-pit mine were also surveyed by the mining company during the life 
of the mine. The geological structure is a main factor influencing open-pit mine slope stability. 
To perform a realistic numerical study to investigate stability of a rock slope, it is very important 
to build an accurate geological model including all the important faults. This issue has not been 
addressed in detail in previous research regarding rock slope stability with three-dimensional dis-
continuum numerical modeling.  

5.1 Topographies of the mine site and the excavation selected to simulate in the numerical 
model 

The earliest topography drawing that the mining company provided was from 2001(see Fig. 6 of 
Kulatilake & Biao 2015). In this drawing, a part of the considered research area appears excavated; 
therefore, it is not suitable to reflect the original topography. Fortunately, it was possible to down-
load an elevation contour map from 1968 using the USGS website (see Fig. 7 of Kulatilake & 
Biao 2015). A three-dimensional topography of the research area was built using a simplified 
version of this elevation contour map to show the original surface (Kulatilake & Biao 2015). The 
aforementioned 2001 topography map shows that only the southeast part of the research area was 
excavated prior to 2001, and the rest of the considered research area is similar to that given in the 
USGS topography map. However, after 2001, mining activities increased in the research area, and 
the topographies of July 2011 and July 2012 are shown in Figures 6a and b, respectively. Simpli-
fied versions of these two topographies were used to simulate the excavation that took place be-
tween July 2011 and July 2012 in the built numerical model. 
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(a)                                     (b) 

Figure 6. Topography of the research area in the pit in (a) July 2011 and (b) July 2012 

5.2 Constructed stratigraphy 

The rocks in the research area are divided into two rock units: (1) the DRC and (2) the DP as 
stated in section 2. The contact between DRC and DP rocks is a disconformity. The contact 
between the DRC and DP rocks in a three-dimensional view is shown in Figure 7. It shows that 
the contact is an irregular surface with waviness. However, it was simplified to a flat plane with 
a dip angle of 5° and a dip direction of 345° in the built discontinuum numerical model using the 
3DEC software package (Itasca 2007).  

Figure 7. The natural and simplified contact surfaces between the DRC and DP rocks. 

5.3 Built fault system including validations 

The approximate locations, orientations and persistence of all existing faults in the research area 
were provided by the mining company. There are 44 mapped faults located within the considered 
research area. Faults are formed due to geological movements, and therefore their shape and size 
are usually irregular. Some of them are fully persistent, and some others terminate on another fault 
or faults; the remaining faults terminate on rock. It turned out to be a very difficult and challenging 
task to build the three-dimensional geometry of the fault system to capture the locations, orienta-
tions, persistence and terminations accurately. A systematic methodology was developed to build 
the fault geometry network. Then, by examining the faults one by one, it was found that the faults 
can be simplified as follows to reduce the unnecessary work on the model building and to capture 
the important geological information: (1) all faults were simplified into planar faces; (2) some 
faults were extended or trimmed in reasonable short ranges in order to make them intersect with 
other faults; (3) some very small isolated faults were eliminated from the model; and (4) some 
faults which were very close to model boundaries were extended to make them fully persistent 
faults. Figure 8 shows the built fault network in three dimensions.  

159



The mining company provided fault maps on several vertical cross-sections in the studied area. 
Figure 9 shows the locations of these vertical cross-sections. After building the three-dimensional 
fault system using the 3DEC software package, cross-sections of fault maps from the 3DEC model 
were produced along the cross-sectional lines shown in Figure 9 to compare with the cross-sec-
tional maps of faults given by the mining company. A very good agreement was found between 
them; Figure 10 shows one of those comparisons. 

Figure 8. Plot of the simplified fault system built using 3DEC. 

Figure 9. Locations of the vertical cross sections used to compare between the simulated faults using the 
3DEC package and the fault cross sectional maps provided by the mining company. 

(a) (b) 

Figure 10. Comparison of fault maps on cross section 6: (a) from the mining company; (b) from the 3DEC 
model. 
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5.4 Integrated geological model 

So far, the building of the topography system, the fault system and the stratigraphy system using 
the 3DEC software package were explained separately. However, to conduct numerical modeling, 
all the geological features, including the three topographies, all the faults and the two layers should 
be built together in one single integrated 3DEC model. The built integrated geological model 
including the meshing is shown in Figure 11. 

Figure 11. The meshed integrated geological model. 

6 NUMERICAL MODELING RESULTS 

6.1 Numerical investigations 

The Mohr-Coulomb elastic plastic model was used to represent the mechanical behavior of DRC 
and DP rock masses. The rock mass mechanical properties used in the numerical modeling are 
listed in Table 4. The joint area contact-Coulomb slip model was used for all the faults, and DRC-
DP contact in this study. The discontinuity mechanical properties used in the numerical modeling 
are listed in Table 5.  

The excavation of the rock mass was simulated using 3DEC software, as explained below. As 
shown in Figure 12a, the rock mass of the model is divided into three regions. Note that Figure 
12a shows the x, y and z directions used in the numerical model. To simulate the rock excavation 
procedure, three stages were simulated as follows: (1) first, the initial status of the whole model 
under gravity was obtained by applying the boundary conditions to the prismatic body shown in 
Figure 12a. The stress and displacement values were checked to make sure the model works cor-
rectly under gravity; (2) the calculated displacements in the rock mass, joint displacements and 
velocity of the model were reset to zero, but the obtained stress distribution was not changed. 
Then region 1 was excavated to obtain the topography of July 2011, as shown in Figure 12b. The 
numerical model was run monitoring the displacement values until the model reached the equi-
librium again; (3) the displacements in the rock mass, joint displacements and velocity were reset 
again to zero; but the obtained stress distribution was not changed as before. Then, region 2 was 
excavated to obtain the topography of July 2012 (region 3), as shown in Figure 12c. The numerical 
model was run again and stopped when the model reached the equilibrium. Displacements, veloc-
ities and stresses were monitored during the numerical modeling. The purpose of simulating stages 
1 and 2 is to get the stress distribution of the rock mass, while the results of stage 3 is the main 
focus of this study. 

During the numerical simulation, the histories of displacement, stress and velocity were moni-
tored by setting monitoring points in the numerical model. According to the available field mon-
itoring data, seven monitoring points (see Fig. 13) were set in the numerical model in order to 
compare with the field monitoring data. These monitoring points were selected outside the exca-
vation area making it possible to monitor them continuously to record the displacements of the 
rock masses due to the performed excavations.  
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(a) (b) (c) 

Figure 12. Three modeling stages performed: (a) stage 1; (b) stage 2, July 2011 topography; (c) stage 3, 
July 2012 topography. 

Figure 13. Locations of selected monitoring points in the set up 3DEC numerical model. 

Numerical modeling was conducted to study the effect of boundary conditions and lateral stress 
ratio (k0) on the stability of the considered rock slope. In-situ stress may be applied in a numerical 
model before any excavation is conducted. No in-situ stress data is available for the mine site. The 
most commonly used method to calculate in-situ stress is based on the assumption that the vertical 
stress equals to the overburden soil/rock weight, while horizontal stress equals to the vertical stress 
times a lateral stress ratio. This approach is correct only for horizontal layer deposits having no 
geological structures or no complicated geology (Tan et al. 2014). However, in this study, many 
geological structures (faults, inclined DRC-DP contact) needed to be accounted for in the numer-
ical model. Those structures affect the distribution of in-situ stresses (Tan et al. 2014). Therefore, 
to obtain the initial status of in-situ stress in the prismatic block shown in Figure 12a, it was 
necessary to calculate it by applying the boundary conditions along with the gravity command in 
using 3DEC. 

Usually two different boundary conditions are used in numerical modeling: (1) zero velocity 
boundary condition; and (2) stress boundary condition. To use the stress boundary condition for 
this case study, either the left boundary or right boundary, and front boundary or back boundary, 
should be fixed to prevent the movement of the entire model. From Figure 1, it can be seen that 
the front boundary of this numerical model is located close to the west-east center line of the open 
pit. Therefore, it is reasonable to assume a zero velocity boundary condition on the front boundary, 
while applying the boundary stress on the back side of the model. On the other hand, for left and 
right boundaries, it is difficult to decide which side should be applied with zero velocity boundary, 
and thus it may be better to try both cases. Table 6 shows 11 boundary condition cases conducted 
in this study. In Table 6, V=0 means the velocity is zero perpendicular to the selected boundary, 
σ=0 means the normal stress on the selected boundary is zero, and k0=0.4 means a stress boundary 
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condition with lateral stress ratio of 0.4. The lateral stress ratio of the mine site is unknown, so it 
was necessary to try several k0 values and evaluate the effect of k0. k0 values of 0.3, 0.4, 0.5, 0.7, 
0.8, 1.0 and 2.0 were tried. 

6.2 Results 

6.2.1 Effect of boundary condition 
By comparing case 1(a) or case 1(b) with case 5, the effect of boundary condition can be evaluated. 
Cases 1(a) and 1(b) studied the stress boundary condition, while case 5 studied the zero velocity 
boundary condition. The displacement values of the seven monitoring points under case 1(a) and 
case 5 are compared in Table 7. It can be seen from Table 7 that the x and y displacements are all 
in the millimeter level in case 5, while in the centimeter level in case 1(a) except monitoring point 
2 which had encountered rock block failure. The z displacements are also lower in case 5 com-
pared to that of case 1(a); however, the difference is not large as for x and y displacements and 
both displacements are in the centimeter range. Note that case 5 restricts the lateral displacements 
at the applied boundaries. Usually those boundaries should be placed far from the investigated 
area so that the effect of the loading /unloading that occurs in the investigated area has almost no 
effect on the zero velocity boundaries. If such boundaries are placed far from the investigated 
area, the displacements obtained between case 1(a) and case 5 most probably would be compara-
ble. This means that the displacements obtained through the stress boundary condition (case 1(a) 
or case 1(b)) for the tackled problem is more realistic than that obtained through the zero velocity 
boundary condition (case 5). 
 
 
Table 6. Used boundary condition combinations. 

 
Bottom 

boundary 

Top 

boundary 

Left 

boundary 

Right 

boundary 

Front 

boundary 

Back 

boundary 

Faults 

Yes/no 

1(a) V=0 σ=0 V=0 k0=0.4 V=0 k0=0.4 Yes 

1(b) V=0 σ=0 k0=0.4 V=0 V=0 k0=0.4 Yes 

2(a) V=0 σ=0 V=0 k0=0.5 V=0 k0=0.5 Yes 

2(b) V=0 σ=0 k0=0.5 V=0 V=0 k0=0.5 Yes 

3 V=0 σ=0 V=0 k0=0.3 V=0 k0=0.3 Yes 

4 V=0 σ=0 V=0 k0=1.0 V=0 k0=1.0 Yes 

5 V=0 σ=0 V=0 V=0 V=0 V=0 Yes 

6(a) V=0 σ=0 V=0 k0=0.7 V=0 k0=0.7 Yes 

6(b) V=0 σ=0 k0=0.7 V=0 V=0 k0=0.7 Yes 

7 V=0 σ=0 V=0 k0=0.8 V=0 k0=0.8 Yes 

8 V=0 σ=0 V=0 k0=2.0 V=0 k0=2.0 Yes 

 
 
Table 7. Comparison of displacement values between case 1(a) and case 5. 

Monitoring 

point 

x-displacement, m y-displacement, m z-displacement, m 

Case 1(a) Case 5 Case 1(a) Case 5 Case 1(a) Case 5 

1 -0.03582 0.00024 -0.06822 -0.0042 0.027865 0.010084 

2 -7.27908 0.00055 -5.88426 -0.00112 0.610079 0.008699 

3 -0.02671 0.002444 -0.06186 -0.0039 0.050032 0.031853 

4 -0.03657 0.001561 -0.06309 -0.00186 0.039552 0.017909 

5 -0.03293 0.002554 -0.05996 -0.00176 0.045288 0.025755 

6 -0.02286 -0.00219 -0.06348 -0.00292 0.041087 0.027558 

7 -0.05086 -0.00087 -0.03046 0.00104 0.012146 0.000336 

6.2.2 Effect of the k0 
When k0=0.3, failure was observed in the initial numerical model at stage 1,which means that the 
lateral boundary stress is not high enough to keep the model stable. This indicates that the k0 value 
should be larger than 0.3. On the other hand, when k0=2.0, 1.0 and 0.8 were used, the model 
experienced a large failure under stage 2 and was not able to reach equilibrium. However, in the 
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field such major failures have not occurred. This indicates that the k0 value should be less than 
0.8. Stable deformation distributions were obtained for k0 in the range of 0.4 to 0.7 except for 
monitoring point 2 which had encountered rock block failure. In the field too other than a few 
minor local failures, the rock mass has been stable. This indicates that most likely the k0 should 
be in the range of 0.4 to 0.7. The comparison of displacements under different k0 values are listed 
in Table 8 for one set of the same boundary conditions. In cases 1(a), 2(a) and 6(a), boundary 
stresses are applied on the right and back sides, therefore, the x and y displacement values should 
be negative. These two negative values increase as the k0 increases from 0.4 to 0.7. Note that due 
to use of a truncated rock mass for stress analyses in this study, the x-displacement has low relia-
bility and is not the concern of this study. The y and z-displacements are the important ones for 
the slope stability. As expected, z displacement is positive for all three cases and it increases as 
the k0 increases from 0.4 to 0.7. The most appropriate k0 value for the considered site is determined 
in the next section by comparing the numerically obtained displacements with the field monitored 
displacements.  

6.2.3 Comparison between numerical predictions and field monitoring results 
Seven monitoring points were selected from the deformation monitoring conducted at the open-
pit mine site by the mining company using a robotic total station to compare with numerical pre-
dictions. The displacements occurred between July 2011 and July 2012 due to the nearby rock 
mass excavation that took place during the same period are compared in Table 8 between the field 
monitoring results and the predicted numerical modeling results based on case 1a, case 2a and 
case 6a boundary conditions. Note that the target 2 point has failed in the predicted numerical 
modeling. Apart from target 2 results, rest of the y and z-displacements agree best with case 1a 
numerical results. For x-displacements, the best agreement is obtained with case 2a numerical 
results. As stated earlier, y and z-displacements are the ones that are important and have high 
reliability compared to that of x-displacements. Therefore, k0 = 0.4 (corresponding to case 1a) can 
be decided as the most appropriate value for the considered mine site out of the probable k0 range 
of 0.4 to 0.7. 

 Table 8.  Comparison between calculated displacements under different k0 and field monitoring data. 

Displacement, m 
Monitoring point 

1 2 3 4 5 6 7 

x 

Case 1(a) -0.0358 -7.2791 -0.0267 -0.0366 -0.0329 -0.0229 -0.0509

Case 2(a) -0.0466 -10.303 -0.0325 -0.0447 -0.04 -0.0269 -0.0655

Case 6(a) -0.0947 -7.9390 -0.0551 -0.0814 -0.0697 -0.0423 -0.1058

FM -0.06 -0.08 -0.04 -0.03 -0.05 -0.05 -0.04

y 

Case 1(a) -0.0682 -5.8843 -0.0619 -0.0631 -0.0600 -0.0635 -0.0305

Case 2(a) -0.0837 -13.192 -0.0812 -0.0824 -0.0788 -0.0852 -0.0413

Case 6(a) -0.1530 -13.881 -0.1485 -0.1545 -0.1443 -0.1423 -0.0966

FM -0.03 -0.03 -0.04 -0.02 -0.05 -0.03 -0.08

z 

Case 1(a) 0.0279 0.6101 0.0500 0.0396 0.0453 0.0411 0.0121

Case 2(a) 0.0370 3.0545 0.0511 0.0435 0.0473 0.0425 0.0176

Case 6(a) 0.0613 1.8432 0.0568 0.0603 0.0550 0.0466 0.0336

FM 0.02 0.05 0.01 0.02 0.03 0.02 0.03

Note: FM-Field monitoring value. 

7 CONCLUSIONS 

The agreement obtained on discontinuity orientation distribution between remote and manual 
fracture mapping data is an important achievement in this study compared to what exist in the 
literature. As far as the authors know, the building of a three-dimensional fault system including 
such a large number (44) was completed for the first time ever. In addition to that, it was validated; 
such a validation is also done for the first time worldwide. These two successes are major accom-
plishments in this study. Because the studied rock mass is quite stable and stable deformation 
distributions were obtained for k0 in the range of 0.4 to 0.7, it seems that an appropriate range for 
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k0 for this rock mass is between 0.4 and 0.7. The agreement obtained between the numerical pre-
dictions and field monitoring deformation data in three dimensions is a huge success in this study 
because such a comparison is also a first globally; the best agreement was obtained for k0 = 0.4. 
Therefore, k0 = 0.4 can be decided as the most appropriate value for the studied mine site. Overall, 
the successful simulation of the rock excavation during a certain time period indicated the possi-
bility of using the procedure developed in this study to investigate rock slope stability with respect 
to expected future rock excavations in mine planning.  
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1 INTRODUCTION 

Regional climate can influence the behavior of rock masses in many ways, in particular through 
ambient temperature oscillations. Resulting rock temperature variations may cause oscillation cy-
cles of expansion and contraction. In turn, these effects are associated to stress/deformation cycles 
leading at times to rock fatigue, similar to what occurs to metals. According to Halsey et al. (1998) 
fatigue depends on the frequency of theses oscillation cycles. 

Rocks under higher stress fluctuations amplitude and frequencies tend to suffer a breakdown at 
a stress level (fatigue limit), lower than the maximum stress breakdown obtained when the rock 
is submitted to a static load. In the case of a slope, in the state of limit equilibrium and with well-
defined surfaces discontinuities, the possible failure through these surfaces depends on the shear-
ing resistance of the same surfaces (Gonzales de Vallejo et al. 2002).  

In a rock mass, the stress fluctuation at its boundaries, lead to stress variations and a rearrange-
ment of the stresses inside the rock mass. These changes could cause, under certain geomechanical 
and geotechnical conditions failure of the rock mass. By consequence, the temperature variation 
can be considered as a trigger for instability of rock slopes. Amongst other studies, Table 1 de-
scribes a few possible effects temperature related that could lead to failure of a rock slope. 

The present research focus on the evaluation of temperature effects on the failure of a particular 
slope in Rio de Janeiro which happened in 2009. The numerical analysis of possible mechanics 
leading to failure was carried out using code 3DEC (3 Dimensional Distinct Element Code) (Itasca 
2007), for this purpose we will use the data collected by the Geotechnical Control Office of the 
city of Rio de Janeiro (abridge Geo-Río).  

Numerical analysis of temperature effects on the stability of a rock 
slope  

J.A. Vásquez Najarro  
Geotechnical Engineer, MSc, Lima, Perú 

E.A. Vargas Jr. 
Civil Engineering Department, Pontificia Universidad Católica de Rio de Janeiro, Rio de Janeiro, Brazil 

ABSTRACT: When analyzing the stability of rock slopes, amongst well established triggering 
factors, temperature and temperature changes are not factors usually taken into account. In this 
paper, we present a numerical analysis of possible temperature effects to the stability of a rock 
slope. For this purpose, we analyzed a rock landslide that occurred in Rio de Janeiro, Brazil, in 
2009. Previously, Chavez (2007) did an experimental study in order to evaluate temperature fluc-
tuations at rock faces an inside fractures. That study allowed the establishment of appropriate 
boundary conditions for our numerical analysis. The numerical analysis was carried out using 
code 3DEC (3 Dimensional Distinct Element Code) (Itasca 2007). The analysis was performed 
in two stages. In the first stage the temperature remained constant and in the second the tempera-
ture changes in time. Influence of properties was verified. The result indicates that when there is 
a low friction angle and high temperature fluctuations frequency, unstable conditions can be gen-
erated. 
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Table 1. Temperature effects in the rock mass. 

References Abstract 

Propagation of 
fractures existing 
in the rock mass 

Vargas, E.A., Jr. et al., On the 
Effect of Thermally Induced 
Stresses in Failures of Some 
Rock Slopes in Rio de Janeiro, 
Brazil. 

This work shows that the thermally induced 
stresses, due the temperature fluctuations, are in-
deed able to create conditions to propagate fractures 
already existing in the rock mass. This propagation 
is a consequence that the stress intensity factors (KI 
and KII) reach the critical intensity factor values (KIC 
and KIIC). This factor is dependent on both geometry 
of the rock mass/ fractures and temperature condi-
tions. 

Gradual 
weathering of 
fractures 

Gunzburger, Y., Merrien-
soukafchoff, V. & Guglielmi, 
Y. Influence of daily surface
temperature fluctuations on
rock slope stability: case study
of the Rochers de Valabres
slope (France).

This paper describes a rockfall that has affected the 
Rockers de Valabres slope (France's Southern Alps 
region) and discusses one possible mechanism for 
the occurrence of this rockfall. To investigate this 
event Gunzburger et al. performed a numerical 
model in 2D (two dimensional) of the slope for an-
alyze the effect of the temperature fluctuations. The 
numerical analysis is compared herein with meas-
ured data in the slope’s surface, with a high-preci-
sion geodetic monitoring system (total station), per-
formed to capture thermally induced movements. 
The results show that the temperature fluctuations 
induce deformations which can be sufficient to 
cause rockfalls. 

Rock defor-
mation in depth 

Gischig, V.S.  et al., Thermo-
mechanical forcing of deep 
rock slope deformation 1: 
Conceptual study of a simpli-
fied slope. 

Thermo-elastic rock slope deformation is often con-
sidered to be of relatively minor importance and 
limited to shallow depths subject to seasonal warm-
ing and cooling. In this study, they demonstrate how 
thermomechanical effects can drive rock slope de-
formation at greater depths below the annual ther-
mal active layer and progressive failure. 

2 LANDSLIDE DESCRIPTION AND MODELING DETAILS 

2.1 General data on the failure of the slope 

The landslide occurred in a housing state located in Vila Isabel district, northern part of Rio de 
Janeiro, Brazil. The state was built on the 70’s, and as seen in Figure 1, is located next to what 
used to be a rock quarry. 
 The event occurred on June the 18th 2009, comprising the displacement of a large volume of 
rock (approximately 6000 m3) with rock blocks up to 15 m3 (Fig. 2), and having considerable 
impact on the houses located close to the slope (Fig. 1). The failed mass reaches a distance of 30 
m in respect to the foot slope.  
 The available rain data at the site show that no rain occurred at the site during the previous 
four days before of the landslide. It is worth mentioning as well that the month of June is generally 
a very dry month in Rio de Janeiro. The investigation carried out by Geo-Rio (Geo-Rio 2009) 
demonstrated that no evidence of triggering effects such as water pressures, water main failures, 
overload, etc., appeared at the site. Previously, the work of Vargas et al. (2012) described rock 
stability problems in the city of Rio Janeiro that occurred (similar to the case under study) in a 
very dry season of the year, the winter season. In fact, for a number of these slopes, no rain oc-
curred for days before failure. A specific mechanism for rock instability under temperature 
changes was analyzed by Vargas et al. (2012), the propagation of non-persistent rock fractures 
propagation under thermally generated stresses. The present study focus on different mechanisms 
but still caused by temperature changes in the rock mass. 
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Figure 1. Aerial view of the landslide. (Geo-Rio 2009). 

Figure 2. The picture shows typical dimensions of a block from the failed mass. The volume of the block is 
15 m3 approximately (Geo-Rio 2009). 

2.2 Geological characterization 

The rock mass is composed by plagioclase biotite gneiss with a defined banding, and intersected 
to its full extension by aplites and feldspathic quartz pegmatites. Garnet and sulfides occur sec-
ondarily. The excavated slopes present a typical weathering profile, with a low thickness soil and 
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changing gradually to a much-altered rock, in the third part of the total and for a fresh rock until 
to the base of the slope.  
 Structurally all the cut slope was divided into seven sectors; the third sector belongs to the 
slipping zone. In this sector were considered five discontinuities systems: 343°/84°, 70°/72°, 
168°/14°, 84°/32° and 12°/81° (Geo-Rio 2009). 

In the kinematic analysis made by Geo-Rio (Geo-Rio 2009), the orientation of the slope was 
considered as 170°/80° and the friction angle taken as 35°. Their analysis results demonstrated 
the potential for toppling failure related to the discontinuity systems with orientation 343°/84°.  

3 NUMERICAL MODEL 

Considering the above, a numerical investigation was carried out in order to investigate the pos-
sibilities of temperature fluctuations as a trigger for the failure described. For this purpose, we use 
the 3DEC (Itasca 2007). 3DEC simulates the response of a discontinuous media (as a rock mass) 
under static or dynamic loads, allowing the inclusion of temperature effects. The discontinuous 
media is represented as a discrete blocks assemblage.  

3.1 Geometry of the model 

For use in 3DEC, a geometrical model was created attempting to include the information de-
scribed above. The slope has the following dimensions: height 45 m, length of the slope surface 
is 60 m and the inclination angle is 80°. In the Table 2 shows the orientations of the discontinuity 
systems represented in the numerical model, only in the central area of the slope face (the one 
where failure occurred), having a length of 20 m, was represented in the model.  

Table 2. Model discontinuity systems joint. 
__________________________________________________________________________________________________________ 

Sets Direction Spacing 
__________________________________________________________________________________________________________ 

1 343/84 1.5 m 
2 168/14 3.5 m 
3 070/72 2.0 m 

__________________________________________________________________________________________________________ 

3.2 Boundary conditions for the numerical analysis 

In 3DEC, blocks can have a rigid or deformable behavior, but in the same numerical model cannot 
exist both material kinds. The deformable blocks are subdivided into a mesh of finite difference 
regions. 

In order to establish boundary and initial conditions for the thermal analysis, the work carried 
out by Chavez (2007) and Vargas et al. (2012) was considered. In that work, an experimental 
study was carried out in order to monitor temperature changes in an experimental set-up compris-
ing two blocks and a fracture between them. This set-up was left in the open air and temperatures 
were measured at the rock faces (suffering therefore the effects of radiation) and at the space 
between blocks where radiation effects were not present. Monitoring was carried out by installing 
thermal sensors in different positions. Temperatures were monitored during several days and in 
several times of year. Temperature changes could be closely represented by a sinusoidal function. 

From the describe work the following expression for temperature variations could be estab-
lished: 

𝑻𝒔𝒍𝒐𝒑𝒆 𝒔𝒖𝒓𝒇𝒂𝒄𝒆 = 𝟐𝟖 + 𝟏𝟓. 𝐬𝐢𝐧[(𝟎. 𝟎𝟎𝟎𝟎𝟕𝟐𝟕. 𝒕) − 𝟎. 𝟐]

𝑻𝒇𝒓𝒂𝒄𝒕𝒖𝒓𝒆 𝒔𝒖𝒓𝒇𝒂𝒄𝒆 = 𝟐𝟑 + 𝟔. 𝐬𝐢𝐧((𝟎. 𝟎𝟎𝟎𝟎𝟕𝟐𝟕. 𝒕) + 𝟎. 𝟑𝟒) 

Temperatures (T) in the above expressions are given in degrees Celsius and time (t) is given in 
seconds.  
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3.3 Using the FISH language to establish the temperature conditions in the rock mass 

3DEC in its thermal analysis option, offers two heat transfer mechanisms: by conduction and by 
convection. In the present work, heat transfer by conduction only was considered. The establish-
ment of boundary temperature variations in time was done by using FISH language. 

In order to establish temperatures as boundary conditions to the slope faces and the fracture 
surfaces, initially the node numbers at these surfaces was determined using the ARRAY com-
mand. Nodes belonging to a fracture plane will have the temperature Tfracture surface, and nodes be-
longing to the slope´s crest and slope face, will have the temperature Tslope surface (see Section 3.2). 
The GP_TEMP (gi) command was used to define temperatures at these nodes.  

3.4 Rock mass model properties 

The rock mass properties used in the model are summarized in Table 3. 

Table 3. Properties of the rock mass in the model. 
__________________________________________________________________________________________________________ 

Properties of the rock mass 
__________________________________________________________________________________________________________ 

Young’s modulus (intact rock) 13.4 GPa 
Poisson’s coefficient 0.14 
Shear modulus 5.88 GPa 
Bulk modulus 6.2 GPa 
Thermal conductivity 3.0 W/m°C 
Thermal expansion coefficient 11.0 x 10-6 °C-1 
Specific heat 750 J/Kg°C 
Young’s modulus (rock mass) 2.11 GPa 
Stiffness: 

System 1 Normal stiffness 1.66 GPa/m 
Shear stiffness 4.70 MPa/m 

System 2 Normal stiffness 0.71 GPa/m 
Shear stiffness 2.00 MPa/m 

System 3 Normal stiffness 1.25 GPa/m 
Shear stiffness 3.60 MPa/m 

Density 2650 Kg/m3 
Friction angle 30°, 35°, 40° 
__________________________________________________________________________________________________________ 

3.5 Steps of numerical analysis 

The analysis is carried out by first reaching equilibrium under a steady state initial condition for 
a 27°C. 

Regarding temperature boundary conditions, two types of analyses were performed, first type 
considering a 27°C constant temperature throughout and the second type considering transient 
temperatures according to what was described in Section 3.2. In each analysis, the friction angle 
was made to vary between the values of 30°, 35° and 40° 

3.5.1 Numerical analysis with constant temperature field 
This analysis was performed with a constant temperature of 27°C. Under this condition three 
analyzes were  carried out, one for each value of friction angle for the discontinuities (30°, 35° 
and 40°). Under these conditions, failure does not occur in the slope. 

In order to analyze in more detail the results, we monitored the displacements of five nodes 
Figure 3 shows the nodes location in the model. Figure 4 (a-c) shows the analysis results, the 
results showed that the slope remained stable under these conditions. 
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Figure 3. Location of nodes being monitored in the model. 

    (a) (b) (c) 

Figure 4. Displacement of specific nodes in the model (see Fig. 3). Analysis with constant temperature a) 
Friction angle 30, b) Friction angle 35, c) Friction angle 40.  
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3.5.2 Numerical analysis considering temperature variations along time 
In this analysis, the initial temperature in the model is considered as 27°C and after equilibrium, 
boundary conditions for temperatures in fractures and in the rock faces were imposed according 
to what was explained section 3.2. The temperature variation was considered to last for a period 
of approximately 20 days. 

Here also three analyses were performed, one for each value of friction angle (30°, 35° and 
40°). Figure 5 (a-c) shows the obtained results. Failure occurs when the value of 30° for the frac-
tures were considered.   

When the friction angle is 35° or 40°, the blocks show displacements (maximum displacement 
in each analysis is 14.5 and 11.9 cm respectively) but the slope does not fail. In these analyzes the 
nodes reach first a permanent deformation and then exists a fluctuation on the deformation until 
reaching the equilibrium status. Figure 5 (a-c) shows two controlled nodes behavior. (Node #1, 
#4 and #5). 

Figure 6 shows a section at the central part of the slope from which one can follow the failure 
process generated by 3DEC. Two mechanisms appeared to occur in sequence. Initially, a planar 
slip takes place for some blocks followed by toppling of block columns. Figure 7 shows the slope 
final status after the slipping. The blocks reach a 30 m distance in respect to the foot slope, very 
close to what happened in the field.  

(a)  (b)  (c) 

Figure 5. Analysis of specific nodes in the model. Analysis with transient temperature. a) Friction angle 
30, b) Friction angle 35, c) Friction angle 40. 
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Figure 6. Stages of the failure process. 

Figure 7. Final stage of slope failure. 
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4 CONCLUSIONS 

In this paper, we attempted to verify a possible relationship between temperature changes and 
rock slope instabilities. Previous analyses and evidences have shown that in the Rio de Janeiro 
area, rock slope stability problems occurred without evidences of pore pressures effects or any 
other usual triggering factor. A specific slope was the subject of our analyses. For that slope, we 
have carried out  two different analyzes, one with 27°C constant temperature and another with 
temperature variation in respect of the time, simulating what may occur in nature. Three values 
of friction angle were considered in the analyses: 30°, 35° and 40°. From the results obtained, the 
main conclusions are described below. 

For the constant temperature analysis minor displacements at the slope occurred. The maxi-
mum displacements at the slope crest zone, monitored nodes were 42, 14.5 and 10.5 cm.  

The analyses with temperature variations show that conditions for failure existed when the 
fracture planes friction angle is 30º. The observed failure mechanism in the numerical analysis 
appeared to be a coupling between planar sliding of blocks followed by toppling of block columns 
blocks. In the numerical analyses, after failure blocks moved approximately 30 m with respect to 
the foot of the slope. This distance is close to what was observed in the field. 

The results obtained in this paper suggest the fact that temperature changes alone or in associ-
ation with other mechanisms are able to trigger failures in fractured rock masses. 
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Dynamic Analysis





1 INTRODUCTION 

A downstream rockfill dam was designed for new tailings storage facility (TSF) located in a high 
seismicity zone in South America. This technical paper presents the results of dynamic stability 
analyses of the dam.  The analyses considered two cases corresponding to the starter dam (Stage 
1) and ultimate dam (Stage 7) configurations. The tailings dam will be constructed on a dense 
foundation soil consisting of a glacial moraine underlain by bedrock. The bedrock is located at 
depths ranging from 25 to 30 m below a prepared foundation grade.  

The tailings dam at Stage 1 and Stage 7 will be 56 m and 120 m high (measured at center line), 
respectively. The embankment will be constructed primarily of rockfill materials in a downstream 
fashion. The geomembrane will be lined along the upstream slope face and extend along the im-
poundment upstream area. A thin zone behind the upstream face of the dam will be constructed 
with glacial moraine earth fill.  The upstream slope will be faced with alluvium and also buttressed 
at the toe with alluvium. The downstream and upstream slopes of the embankment will be on the 
order of 1.5H:1V and 2H:1V, respectively. Cross section of the Stage 1 and Stage 7 dam for the 
modeling is shown on Figure 1.  

A dynamic analysis was performed using an advanced non-linear constitutive model to be im-
plemented in FLAC (Fast Lagrangian Analysis of Continua) finite difference computer code 
(Itasca 2004). The FLAC code solves the equations of motion in explicit form in the time domain 
using very small time steps and incorporates non-linear inelastic stress-strain soil behavior. 

A hysteretic damping model for nonlinear soil behavior during dynamic loading was incorpo-
rated into FLAC where the material damping and tangent modulus are modeled as a function of 
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the level of stress and strain in each point in time and space. The material damping was modeled 
using a hysteretic damping subroutine developed by Professor Peter Byrne at the University of 
British Columbia (Byrne 2005, Naesgaard & Byrne 2011). 

The procedures adopted for the static and dynamic analysis, input parameters, earthquake time-
history records selection and results of the analyses are summarized in the following sections. 

Figure 1. Tailings dam section for Stage 1 and Stage 7. 

2 MATERIAL PROPERTIES 

For the static analyses the dam fill properties were modeled using linear behavior in order to 
simplify the model. The analysis incorporates Mohr-Coulomb failure criterion. Effective stress 
properties were utilized for the analysis.  

The soil and rock fill properties adopted were based on the values obtained from laboratory 
testing, published literature and previous experience with similar materials (Hunter et al. 2003, 
Kulhawy 1998). The parameters adopted for use in the static analysis are given in Table 1. 

Table 1. Material properties for static analysis. 
 

Material 

Density Elastic Properties Mohr Coulomb 

KN/m3 Bulk Modulus Shear Modulus Cohesion Friction 

(MPa) (MPa) (kPa)   angle 

Rockfill 20.0 75.0 34.6 0 Varies(1) 

Alluvial/Moraine fill 21.9 50.0 23.1 0 38 

Foundation-Moraine 23.2 45.5 23.4 0 40 

Tailings 17.3 It was modeled as heavy liquid 
(1) The friction angle is a function of the effective normal stress (Leps 1970).

For dynamic analysis of the Stage 7 dam, the tailings were assumed to fully liquefy and were 
modeled as an applied pressure to the upstream face of the dam. This neglects the shear strength 
of the tailings prior to the onset of liquefaction as well as the nominal post-liquefaction shear 
strength and adds conservatism to the results. This simplifying assumption was made to avoid 
adding an excessive number of elements in the model that would increase computational time.   

As the FLAC model for the Stage 1 configuration was significantly smaller than the Stage 7, 
the liquefied tailings were modeled as elements with a residual post-liquefaction strength to ef-
fective overburden pressure ratio of 0.15 (i.e. Su/p’=0.15). Modeling the tailings in this manner 
also allowed the behavior of the geomembrane liner and geomembrane-alluvium interface to be 
placed in the upstream portion of the tailings dam. 
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The geomembrane was modeled with beam elements, taking into account both behavior of the 
flexible fabric and interaction with the soils right above and below it. By assigning a zero moment 
of inertia to the beam, it acts like a flexible member that provides no moment resistance. Interface 
material properties was modeled to control a sliding along the interface between the geomembrane 
and its adjacent soils. 

3 NUMERICAL MODELING APPROACH 

The static analyses were conducted using the FLAC code primarily to establish the state of stress 
following construction sequences prior to earthquake loading. This was done to determine the pre-
earthquake stress conditions within the embankment.  

The mesh size for the FLAC model was selected to provide accurate seismic wave transmission. 
The model meshes for the Stage 1 and Stage 7 geometries are shown in Figures 2 and 3. The earth-
filled buttress at upstream toe of the dam was assumed to be fully saturated. Based on an assump-
tion was made that the liner system will function effectively and little seepage would occur 
through the body of the dam, indicating the embankment body is in unsaturated conditions.  Alt-
hough groundwater level is on the order of 10 to 20 m deep below the prepared foundation grade 
and the impoundment area will be fully lined with the geomembrane to minimize pond water 
discharge into the foundation, the foundation material was conservatively considered as fully sat-
urated. 

Figure 2. Model mesh – Stage 1. 

Figure 3. Modeled mesh – Stage 7. 
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3.1 Damping 

Dynamic response of earth and rock fill structures is very dependent on an amount of energy 
internally dissipated through the fills during shaking. This mechanism of energy dissipation is 
commonly referred to as "damping". The magnitude of the damping is reflected in, and is propor-
tional to, the “area” enclosed by the stress-strain hysteresis loop for a complete loading-unloading 
cycle, which in turn depends on the fill type, and increases with the level of shear strain. 

There are two basic approaches to model or incorporate damping in dynamic analyses: 1) equiv-
alent viscous damping, and 2) hysteretic damping. A system in which the damping at any instant 
is proportional to the velocity of motion is said to possess viscous damping. This model does not 
produce realistic response of earth structures, nor does it account for the permanent displacement 
due to the inelastic behavior of the material. In a hysteretic damping model, damping is propor-
tional to displacement, but in phase with the velocity. For seismic loading of earth structures, a 
hysteretic model of damping seems to be more realistic. Accordingly, for the current analysis, the 
hysteretic damping approach was adopted by incorporating into FLAC, a hysteretic damping sub-
routine UBCHYST developed at the University of British Columbia (Byrne 2005, Naesgaard & 
Byrne 2011). The UBCHYST is applicable to highly permeable granular soils and non-saturated 
granular soils.  

The UBCHYST subroutine allows for modeling the nonlinear and inelastic stress-strain re-
sponse of soil directly in the dynamic analyses.  This is achieved by treating the material damping 
and tangent modulus as a function of the level of stress and strain reached at each point in the time 
and space, and keeping track of whether the loading or unloading take place. Such response, in-
cluding the phenomenon of “size of stress-strain hysteretic loops vary with strain level”, is very 
similar to that observed at relatively low strain levels (e.g. 0.0001 to 0.01 percent strain) during 
laboratory cyclic loading testing, and a small amount of viscous damping, generally in the range 
of 1 to 2 percent, is added to match the measured response. 

3.2 Shear modulus 

In general, the secant shear modulus is defined in terms of the small-strain amplitude shear mod-
ulus (Gmax) and the variations of normalized shear modulus at any strain level (Gsec/Gmax) with the 
shear strain amplitude. The secant shear modulus decreases as the shear strain amplitudes in-
crease. 

The shear modulus is strongly influenced by three main factors: 1) the confining pressure, 2) 
the strain amplitude, and 3) the void ratio. An empirical, but convenient relationship between the 
shear modulus and the confining pressure for cohesionless soils, as given in Equation 1 (Seed & 
Idriss 1970) below, was used in the dynamic analysis: 

Gmax = 21.7K2,max ∗ Pa ∗ (σm
' )

1/2
(1) 

Where, the mean effective confining stress σm
'  and the maximum Shear Modulus Gmax are in kPa 

(kilo Pascal) unit, and the influence of the void ratio and the strain amplitude is reflected in the 
soil modulus coefficient K2,max. According to Byrne (2005) for loose and dense rock fill, the value 
of K2,max varies from 100 to 160. In the dynamic analysis of the rock fill tailings dam, a K2,max 

value of 140 was adopted for the compacted rock fill. 

3.3 Model calibration 

The hysteretic damping model was calibrated to match the laboratory test data for gravel and rock 
fill using a single element simulation in FLAC. Due to the large diameter of the test specimens 
and expensive laboratory facility required, there are limited investigations of the shear modulus 
and damping ratios presented in the form of the stress-strain loops for coarse gravel and rock fill 
materials.  Hence, an indirect method of model calibration and verification for gravel and rock fill 
materials has been adopted. Stress-strain loops for gravel and rock fill were produced using a 
simple hysteretic total-stress constitutive model (UBCHYST). The hysteretic damping model cal-
culates the tangent shear modulus (Gt) as a function of the peak shear modulus (Gmax) multiplied 
by a reduction factor that is a function of the developed stress ratio and the change in stress ratio 
to reach each failure (Naesgaard & Byrne 2011). 
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It is not practical to compare the rock fill stress-strain loops calculated by FLAC to stress-strain 
loops obtained from laboratory testing due to the laboratory limitations in testing a rock fill ma-
terial including large rock fragments. In order to calibrate the model Gsec/Gmax and damping, cal-
culations from the stress-strain loops were compared to curves commonly used for either equiva-
lent viscous damping or equivalent linear approach published in the technical literature.  

 A summary of the hysteretic damping model calibration and the published data for rock fill 
and gravelly soils are shown in Figures 4 and 5. The model was run for the cases where the tangent 
shear modulus is calculated with exponents of both 2 and 3. 

The predicted hysteretic model modulus degradation curves provide a reasonable fit to the pub-
lished modulus data as an exponent of 2 is employed.  Damping calculated using the hysteretic 
model does not provide a good match to the published damping versus shear strain curves for 
coarse alluvial soils from laboratory testing and the curves suggested for rockfill (Gazetas 1992). 
However, the calculated damping appears to provide a favorable match to the damping values 
back-calculated from actual measurements of rockfill embankment response during earthquakes 
(Iwashita et. al. 1995). 

Figure 4. Gsec/Gmax modulus reduction vs. cyclic shear strain curves. 

Figure 5. Damping vs. cyclic shear strain curves. 
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3.4 Earthquake ground motion 

The controlling MCE for the dynamic analysis was assumed to be a large magnitude megathrust 
event (Mw 9.5) resulting in 0.25 g peak horizontal ground acceleration. 

For the dynamic analysis a suite of three or more earthquake time-histories that correspond to 
the design earthquake are required as the input ground motion. For the reason, these records 
should be selected on the basis of the duration of the event, tectonic setting (subduction zone 
thrust faulting versus shallow crustal faults), source-to-site distance, frequency content, and local 
site conditions. In general, a suite of earthquake time-histories selected on the above-mentioned 
basis are used to impart some sort of randomness to the input ground motion and avoid potential 
bias in the results due particularly to any one of those time-histories. 

A total of five earthquake time-histories were selected, modified in the frequency domain to 
obtain a better fit to the spectra design, and applied to the model as the seismic loads for the 
dynamic response analyses of the dam.  

4 RESULTS AND FINDINGS 

4.1 Dam Stage 7 

The displacement experienced in the horizontal and vertical directions as well as the peak accel-
eration generated at several points within the model were measured for each trial performed. The 
upstream crest, mid-crest and downstream crest of the dam were monitored throughout all the 
trials for the displacement under the seismic loading conditions. The results of each trial are sum-
marized in Table 2. 

Table 2. Embankment seismic response. 
__________________________________________________________________________________________________________ 

u/s-Crest Dis- Mid-Crest Dis- d/s-Crest Dis- 
 Peak Accel. (g) placement (m) placement (m) placement (m) 

Mid-height Mid-   X    Y   X   Y   X   Y 
Earthquake Station Comp      Dam Crest Disp Disp Disp Disp Disp Disp 
__________________________________________________________________________________________________________ 

Ocoña (Peru) Moquegua  EW 0.42 1.10 1.80 0.72 2.20 0.75 3.82 2.09 
06/23/01   NS 0.44 1.07 2.30 0.49 2.56 0.68 3.60 1.58 

Lima Parque 
10/03/74 Res.  EW 0.49 0.97 1.30 0.62 1.80 0.70 2.90 1.68 

Valp. (Chile) Papudo  140 0.40 1.05 0.62 0.40 0.87 0.37 2.40 1.76 
03/03/85 Pichilemu  EW 0.55 1.09 2.02 0.34 2.20 0.47 3.08 1.29 

Average 0.46 1.06 1.61 0.51 1.93 0.59 3.16 1.68 
Minimum 0.40 0.97 0.62 0.34 0.87 0.37 2.40 1.29 
Maximum 0.55 1.10 2.30 0.72 2.56 0.75 3.82 2.09 
__________________________________________________________________________________________________________ 

d/s – downstream u/s – upstream 

For the five earthquake time-history records considered in this study, the maximum vertical 
displacements at the upstream edge, mid crest and downstream edge of the dam crest are approx-
imately 0.72 m, 0.75 m and 2.09 m, respectively. Based on the empirical approach for estimating 
earthquake induced settlements developed by Swaisgood (2003), the vertical displacement for the 
tailings dam was estimated to be approximately 0.60 m after the earthquake event. This is con-
sistent with the vertical displacement at upstream edge of the dam crest calculated by FLAC where 
the value is 0.72 m. The dam has sufficient freeboard (1 m) to avoid loss of containment although 
slight damage to the structure would be induced. As the free water pool within the tailings im-
poundment will be maintained a minimum distance of 500 m from the dam at all times with tail-
ings beach developed between the dam and water pool, no releases would occur for the level of 
deformations indicated by the FLAC model.  
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Figures 6a and 6b depict the pattern of deformation. These figures depict the results for the 
modified Moquegua EW time-history which has the highest energy content and largest displace-
ments. The dynamic response for the other seismic records exhibit a similar pattern. 

These results demonstrate that the Stage 7 tailings dam is stable at the seismic loading consid-
ered for the megathrust subduction zone interplate MCE of Mw = 9.5. Permanent displacements 
of the dam crest are consistent with empirical data and there are no failures compromising the 
global dam stability. 

(a)  (b) 

Figures 6. (a) Horizontal displacements – Moq. EW. (b) Vertical displacements – Moq. EW. 

4.2 Dam Stage 1 

Although the Stage 1 tailings dam will have a very short exposure period prior to construction of 
the next stage (less than 24 months), the dynamic analysis for this stage was performed consider-
ing the MCE seismic loading as well. Since the modified Moquegua EW record has the highest 
energy content and resulted in the largest displacements for the Stage 7 dam, this time-history was 
used for the dynamic analysis of the tailings dam Stage 1.  This analysis was conducted to assess 
relative displacements along the geomembrane liner interface, and axial tensile force in the          
geomembrane. 

Four (4) different scenarios for upstream tailings loading conditions were analyzed, as shown 
in Figure 7, to determinate a case to produce the largest relative displacements along the liner 
interface. The tailings were considered to be saturated and fully liquefy under the earthquake 
loading. The tailings were modeled with an undrained residual strength throughout the FLAC runs 
at an attempt to conservatively model the tailings as being liquefied at the onset of the earthquake 
rather than at some point during the shaking.  

Figure 7. Displacement monitoring point locations & upstream tailings levels considered. 
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Structural beam elements were used to model the geomembrane. The beam elements drastically 
affect the time step of the model during the dynamic calculation. Hence, these beam elements 
were not considered initially to determine critical upstream tailing loading and only interface 
properties representing frictional behavior between the geomembrane and adjacent soils were 
used. For the critical upstream tailings loading condition only, the beam elements (geomembrane) 
were fully incorporated to evaluate integrity of the liner following the earthquake. This critical 
loading condition will exist for only a very short period of time until more tailings are deposited.  
This will be able to significantly reduce the risk for occurrence of the conditions considered.  

The seismic dam response for the four (4) scenarios for upstream tailings level are shown in 
Table 3. 

Table 3. Relative displacements along the liner interface (m). 
__________________________________________________________________________________________________________ 

Interface-Upper (Zone A) Interface-Middle (Zone B) Interface-mid- Interface-Left- 
Relative Relative Bottom (Zone C) Bottom (Zone D) 

Upstream Interface Interface  
Loads X Disp Y Disp Displac. X Disp Y Disp Displac. X Disp Y Disp X Disp Y Disp 
__________________________________________________________________________________________________________ 

H 0.25 0.12 0.28 0.61 0.31 0.68 0.09 0.01 0.31 0.05 
H/2 0.56 0.29 0.63 0.77 0.39 0.86 0.36 0.01 0.75 0.05 
H/4 0.40 0.19 0.44 0.56 0.28 0.63 0.34 0.01 1.35 0.02 
No tailings 0.40 0.20 0.45 0.59 0.28 0.65 0.11 0.02 1.31 0.01 
__________________________________________________________________________________________________________ 

Note: See Figure 7 for monitoring relative displacements zones location. 

The maximum relative displacement in the inclined liner interface is 0.86 m and occurs around 
zone B (see Fig. 7) as the tailings level is at the mid-height of the alluvial buttress fill (H/2). The 
upstream tailings loading at mid height of the alluvial fill is also the most critical upstream loading 
scenario (as shown in Table 3) due mainly to saturation of the lower half of the alluvial fill by the 
tailings. This scenario exhibits the largest displacement for the overall alluvial fill buttress, where 
the edge of the alluvial buttress crest (Point 4) is displaced 1.07 m horizontally and 0.40 m verti-
cally. As previously noted, these results assume that the tailings would liquefy at the onset of the 
earthquake where in reality liquefaction would not be triggered until sometime later during the 
earthquake ground motion and the displacements would be less. 

The FLAC model results indicate a local large relative displacement around Zone D which 
ranges from 1.31 to 1.35 m when very low tailings height (H/4) and no tailings are applied at the 
upstream slope, respectively. These scenarios are not considered critical since the displacements 
happen locally with very low normal stress.   

Once the critical upstream tailings loading was identified, the model was run considering the 
geomembrane as structural beam elements and the interface with the soils above and below the 
geomembrane. The resulting seismic response of the dam is summarized in Table 4. The maxi-
mum relative displacement between the alluvial fill and the rockfill dam is 0.89 m located at the 
mid-height of the inclined interface (Zone B). 

The axial force in the geomembrane and the shear stress were monitored during the seismic 
loading. A typical force distribution in the inclined liner is shown in Figure 8, where the tensile 
force occurs in the upper zone (Zone A). The maximum tensile axial force in the geomembrane 
was 6.5 N/mm which is 31 percent of the tensile break strength (21 N/mm) specified for the 
geomembrane. 

Table 4. Relative displacements along the liner interface (m) for tailings at mid-height. 
__________________________________________________________________________________________________________ 

Interface-Upper (Zone A) Interface-Middle (Zone B) Interface-mid- Interface-Left- 
Relative Relative Bottom (Zone C) Bottom (Zone D) 

Upstream Interface Interface  
Loads X Disp Y Disp Displac. X Disp Y Disp Displac. X Disp Y Disp X Disp Y Disp 
__________________________________________________________________________________________________________ 

Tailings Mid- 
Height (H/2) 0.60 0.33 0.68 0.80 0.40 0.89 0.55 0.03 0.42 0.00 
__________________________________________________________________________________________________________ 

Note: See Figure 7 for monitoring relative displacements zones location. 
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Figure 8. Axial force in the geomembrane. 

5 CONCLUSIONS 

In order to assess the potential effects of strong earthquake on the tailings dam a nonlinear analysis 
procedures were employed to model the pattern of permanent inelastic deformation resulting from 
high levels of ground motion. The analyses adopted the earthquake loading conditions for the 
design MCE with the largest peak ground acceleration as well as the MCE with the highest energy 
content, longest duration and damage potential.   

The results demonstrate that the Stage 7 tailings dam will be stable at the seismic loading con-
sidered for the megathrust subduction zone interplate MCE of Mw = 9.5 earthquake directly be-
neath the tailings dam site. Permanent displacements of the dam crest are consistent with empirical 
data and there are no failures compromising the global dam stability. However, the level of de-
formation indicates that some cracking and slumping at the edge of the embankment crest could 
occur but that designed freeboard would remain adequate in preventing uncontrolled release of 
tailings or water from within the impoundment. These results are consistent with ICOLD guide-
lines (Wieland 2005) which indicate that “significant structural damage is accepted” for MCE 
ground motions although no uncontrolled release form the reservoir shall occur.   

Additionally, the geomembrane installed on the upstream slope of the Stage 1 dam and ex-
tended into the impoundment will be sustainable to the design earthquake without damage. The 
maximum tensile axial force generated within the geomembrane occurred in the upper zone due 
to the relative displacement between the geomembrane and alluvial buttress/ tailings and was es-
timated to be approximately 31% of the allowed tensile break strength specified for the geomem-
brane.  
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1 INTRODUCTION 

The centerline construction method has become an attractive alternative for dam designers in the 
mining industry since it allows optimization of available storage while minimizing the volume of 
dam material. In seismically active areas of the world the dam design is often governed by earth-
quake loading. Detailed dynamic numerical analyses to assess the effects of earthquake loading 
on dams are difficult and time consuming, so designers typically rely on simplified design meth-
ods because simplified analysis methods are comparatively straightforward and cost effective to 
implement. These methods are acceptable for a wide range sites, but as design dam heights and 
slopes become more aggressive there is need for reliable detailed dynamic analyses to justify taller 
and steeper dams. Dynamic numerical modeling techniques have become more accessible to prac-
ticing geotechnical engineers as computing power increases, as has access to current seismologic 
data and modern ground motion prediction tools to develop input ground motions for dynamic 
analyses.   

The main purpose of this article is to demonstrate the difference between dam displacements 
determined using simplified and detailed dynamic analyses. Permanent seismic displacements ob-
tained from simplified methods that are common in engineering practice are estimated for a 230 
m high centerline tailings dam located in Peru. These displacements are compared with seismic 
displacements directly computed using dynamic analyses. The dynamic analyses were conducted 
using FLAC (Itasca 2011), and comprise material characterization for static and dynamic condi-
tions, development of design acceleration response spectra, ground motion selection criteria, spec-
tral matching of input time histories, and both static and dynamic analyses. Comparison of sim-
plified and numerical results provides valuable insight to the limitations of simplified analyses 
and benefits of detailed analyses for seismic design of centerline tailings dams. 

Comparison of simplified and detailed analyses for assessment of 
dynamic displacement of a centerline tailings dam  

A.R. Pretell Ductram 
Golder Associates, Denver, CO, USA 

J.N. Dismuke 
Golder Associates, Christchurch, New Zealand 

ABSTRACT: Tailings dam failure is one of the most catastrophic events in geotechnical engi-
neering due to the environmental and economic impact a failure could cause, as well as the po-
tential for loss of human life. Centerline tailings dams are increasing in popularity because they 
are efficient and allow maximum storage capacity with a minimum volume of dam material. De-
spite these advantages, centerline tailings dams require sophisticated design analyses in order to 
minimize the probability of dam failure occurrence. This article presents static and dynamic anal-
yses of a centerline tailings dam located in the Peruvian Andes, in an area with challenging topo-
graphic and seismic conditions that are typical of many of the existing and proposed dams in 
South America. Static deformation analyses are presented and discussed in this paper, and per-
manent displacements obtained from dynamic analysis are compared with displacements deter-
mined using several different simplified methods. 
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2 LOCATION AND CENTERLINE TAILINGS DAM DESCRIPTION 

The centerline tailings dam used for the analyses (the dam) discussed in this paper is located in 
the middle of the Peruvian highlands in a deep valley surrounded by the Andes, which is the 
typical location of most mining projects not only in Peru, but also in South America. 

The dam is 230 m in height, and thought to be built in 10 stages. Both upstream and downstream 
slopes are equal to 1.6H:1.0V. The dam is mainly composed of rockfill, but core, filter and tran-
sition materials are also included in a minor extension. The core consists of till material (gravelly 
clay, GC), with a minimum plasticity index (PI) of 10. The filter and transition are composed of 
coarse sand and sandy gravel materials respectively. The dam also includes an upstream geomem-
brane to prevent contact water from getting into the dam body.  

Stages 1 and 2 of dam construction were built as a downstream dam, with average height of 
130 m; here core, filter and transition are placed at the upstream slope. Stages 3 to 11 were built 
following centerline construction method; in this case the crest of every stage is composed by a 
sequence of rockfill, upstream filter, core, downstream filter, transition a rockfill from upstream 
to downstream. 

3 NUMERICAL MODEL 

The dam was modeled using FLAC (Fast Lagrangian Analysis of Continua) code, which allows 
users to solve stress-strain geotechnical issues considering a finite differences method. The Model 
is composed of 157,600 zones strategically spread to properly model areas of interest, i.e. the 
centerline core. The dimensions of the model and zones satisfy seismic wave transmission re-
quirements according to Kulhemeyer & Lysmer (1973) recommendations, which state that maxi-
mum zone dimension should be less than one tenth of the maximum shear wave length for a given 
material. Figure 1 presents FLAC dam model. 

 

 
Figure 1. Centerline tailings dam model. 

 

4 STATIC ANALYSIS 

A static analysis was performed in order to verify dam deformations observed during construction. 
Dam construction was simulated for every 10 m of the massive rockfill zone and every 1 m for 
the last 15 m before the crest is reached for all stages. The tailings elevation was kept 5 m under 
the crest. Horizontal and vertical initial stresses were taken into account to simulate stresses trans-
mitted by compaction equipment. 

The upstream geomembrane is assumed to behave correctly during construction, so no seepage 
into the dam body is taken into account for the analysis and hydrostatic pore pressure distribution 
is assumed for the tailings deposit. 
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4.1 Material properties 

Foundation, dam materials and tailings properties are based on Golder field and lab geotechnical 
investigations as well as published technical literature. The Mohr-Coulomb plastic model was 
considered for tailings and dam materials, but an elastic model was used for bedrock.  

Bedrock elastic parameters were obtained from geophysics tests comprising multichannel anal-
ysis of surface waves (MASW) and cross-hole wave velocity measurements. Dam materials were 
characterized based on large scale triaxial tests performed by Golder. Thus, elastic parameters 
take into account particle crushing and interlocking, which has great impact on deformation re-
sults during construction. 

Tailings parameters were estimated considering three different conditions variable with depth: 
tailings recently disposed, during consolidation and normally consolidated. They were character-
ized based on cone penetration tests (CPTs) carried out by Golder. Table 1 presents properties 
considered for the analysis at a reference confining pressure of 2000 kPa. 

Table 1. Material properties for static analysis. 

Material 
Density 
(kg/m3) 

Bulk Modulus 
     (MPa) 

Shear Modulus 
       (MPa) 

Cohesion 
 (kPa) 

Friction angle 
        (°) 

Rockfill 2100 18 12 0 37.5 

Core 1950 150 70 10 37.5 

Filter 1900 180 70 0 37.5 

Transition 1900 180 85 0 37.5 

Tailings 1900 60 21 0 34.0 

4.2 Construction displacements 

Figures 2 and 3 respectively show horizontal and vertical displacement distributions due to the 
construction process. Horizontal and vertical displacements reach 4.5 m and 7.0 m in the middle 
of the dam, where centerline construction takes place, and both tailings and rockfill are in contact. 
Horizontal and vertical displacements in the centerline dam zone show considerably uniform dis-
tributions, which suggest low levels of differential displacements. Furthermore, in both horizontal 
and vertical cases, bedrock presence has a relevant and notorious influence on displacements. 

Rockfill crushing and interlocking is well reflected in these results, which are important be-
cause they affect volume estimation during planning. Construction schedule and associated costs 
should include crushing and interlocking when dealing with rockfill dams. 

Figure 2. Horizontal displacement distribution. 
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Figure 3. Vertical displacement distribution. 

5 DYNAMIC ANALYSIS 

The main purpose of this study is to evaluate permanent horizontal and vertical displacements 
after earthquake shaking, especially at the dam crest. This was done using a dynamic analysis by 
inputting an earthquake acceleration time history at the base of the FLAC model described above. 

5.1 Site seismic conditions 

Peru is one of several countries highly affected by earthquakes since it is located in the Pacific 
Ring of Fire. Peruvian seismic activity is dominated by the convergent plate boundary between 
the South America Plate at the east and Nazca Plate at the west of the coastline and beneath Peru, 
where more than 18 earthquakes higher than 7.5 M have been recorded since 1900 (Bilek 2009).  
Intraslab events are considered to dominate the seismic activity of the dam location as they do in 
most of the Peruvian Andes. 

5.1.1 Design acceleration response spectrum definition 
The National Service of Training for Industry and Construction (SENCICO from its Spanish ini-
tials) implemented a seismic hazard service for Peruvian territory, which provides geotechnical 
engineers with uniform hazard spectra (UHS) by entering coordinates of the site of interest into 
their web based application. UHS obtained from this service are based on a seismic catalogue 
updated to October 2013 for bedrock, or a soil profile Class B in the International Building Code 
(ASCE 2005). Seismic hazard information is expressed in terms of annual exceedance probability, 
and spectral acceleration is given for a range of periods from peak ground acceleration (PGA) at 
0s to 3.0 s with critical damping ratio between 2% and 10%. Figure 4 shows the ground motion 
hazard curves (probability of exceedance curves) obtained for the dam determined using 
SENCICO’s tool, and Figure 5 shows the UHS for the 2475 year return period (2% probability of 
exceedance in 50 years). 

5.1.2 Seed ground motion record selection 
Ground motions for input into the dynamic model are developed by matching observed ground 
motion to the design UHS. The first step in this process is to select seed ground motion records. 
Ground motion record selection is a task that should be done carefully because it has an important 
effect on the dynamic analysis results.  

There are several parameters to be considered by engineers when records are selected, i.e. earth-
quake source, where distinction should be made not only between crustal and subduction sources, 
but also intraslab and interface (Bommer & Acevedo 2004), distance and magnitude (Steward et 
al. 2001), duration (Bommer & Acevedo 2004), Arias intensity (Hancock et al. 2006), spectral 
shape, site classification, etc. Typically, the ground motion hazard is assessed using a process 
called deaggregation to determine earthquake rupture scenarios that control the hazard for a spe-
cific site, that is, to determine target parameters to aid in ground motion record selection. Using 
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deaggregation many of the parameters discussed in this section may be obtained, but for brevity, 
discussion of the deaggregation for the dam site is not included in this paper. 

Ground motion records to perform the spectral matching (shown in Table 2) have been col-
lected from various institutions including PEER, COSMOS, REDACIS and RENADIC. 

Table 2. Candidate events for dynamic analysis. 
__________________________________________________________________________________________________________ 

Event Name Date Magnitude Failure Mechanism Country Station 
__________________________________________________________________________________________________________ 

Peru Coast 31 May 1970 8.0 Subduction Intraslab Peru Parque de la Reserva 
Lima 3 October 1974 8.1 Subduction Interface Peru Parque de la Reserva 
Valparaiso 3 May 1985 7.9 Subduction Interface Chile Llolleo 
Punitaqui 15 October 1997 7.1 Subduction Intraslab Chile Illapel 
Iquique 13 June 2005 7.9 Subduction Intraslab Chile Idiem 

__________________________________________________________________________________________________________ 

Figure 4. Ground motion hazard curves for various periods. 

Figure 5. Target, original and matched acceleration response spectra used in dynamic analysis. 
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5.1.3 Spectral matching 
Once a seed ground motion is selected, it may need to be modified to fit the site specific seismic 
hazard. There are several methodologies to generate time series for dynamic analysis of structures, 
one of the most used and recommended is time domain spectral matching where a seed time his-
tory is modified to have a response spectra that matches closely with the design UHS. The main 
attribute of this method is the preservation of the non-stationary behavior of the original ground 
motion (Hancock et al. 2006, Takhirov et al. 2004). 

The spectral matching process for this study was performed using the software SeismoMatch 
(SeismoSoft, 2013), which uses a wavelet algorithm proposed by Abrahamson (1992) and Han-
cock et al. (2006). SeismoMatch performs time-domain spectral matching by adding wavelets to 
reduce the difference between input and target spectra. 

It is typically recommended to select a suite of three records for spectrally matching for dy-
namic analysis of dams as a minimum to assess the variability in time histories and compensate 
for peaks and valleys present in different spectra relative to the target (NIST 2011). For practical 
purposes, this article discusses dynamic analysis using a single matched record from the Iquique 
Earthquake in 2005. Figure 5 shows the UHS target spectrum, and both the original and matched 
spectra, while the original and matched time-histories of acceleration are presented in Figure 6. 

Figure 6. Matched time-history of acceleration used in dynamic analysis. 

5.2 Material properties for dynamic analysis 

Over the last four decades, several authors have demonstrated that small strain (dynamic) soil 
stiffness is sensitive to several parameters, i.e. shear strain, void ratio, confining pressure, PI, 
overconsolidation ratio (OCR) and number of loading cycles (Kramer 1996). In dynamic analyses 
the dynamic soil stiffness is modeled as nonlinear shear modulus reduction and damping ratio 
curves, which were introduced to geotechnical engineering when dealing with equivalent linear 
soil response analysis (Seed & Idriss 1970); however, since that time their use has spread exten-
sively until today, and they are used even in nonlinear analysis. 

Dynamic properties comprising small strain shear stiffness, Gmax, and shear modulus reduction 
and damping ratio curves were selected using several references: Rollins et al. (1998) was con-
sidered for rockfill and transition materials, Vucetic & Dobry (1991) for the core with PI of 10, 
and Seed & Idriss (1984) was chosen for the filter material. Figure 7 shows the dynamic properties 
curves for dam materials. Dynamic properties selection is a task that should be done judiciously 
because the difference between design references could have a great impact on the results (Pretell 
et al. 2012). 

Maximum elastic properties of rockfill were estimated based on shear wave velocity measure-
ments, and Gmax and bulk modulus values vary with depth. Likewise tailings properties were ob-
tained from CPT tests results and advanced laboratory tests. 
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On the other hand, core, filter and transition elastic properties were considered to vary with 
mean confining pressure according to Equation 1, proposed by Seed et al. (1970, 1984). 

𝐺𝑚𝑎𝑥 = 21.7 𝐾2 𝑃𝑎 (
𝜎𝑜

′

𝑃𝑎
)

0,5

 (1)

where Gmax = maximum shear modulus (kPa); K2 = modulus coefficient; Pa = atmospheric pressure 
(kPa); and ’o = mean confining pressure (kPa). The K2 parameter was taken from technical liter-
ature (Vrymoed 1981). Table 3 presents Poisson ratio and Gmax for each material at 2000 kPa 
confining pressure. 

Figure 7. Comparison of dynamic properties for dam materials. 

Table 3. Material properties for dynamic analysis. 
__________________________________________________________________________________________________________ 

Material K2 Poisson Ratio () Gmax (MPa) 
__________________________________________________________________________________________________________ 

Rockfill - 0.25 1750 
Core 80 0.30 650 
Filter 70 0.33 625 
Transition 90 0.30 675 
Tailings - 0.13 160 

__________________________________________________________________________________________________________ 

5.3 Seismic response 

The dynamic model was run for the selected input time history. The computed response spectra 
of the ground at a free-field location, i.e., the top of the bedrock downstream of the dam in the 
model is compared with the response spectra of the input ground motion in Figure 8. As expected, 
the relatively stiff bedrock amplified the ground motion at short periods. The comparison between 
these spectra verifies that input ground motion into the dam is represented correctly, as well as 
verifies the absence of model boundaries influence on the analysis. In addition, Figure 8 presents 
the acceleration response spectrum at the crest (core). Spectral accelerations at the crest for long 
periods have been amplified compared to the input motion, while shorter periods have been         
deamplified. 
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Figure 8. Comparison of input, free-field and crest acceleration response spectra. 

5.4 Dynamic displacements 

The model computed maximum horizontal displacement at the dam crest of 3.7 m and maximum 
vertical deformation of 2.0 m as shown in Figures 9 and 10. Maximum displacements are located 
at the downstream slope near the dam crest. These predicted displacements are considered ac-
ceptable since the dam configuration after shaking is stable and freeboard has not suffered a loss 
that compromises dam function. 

The upstream filter, core, downstream filter and transition sequence experienced a range of 
horizontal displacements between 1.2 to 2.0 m in the crest and up to 1.0 m of vertical displace-
ment. These displacements are considered to be acceptable as it is not expected that they could 
affect continuity of core materials, which have an original width of 4 m. 

Figure 9. Horizontal crest permanent displacements. 
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Figure 10. Vertical crest permanent displacements. 

5.5 Permanent deformation from simplified procedures 

Four simplified procedures to estimate permanent displacements are usually considered when 
dealing with dam crest or slope deformations: Makdisi & Seed (1978), Jibson (2007), Bray & 
Travasarou (2007) and Swaisgood (2013). These approaches are briefly described and used to 
estimate displacement for the centerline tailings dam previously discussed in order to validate 
their application to this specific dam. 

5.5.1 Makdisi & Seed (1978) 
This simplified methodology can be considered as the most widely used decoupled analysis, i.e. 
the seismic response of the dam is determined separately from the deformation of the dam. Despite 
its rational approach and longevity in practice, this method and its suggested procedure of esti-
mating dam crest acceleration is outdated, yet it provides a good comparison for this study. 
Makdisi & Seed’s procedure to estimate permanent displacements was developed using 3 records 
from 2 different events and one synthetic accelerogram (M = 8.25). Although magnitude measure 
was not specified by the authors, equivalent moment magnitudes correspond to 6.6 and 7.7 (PEER, 
2005).A spreadsheet to estimate permanent deformation using Makdisi & Seed formulation was 
developed by the authors and used in this estimation. 

5.5.2 Jibson (2007) 
Jibson, in 1993, proposed a formulation to estimate seismic displacements based on Newmark’s 
sliding block. This proposal was revised in 1998, 2000 and updated in 2007 as a larger ground 
motion database was available. A total of 2270 records from 30 different events with magnitudes 
between 5.3 and 7.6 were used to develop three equations to determine displacements as a function 
of three parameters: (1) critical acceleration (ac), (2) peak ground acceleration (amax) and (3) mo-
ment magnitude (M). Equation 2 shows the equation proposed by Jibson that relates these param-
eters. 

𝑙𝑜𝑔(𝐷) = −2.71 log ((1 −
𝑎𝑐

𝑎𝑚𝑎𝑥
⁄ )

2.335
(

𝑎𝑐
𝑎𝑚𝑎𝑥

⁄ )
−1.478

) + 0.424 𝑀 ± 0.454  (2) 

where D = permanent displacement (cm) 

5.5.3 Bray & Travasarou (2007) 
A semi-empirical relationship was proposed by Bray & Travasarou based on a fully coupled stick-
slip sliding block model to simulate dynamic behavior of dams. This method predicts deviatoric 
slope displacements (i.e. shear).  This method was developed considering a suite of input ground 
motions from 41 shallow crustal earthquakes with magnitudes between 5.5 and 7.6 and compris-
ing 688 time histories recorded at distances of less than 100 km.  
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This proposal considers two parameters: (1) Slope’s yield coefficient (ky), and initial funda-
mental period (TS) as representation of the dynamic strength and stiffness respectively. Equation 
3 shows the predictive equation for estimating potential seismic displacements for earth and waste 
structures. Additionally, Equation 4 presents a simplified formulation to calculate fundamental 
period for triangular-shaped sliding mass. 

𝑙𝑛(𝐷) = −1.10 − 2.83 𝑙𝑛(𝑘𝑦) − 0.333 (𝑙𝑛(𝑘𝑦))
2

+ 0.566 𝑙𝑛(𝑘𝑦) 𝑙𝑛(𝑆𝑎(1.5𝑇𝑠)) +

3.04  𝑙𝑛(𝑆𝑎(1.5𝑇𝑠)) − 0.244 (𝑙𝑛(𝑆𝑎(1.5𝑇𝑠)))
2

+ 1.5𝑇𝑠 + 0.278(𝑀 − 7)
(3) 

𝑇𝑠 =
2.6H

Vs
(4) 

where D = permanent displacement (cm); ky = yield acceleration coefficient; TS = fundamental 
period (s), H = dam height (m), VS = shear wave velocity through the dam (m/s); Sa(1.5 TS) = 
spectral acceleration of the ground at a period equal to 1.5 times fundamental period (g). 

5.5.4 Swaisgood (2013) 
Swaisgood statistically analyzed historical cases of dam deformation between 1990 and 2003 to 
relate crest settlements with peak ground acceleration (PGA) and earthquake magnitude (M). This 
formulation was updated in 2003 based on a database of eighty two (82) earthquakes with mag-
nitudes between 5.3 and 9.0. These relations developed by regression analyses are shown in Equa-
tions 5 and 6: 

% Settlement = e(5.70 PGA+0.47 M−7.22)  (5) 

% Settlement =
Settlement

Dam height+Thickness of the foundation
x100  (6) 

where PGA = Peak ground acceleration (g); and M = Seismic moment magnitude. 

5.6 Comparison of simplified deformation analyses 

Table 4 shows the four main parameters involved in simplified displacement estimation. Dam 
height corresponds to the dam design considered by the authors for the present article; earthquake 
magnitude was obtained from deaggregation information for the area of study. Yield acceleration 
coefficient and sliding mass height were obtained from limit equilibrium pseudostatic analysis 
performed using Slide version 6.036 (Rocscience Inc. 2015) considering the method suggested by 
Spencer for force and moment equilibrium. It is important to mention that failure surface is along 
the downstream rockfill material. Finally, Arias Intensity of the input motion was calculated using 
SeismoSignal (SeismoSoft 2004). Table 5 presents the estimated permanent displacements. 

Figure 11 plots the variation of the horizontal and vertical displacements obtained from the 
dynamic analysis described in the article for the crest and downstream slope, against the perma-
nent displacements estimated from simplified methods. Horizontal and vertical displacements 
considered for the crest correspond to the downstream extreme area of crest, while slope displace-
ments represent the upper third area of the downstream slope. 

Table 4. Parameters used in simplified permanent displacement estimation. 
__________________________________________________________________________________________________________ 

Parameter Value Methodology 
__________________________________________________________________________________________________________ 

Dam height 230 m (a) and (d)
Earthquake magnitude 8.25 (a), (c) and (d)
Yield acceleration coefficient 0.17 g (a), (b), (c) and (d)
Peak ground acceleration 0.66 g (b) and (d) 

__________________________________________________________________________________________________________ 

(a) Makdisi & Seed (1978)
(b) Jibson (2007)
(c) Bray & Travasarou (2007)
(d) Swaisgood (2013)
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Table 5. Summary of simplified permanent displacement. 
__________________________________________________________________________________________________________ 

Methodology Permanent Displacement (cm) Note 
__________________________________________________________________________________________________________ 

Makdisi & Seed (1978) 20 (deviatoric) Average y/h vs. kmax/amax bound 
Jibson (2007) 25 (deviatoric) Mean value 
Bray & Travasarou (2007) 65 (deviatoric) Mean value 
Swaisgood (2013) 350 (settlement) Mean value 
__________________________________________________________________________________________________________ 

Figure 11. Comparison between permanent displacements obtained from simplified procedures and the dy-
namic analysis discussed herein. 

6 CONCLUSIONS 

This paper presents static and dynamic analyses to estimate permanent slope deformation of a 
centerline tailings dam. For a large dam, such as the 230 m tall centerline dam considered in this 
study, numerical analyses indicated significantly different permanent displacement compared to 
assessments made with simplified analysis methods typically adopted in engineering practice.  

The three simplified procedures proposed by Makdisi & Seed, Jibson and Bray & Travasarou, 
respectively, were developed to estimate shear induced displacements, but no volumetric displace-
ment is included in these methods. These predicted deviatoric displacements are generally con-
sistent between simplified methods, but they are an order of magnitude less than the total crest 
displacement computed in the dynamic model. 

Swaisgood’s empirical equation estimates the amount of crest settlement. The crest settlement 
prediction, which inherently includes volumetric displacements, is reasonably consistent with the 
total crest displacement computed in the dynamic model. 

A key point highlighted in this study is that volumetric displacements may be significant and 
should be considered in design. That is, screening level analysis aimed at predicting deviatoric 
displacements (e.g. Makdisi & Seed, Jibson and Bray & Travasarou methods) should be supple-
mented with assessment of volumetric displacements, such us as using Swaisgood (2013) or esti-
mated with Tokimatsu & Seed (1987). 

The various simplified procedures were developed from data that does not match well with the 
conditions considered for the dam, i.e. centerline dam 230 m height, steep slopes (1.6 H : 1.0 V), 
subduction failure mechanism as earthquake source, 8.25 earthquake magnitude, etc. However, 
these methods are regularly adopted in engineering practice as screening-level and sometimes 
design-level calculations.  
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Dynamic analyses require a much greater level of care to conduct compared with simplified 
analyses, including a detailed understanding of seismic hazard for a site, but offer a more accurate 
understanding of seismic behavior. Simplified analyses are appropriate for screening-level assess-
ments for assessing dam displacements, but detailed design decisions should be based on more 
advanced analyses, especially when the dam and seismic setting push on boundaries of applica-
bility for simplified methods. 
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1 INTRODUCTION 

This study is related to the transportation improvements in California’s Silicon Valley Regional 
Transit (SVRT) corridor from the City of Fremont, through the cities of Milpitas, San Jose, and 
Santa Clara. These improvements include a planned 16-mile, six-station extension of the existing 
San Francisco Bay Area Rapid Transit District (BART) system into Silicon Valley. BART Silicon 
Valley will be constructed in phases with the Berryessa extension (SVBX) as the first phase.  

The SVBX project consists of the design, construction, and future operation of an approximate 
10-mile extension of the BART system into Santa Clara County. It will connect to the track south
of the planned BART Warm Springs Station in Southern Fremont (opening in late 2015) and
proceed in the former Union Pacific Railroad corridor through Milpitas to the Berryessa District
of San Jose. The alignment is a combination of at-grade, open cut, cut-and-cover tunnel, and aerial
guideway configurations.

The 800-foot-long cut-and-cover tunnel is the focus of this study. After completion, the tunnel 
will provide BART an underground crossing beneath the intersection of Sierra Road and Lundy 
Avenue in busy southwest San Jose. The roof of the Sierra/Lundy Tunnel is about 16 feet below 
grade, with three ventilation chimneys along the tunnel. The details of the tunnel with chimneys 
are shown in Figure 1.  

During seismic shaking, seismic shear waves will be transmitted up through the soil surround-
ing the proposed tunnel. This will cause racking of the tunnel structure. The magnitude of racking 
will be a function of the strength of the shear waves and the stiffness of the site soils, as well as 
various properties of the tunnel such as stiffness, depth, height, and width. Where these properties 
vary along the length of the tunnel, the racking will vary as well, resulting in complex three-
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dimensional effects that could locally increase stresses on the structure. Specifically, the current 
study (1) evaluated the racking of the tunnel near or away from the chimneys, and how the local 
three-dimensional effects near the chimneys affect racking, (2) calculated the shear stress and 
bending moments at selected locations and (3) provided the racking and stress components to the 
structural engineers for use in the tunnel design.  

 

 
Figure 1. Sierra Lundy Tunnel general plans. 

2 NUMERICAL SIMULATION 

The finite difference commercial software FLAC3D (Itasca 2012) and the two-dimensional FLAC 
(Itasca 2011) were used to conduct the numerical analyses. The bounding surface plasticity con-
stitutive model (Wang 1990, Wang et al. 2002) was compiled into a dynamic link library via the 
C++ User Defined Model of FLAC and FLAC3D. This approach greatly speeds the analysis, sim-
ilar to using a FLAC or FLAC3D built-in constitutive model.  

As further detailed below, this constitutive model, when used for the potentially-liquefiable 
sand layers adjacent to the tunnel walls, predicted excess pore water pressure generation due to 
earthquake shaking, and the liquefied sand increased the tunnel racking. 

3 CRITICAL STATE-BASED MODEL 

The original bounding surface plasticity model (Wang 1990) was developed to simulate the be-
havior of sandy soils under complex loading conditions. Two major improvements to the original 
model have been made. 

First, the critical state concept was incorporated into the model through a state pressure index 
Ip = p/pc (Wang et al. 2002), where p is the present mean confining pressure, and pc is the mean 
confining pressure on the critical state line corresponding to the current void ratio e. This concept 
was introduced to improve the simulation of dilative behavior of the model. 

The second improvement, allowed key model parameters to be estimated from soil properties 
empirically correlated with standard penetration (N1)60 blow counts. This approach (presented in 
detail in Wang et al. 2012) provides a practical means of incorporating into the model more-
representative soil properties based on either measured in-situ for a specific site, or back-calcu-
lated from case studies. Prior to this improvement, usually soil properties either were assumed, or 
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were measured by acquiring costly, minimally disturbed, field samples; running cyclic laboratory 
tests; correcting those lab results for sample disturbance; and finally adjusting lab results by some 
empirical means to better mimic in-situ behavior. 

Readers are referred to the prior papers for the details of the Wang bounding surface plasticity 
models applications such as Ma et al. (2013).  

4 NUMERICAL REPRESENTATION OF THE SIERRA/LUNDY TUNNEL AND 
SURROUNDING SOIL 

4.1 Model dimensions and locations 

As shown on Figure 1, the tunnel is about 800 feet long with three ventilation shafts along the 
way. The FLAC3D model includes only the center shaft with tunnel extending to the middle point 
between the adjacent vent shafts on either side and the center shaft. The FLAC3D model is about 
280 feet along the tunnel, 360 feet wide in the tunnel transverse direction, and 86 feet deep (Figure 
2). The reasons for not modeling the complete tunnel included (1) the reach of tunnel including 
the deepest center shaft is long enough to extend beyond the zone of significant influence from 
the vent structure, where the results can be compared with the results of a FLAC two-dimensional 
analysis at Station 488+80; and (2) the dynamic analysis for this model size could be completed 
within a reasonable time frame. The model was initially constructed 130 feet deep but was trun-
cated to the depth of 86 feet due to the time constraint of the project. As it stands, the dynamic 
runtime, using a 12-core processor with 16 GB of RAM, was about 7 days with a 30 second input 
motion. 

Station 490+00 is near the middle point between the longest span between two vent shafts. The 
impact of the vent structures to the behavior of the tunnel structural members at this location is 
considered insignificant. Therefore, a FLAC two-dimensional model, as shown in Figure 3, was 
constructed at Station 488+80 to be used for comparisons with the FLAC3D results at this loca-
tion.  

The tunnel walls, roof, and floor were modeled using the FLAC3D liner structural elements 
with a built-in interface to surrounding soil, and the center dividing wall was modeled using the 
shell structural elements as shown in Figure 4. The corners where the two structural elements 
connect was braced using shell element to mimic rigid corners. The center dividing wall was 
connected to the tunnel roof and floor through rollers to reflect the relatively flexible connections 
there.  

Figure 2. Half of the FLAC3D model mesh, cut along the transverse X-symmetrical plane. 

Figure 3. FLAC mesh at station 488+00.  Figure 4. Tunnel structural elements. 
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4.2 Material properties for pre-earthquake static analysis 

The soil layering information and properties used for the analysis were based on values provided 
by the geotechnical consultant for the project, which were developed using available boring, CPT, 
and laboratory data from the site. These parameters are summarized in Tables 1 and 2. 
 
Table 1. Soil layer and index properties. 

Layer 
Name 

Soil Type Elevation 
Bottom1  

Thickness  Poisson 
Ratio2 

Void 
Ratio3 

Saturated 
Density  

ϒs N1,60  PI 

  (ft) (ft)   (pcf) (blow/ft)  

A Clay 69 15 0.30 0.67 127 --4 15 
B Sand (liq-

uefiable) 
66 3 0.33 0.64 125 17-30 -- 

C Clay 62 4 0.30 0.67 127 -- 10 
D Sand (liq-

uefiable) 
59 3 0.33 0.64 125 26 -- 

E Clay 24 35 0.30 0.67 127 -- 15 
F Sand 6 18 0.33 0.52 130 50 15 
G5 Elastic 

Layer 
-2 8 0.30 0.67 145 50 -- 

 Notes: 1 finished grade at elevation 84 ft; 2 typical clay and sand values assumed; 3 obtained with assumed 
specific gravity Gs of sand=2.65 and clay=2.73; 4 either unavailable or not needed; and 5 artificial layer as 
model bottom boundary. 
 

 
Table 2. Properties for the static stress analysis using the bi-liner Mohr-Coulomb model. 
________________________________________________________________________________________________________ 

Properties Clay A Sand B Clay C Sand D  Clay E Sand F Rock G 
________________________________________________________________________________________________________ 

Shear Modulus (psf) 1.51-2.11e6* 2.18e5 2.22e6 2.67e6 2.55-2.67e6* 3.69-3.95e6* 4.99e6 
Bulk Modulus (psf) 3.27-5.69e6* 5.70e6 4.81e6 6.97e6 4.23-5.52e6*  6.91-10.30e6* 1.08e7 
Cohesion (psf) 1000 0 1000 0 1000-2500 0 --  
Friction Angle (°) 0 32 0 32 0  38 --  
Dry Density (slugs) 3.17 3.12 3.17 3.12 3.17 3.37 3.17  
________________________________________________________________________________________________________ 

Note: * the shear and bulk moduli vary according to the measured shear wave velocity profile. 
 

The relative locations of the soil layers A to G are marked in Figure 2. As mentioned earlier, 
the bottom of the model was reduced to elevation -2 feet due to time constraints of the project. 
Comparisons done using the two-dimensional models between the deeper and shallower models 
will be discussed below. The shear and bulk moduli of Clay A, Clay E and Sand F vary according 
to the measured shear wave velocity vs as shown in Figure 4 based on the following equations. 

𝐺 = 𝜌𝑠𝑉𝑠
2 (1) 

𝐾 =
2𝐺(1+𝜈)

3(1−2𝜈)
 (2)  

where G and K are the shear and bulk modulus, respectively, 𝜌𝑠 is density, Vs is the shear wave velocity, 
and 𝜈 is the Poisson ratio. 

4.3 Material parameter calibration for dynamic behavior 

In the dynamic modeling phase, the bilinear Mohr-Coulomb model was replaced with the modi-
fied bounding surface plasticity model (Wang et al. 2002, 2012) for the Sand layer F and the 
potentially liquefiable Sand layers B and D. A simplified bounding surface plasticity model, i.e. 
the Su model (Wang & Ma 2007), was used to simulate the behavior of material cohesive zones 
judged to be non-liquefiable, i.e. the three clay layers A, C, and E. For the structural elements of 
the tunnel, the elastic model was used.  

The Wang “user-defined” constitutive model requires eight parameters for an effective stress, 
dynamic analysis. The calibrated model parameters for sands are listed in Table 3. The properties 
of those clayey soils not considered susceptible to liquefaction, are listed in Table 4. The physical 
meaning of the various parameters is discussed in the following paragraphs.  
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Table 3. Bounding surface plasticity model parameters. 
 

Parameter Go ν φ 
(from Table 2) 

kr hr d e0 Rp/Rf 

Sand B 515 0.33 32 0.4 0.64 5.0 0.64 1.0 
Sand D 515 0.33 32 0.6 1.40 33.0 0.64 1.0 
Sand F 343 0.33 38 100 0.85 100 0.52 0.80 

 Go is the modulus coefficient that defines the initial (maximum) shear modulus Gmax as: 

Gmax = Go patm ((2.973e0)2 /(1+e0))(p/patm)0.5 (3)  

where patm is atmospheric pressure; e0 is the initial void ratio; and p is the mean effective confining 
pressure. Poisson ratio is 𝜈. The effective friction angle is φ. Parameter hr simulates the reduction 
of the shear modulus with increasing strain amplitude, which is calibrated from site soil data if 
available, or from the literature on the behavior of similar soils. Parameters kr and d were cali-
brated using a trial-and-error procedure; in which kr controls the change in effective stress during 
virgin loading and d controls pore pressure changes in unloading or cyclic loading conditions. By 
assigning kr = d =100 for sand F in Table 3, no liquefaction was allowed in these two soil materi-
als. Details on estimating parameter d are presented in Wang et al., 2012. Parameter Rp/Rf is the 
ratio of the slope of the phase transformation line to the slope of the failure line. By assuming 
Rp/Rf = 1 for sand B and sand D in Table 3, no dilation was allowed in these two soil materials. 
Work done by the authors on another project (Ma, et al., 2013) demonstrated that using Rp/Rf = 1 
produces similar results to model analysis when residual strength are available and used.  

As mentioned above, for the non-liquefiable clay layers A, C, and E, the simplified Su model 
was used, where the ‘Su’ was defined by the undrained strength Su. The model predicts the non-
linear behavior during loading and unloading/reloading cycles ignoring any excess pore water 
pressure generation in the process. This ‘Su’ model only requires the four parameters of Table 4. 

Table 4. Bounding surface plasticity ‘Su’ model parameters. 
________________________________________________________________________________________ 

Input Gmax (psf) Poisson ratio ν Shear Strength Su (psf) hs 
(from Table 2) (from Table 2) 

________________________________________________________________________________________ 

Clay A 1.51-2.11e6 0.47 1000 0.33 
Clay C 2.22e6 0.47 1000 0.44 
Clay E 2.55-2.67e6 0.47 1000-2500 0.60 
________________________________________________________________________________________ 

The values of Su and Gmax were obtained from Table 2 and the parameter hs performed the same 
function as that for hr described above.  

The elasticity model was used to model the responses of the structural element of the tunnel 
and the rock foundation layer. The unit weight and elastic modulus of the tunnel structural ele-
ments were 150 pcf and 5.19e8 psf, respectively; the rest of the elastic model parameters of the 
tunnel structural element are listed in Table 5. 

Table 5. Elasticity model parameters. 
_________________________________________________________________________ 

Parameter Thickness  Effective Inertia i1 Poisson ratio 
(ft) (ft4) 

__________________________________________________________________________ 

Concrete Walls 3.5 0.79943 0.2 

Tunnel Roof 2.5 0.55541 0.2 
Tunnel Floor 3.5 0.79943 0.2 
Center divide 1.5 0.28125 0.2 
Corner braces2 1.5 0.28125 0.2 
__________________________________________________________________________ 

Note: 1 effective inertia of structural elements were provided by structural engineers, taking into consider-
ation the cracking of structural members; and 2 corner braces were modeled as almost weightless by using 
a very small density 
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4.4 Modeling steps 

Static stress with hydrostatic pressure were required to approximate the effective stress state in 
the soil layers and the total stress in the structural elements of the Tunnel at the onset of the 
earthquake. Those effective stresses were then used to calculate initial shear moduli in the soil 
layers for the subsequent dynamic analysis. The process began by creating the model section, 
assigning soil properties, and defining boundary conditions. The model was then run to achieve 
static balance. The construction sequences of excavating the open trench and then building the 
concrete tunnel were not modeled.  

The initial static analyses were conducted with the bilinear Mohr-Coulomb model for the soil 
layers and the isotropic elastic model for the structural elements of the tunnel. In the subsequent 
dynamic analyses, the modified non-linear models of Wang et al., 2002 and 2012, and Wang and 
Ma, 2007 replaced the Mohr-Coulomb model for zones of the soil layers. Due to the short transient 
nature of the earthquake loading, water flow during the seismic loading was not allowed. 

In general practice, Raleigh damping of a few percent is used in dynamic finite element and 
finite difference analyses of geotechnical problems.  The soil damping was primarily captured 
through the hysteretic energy dissipation of the non-linear constitutive models used in this study.  
Since the non-linear model does not contribute significant damping at small strain levels, low 
percentage Rayleigh damping is usually used for damping the model response at small strain level.  
For the elastic structural elements, the combined damping option provided by FLAC/FLAC3D 
was used.  For FLAC3D analysis, the run time would  have increased to  approximately more than 
10 days for a 30-second earthquake time history if Rayleigh damping was used.  Therefore no 
Rayleigh damping was used due to the constraint of the very tight project completion requirement. 

4.5 Earthquake time histories used for seismic loading 

Design response spectra were previously developed and reviewed by Dr. Norm Abrahamson. Dr. 
Abrahamson recommended that the long-period response spectral values be increased to account 
for deep basin effects. The resulting updated design response spectra have been used as target 
response spectra for development of spectrum-compatible time histories for this project. The ge-
otechnical consultant of this project provided three sets of 3-component acceleration time histo-
ries, spectrum-compatible to the design response spectra, which were modified using a time-do-
main response spectra matching based on the location of the tunnel with respect to the Hayward 
Fault and recommendations from Dr. Abrahamson (Abrahamson 1992 and 1998). The seed time 
histories included (1) Imperial Valley (Holtville Post Office), California, USA denoted as IMP; 
(2) Landers (Yermo Fire Station), California, USA, denoted as LAN; and (3) Kocaeli (Duzce),
Turkey, denoted as KOC. The characteristics of the three time history are listed in Table 6. As an
illustration, the scaled and spectra-matched fault-normal components of the IMP record are pre-
sented in Figure 5.

Table 6. Characteristics of the three time histories used.  
_______________________________________________________________________________________________ 

No Earthquake Component1 M Rrup Vs, 30 PGA PGV PGD_ 
(g) (cm/s) (cm) 

_______________________________________________________________________________________________ 

1 FN 0.58 121.5 80.3 
2 IMP FP 6.5 7.7 203 0.58 91.3 46.4 
3 V 0.53 30.9 19.1 
_______________________________________________________________________________________________ 

4 FN 0.60 109.3 67.8 
5 LAN FP 7.3 23.6 354 0.60 72.1 36.6 
6 V 0.56 28.9 12.4 
_______________________________________________________________________________________________ 

7 FN 0.59 92.6 50.8 
8 KOC FP 7.5 15.4 276 0.66 62.0 40.4 
9 V 0.53 33.5 18.0 
_______________________________________________________________________________________________ 

Note: 1 FN is short for Fault Normal, FP for Fault Parallel, and V for Vertical 
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Figure 5. Scaled and Spectra-Matched FN components of the Imperial Valley, 1979, Holtville Post Office 
record. 

4.6 Model validations 

Due to the long run time of the FLAC3D analyses, the two-dimensional FLAC model at Station 
488+80 (see Fig. 1 for its location) served to verify or validate the three-dimensional analysis in 
the following ways. 

4.6.1 Initial comparison of Imperial Valley site response computed using SHAKE and FLAC 
To confirm that the two-dimensional FLAC model had been set-up correctly, the free-field dis-
placements obtained from SHAKE and FLAC at the depth close to the bottom of the tunnel were 
compared, as shown in Figure 6. The horizontal displacement of FLAC was taken from a location 
near the boundary of the mesh away from the tunnel. The free-field ground motions from the one-
dimensional equivalent linear SHAKE compared well with those from FLAC. 

4.6.2 Shallow vs. deep model vertical boundary 
To reduce the FLAC3D model run-time to an acceptable level due to project delivery time con-
straints, the depth of the model was shortened to 86 feet (shallow mesh) from the original depth 
of 128 feet (full mesh). The racking (i.e., differential displacement) between tunnel roof and floor 
predicted by FLAC was presented in Figure 6, where the free field SHAKE result is also included 
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for comparison. The comparison shown on Figure 7 indicated the racking was quite similar for 
the two-depths, with only a minor increases in the racking for the shallower model. This provide 
some validation of the acceptability of using the shallower model for FLAC3D. 

4.6.3 FLAC3D vs. FLAC model results at Station 488+80 
As stated in the Section 4.1, Station 488+80 was considered the most suitable location for a 2D 
analysis due to its distance to the vent structures to either side. Presented in Figure 8 is the com-
parisons between FLAC and FLAC3D predictions for this location. To be consistent with the 
FLAC model, only fault normal and vertical components of the earthquake record were used for 
the FLAC3D analysis. The racking predictions of FLAC and FLAC3D were very similar, espe-
cially for the duration of 5 to 7 seconds when maximum racking occurred, providing some assur-
ance that the three-dimensional model was assembled and responding properly.  

4.6.4 Liquefaction vs. non-liquefaction of the sand layers B and D 
Due to the long run time of the FLAC3D model, the 3D case of no liquefaction in the sand layers 
B and D was not run. The cases with and without liquefaction allowed in the sand layers B and D 
were compared using FLAC model and are presented in Figure 9. The maximum racking with 
liquefaction in the 2D model was about double the racking without liquefaction. Considering the 
favorable comparisons between the 2D and 3D models, we considered it reasonable to conclude 
that the FLAC3D model predictions with and without liquefaction should follow the same pattern 
demonstrated using the 2D FLAC and presented in Figure 9. 

Figure 6. Horizontal displacement time history with tunnel bottom at elevation 49 feet (35 feet below ground 

level) using IMP FN component. 

Figure 7. Racking comparison of full and shallow FLAC mesh at Station 488+80 where A and E represent 
tunnel roof and floor, respectively. 
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Figure 8. Racking comparison of FLAC and FLAC3D at Station 488+80’ under IMP earthquake loading. 

 
 

 
Figure 9. Racking comparison of tunnel wall with and without liquefaction using FLAC under IMP earth-
quake loading. 

 

4.7 FLAC3D model predictions 

The final production runs of the FLAC3D were conducted by applying the two horizontal and one 
vertical components of the input motion at the bottom of the model simultaneously, allowing pore 
water pressure generation in the sand layers B and D. As the bottom boundary was not rigid, the 
velocity time history was first converted to a corresponding stress time history before being ap-
plied. Horizontal displacement time histories were recorded at the top and bottom of the tunnel 
and chimney walls along multiple stations marked in Figure 10. The maximum racking computed 
from the displacement time histories at each recorded station are listed in Table 7. From the results 
shown in Table 7, the following observations can be made. 
 The Kocaeli, Turkey (KOC) earthquake produced the largest racking at four of the five 

locations recorded for the three input motions;  
 The maximum racking for each motion occurred just south of the chimney south wall; 
 The maximum differential displacement from the top of chimney to the tunnel floor was 

about 30 to 50% greater than for the roof to the floor due to the taller walls rather than any 
3D effect; and 
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 The ratio of racking between KOC and IMP or LAN and IMP along the tunnel profile did
not follow a pattern, which shows some of the benefits of running a 3D analysis over a 2D
one.

Figure 10. Tunnel stations for racking calculation where racking are differential horizontal displacements 
between A and E for tunnel wall or C and E for chimney wall. 

Table 7. FLAC3D maximum racking results (i.e., differential displacement) in inches. 
_____________________________________________________________________________________________ 

Station 487+50 487+80 488+24 488+80 
A to E A to E C to E A to E C to E A to E 

_____________________________________________________________________________________________ 

IMP  -1.03 -1.22 -1.71 -1.45 -2.07 -1.37
KOC +1.17 +1.38 +1.92 +1.50 +2.24 +1.39
LAN -1.14 -1.35 -1.78 -1.48 -2.02 -1.42
% Increase KOC/IMP 14 13 12 3 8 1
% Increase LAN/IMP 11 11 4 2 -2 4
_____________________________________________________________________________________________ 

Besides racking, stress components such moments and shear stresses at selected locations of 
the tunnel walls, roof, and floor along the tunnel profile were also recorded to be used as refer-
ences by the design structural engineer of the project. Table 8 provides an example of moments 
at Station 487+24. Due to the limited stress components recorded in the available FLAC3D runs, 
there were not enough information to study the potential link between the racking and stresses of 
the tunnel structural elements. 

Table 8. FLAC3D moment results example at Station 487+24 in kip-in/foot. 
_______________________________________________________________________________________ 

Station Top of Tunnel Wall Bottom of Tunnel Wall 
  Mx

1  My
2  Mx My _______________________________________________________________________________________

IMP  220 -1467 -219 -1967
KOC 163 -1927 -219 -1610
LAN 207  -2078  -249 -2064 
_______________________________________________________________________________________ 

Note: 1 and 2 represent bending moment along the tunnel transverse and profile directions, respectively. 

5 CONCLUSIONS AND DISCUSSIONS 

Three-dimensional soil structural interaction modeling has been a very challenging subject for 
geotechnical engineers to tackle. Two factors in this project made this task even more challenging: 
potential liquefaction in the sand layers adjacent to the tunnel walls; and very tight time and fund-
ing available for the task. Although the authors completed the task on time using single runs of 
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the FLAC3D model for each of the 3 selected earthquake time histories, there were no time to do 
sensitivity studies or re-runs for more output. The conclusions for this limited number of FLAC3D 
runs are summarized as following. 
 FLAC3D computed racking was largest near the east/west wall just south of the chimney, 

which indicated a 3D effect;  
 Racking was almost doubled for the case with liquefaction compared to without liquefac-

tion, based on 2D FLAC results;  
 Total stress SU and effective bounding surface plasticity Wang3D models developed and 

implemented as UDM for FLAC/FLAC3D seem to be functioning reasonably; and  
 Future studies on the details of the behavior of liquefied soil seem warranted. 
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1 INTRODUCTION 

Kumtor gold mine is situated in Kyrgyz Republic in Central Tien Shan Mountains at an altitude 
of 4000 meters in a permafrost area. Construction and exploitation of the tailings dam was start-
ed in 1995. The tailings dam was designed with filling method of wastes lying. It is raised by 
stages to the downstream side. The dam body is filled with macro fragmental soil. The laying of 
upstream and downstream sides is 1:3. There is 100 meters of impervious screen lying along the 
upstream side and the bottom of the reservoir. It is made of polyethylene film of high density 
with thickness 1.5 millimeters. The maximum height of the dam in 2015 is 37 meters. General 
view of the dam is shown in Figure 1. 

Figure 1. Kumtor tailings dam. 

Kyrgyz Republic is a high seismicity country. The Kyrgyz Republic Institute of Seismology re-
searches the country territory in question of seismicity. This institute makes an official seismici-
ty map. This map indicates the areas depending on intensity, magnitude and probability of 
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ABSTRACT: The paper gives the results of an embankment tailings dam seismic stability anal-
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zoning map the construction site belongs to the 8-point intensity area. In the foundation of the 
dam there is a weak ice-rich silt layer. The assessment of tailings dam seismic stability was per-
formed with application of three input motions. Each acceleration time history has a different 
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on accelerogram characteristics and how this changing affects the dam seismic stability. 
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earthquake event per number of years. Figure 2 illustrates the map of seismicity and the green 

star shows the location of the tailings dam construction site. The black numbers on this map in-

dicate the intensity value of the area.  

Figure 2. Seismicity map of Kyrgyz Republic. 

2 SITE EFFECT ANALYSIS 

The Medvedev-Sponheuer-Karnik scale, also known as the MSK-64, is a seismic intensity scale 
used to evaluate the power of ground shaking. MSK-64 is used in India, Israel, Russia, and 
throughout the Commonwealth of Independent States. The MSK-64 scale has 12 intensity 
points. According to these points there are regulatory maximum horizontal acceleration values 
on the surface for dynamic analysis. The fragment of this scale is presented in Table 1. 

Table 1. The regulatory values of maximum horizontal acceleration on the surface according to intensity, 
MSK-64 scale.  

Earthquake intensity Peak ground acceleration 

points g 

… … 

6 0.05 

7 0.1 

8 0.2 

9 0.4 

10 0.8 

… … 

The range of intensity points in Table 1 can be extended in both sides but it has no practical 
sense. The earthquakes lower than 6 and higher than 10 are not considered as design situations. 
The first group is no danger to structures and the second so destructive that provide for struc-
tures seismic stability is inappropriate. The tailings dam construction site is located in 8 point in-
tensity area on the seismicity map that means peak ground acceleration in this area may achieve 
0.2 g by MSK-64 scale. Tailings dams lower than 50 meters in height belong to the second class 
of responsibility (MSN 3.04-01 2005). Seismic safety assessment of such dams by regulatory 
requirements of Kyrgyz Republic should be performed based on numerical modeling and dy-
namic theory to estimate earthquake-induced deformations (SNiP KR 20-02 2009). The tailings 
dam is constructed on a layered soil foundation which consists of rock, ice-rich silt layer and 
surface soils. The geological investigation preformed in 2006 revealed that ice-rich silt layer is 
located at a depth of 4 to 10 meters. During the description of lithological columns this type of 
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soils is characterized by following parameters: the color is grey-brown, thinly cryotexture, ice 
content 40 – 60%, during defrosting the soil is liquid plastic (0.75 < IL <=1) and liquid (IL > 1), 
natural water content is 38 – 43%, the liquid limit is 38 – 40%, the plastic limit is 26.6 – 21.3%. 
Geomechanics Institute of Kyrgyz Republic made tests of silt soil and concluded: shear strength 
in disturbed condition is in 1.2 – 1.5 times higher than the strength from fixed surface of attenu-
ation; due to the fact that under the dam the silt layer got shear strain more than 13% it was rec-
ommended to take strength properties not higher than the following values: cohesion 15 kPa, 
friction angle 1.5 degree. 

In feasibility study reports of the Kumtor gold mine project there is an analysis of detailed 
seismic zoning made by Canadian engineers. This analysis is based on assessment methodology 
of such factors as location of active faults and their parameters (depth, length, movement direc-
tion, movement velocity), zone position of possible earthquake source, distance between con-
struction site and fault center or possible zone of earthquake source and other. As a result, the 
possible peak ground acceleration reached 0.33 g.  

The source effects of earthquake is not predictable such as nucleation point, stress drop, as-
perity distribution etc. The information about path effects is not available. The only effect that 
we can analyze is site effect (Kramer 2008). We have to do it for two reasons: 1) site effects can 
lead to changing in seismic characteristics such as amplification, de-amplification and duration 
lengthening; and 2) in foundation of the tailings dam there is a sloped weak ice-rich silt layer, 
possible surface of failure can be formed in it and impact on overall stability of the tailings dam. 
To study the influence of local soil conditions the foundation geometry of cross-section where 
the dam has the maximum height was selected. Figure 3 illustrates this cross-section with tail-
ings dam geometry for 2016 when the dam height will be 40.5 m. Figure 3 also shows the mate-
rials types and shear wave propagation velocity values. These values were deliberately under-
stated for simulation of the worst situation. The numerical model was created. In this model the 
original form of the foundation was reconstructed before the tailings dam and shear key con-
struction. Figure 4 illustrates the numerical model of reconstructed foundation. Material proper-
ties for dynamic simulation represented in Table 2. During the foundation dynamic analysis the 
position of phreatic surface on its natural level was considered. Ground water natural level was 
determined on the basis of piezometers data installed beyond the downstream of the tailings 
dam. The pore pressure distribution contours and position of phreatic surface are plotted on the 
Figure 5. 

Figure 3. Cross-section of the tailings dam geometry for 2016. 

Table 2. Materials properties for dynamic simulation. 

Density Dynamic bulk 

modulus 

Dynamic shear 

modulus 

Cohesion Friction 

angle 

kg / m3 Pa Pa kPa degrees 

Rock 2141 1.43e9 5.35e8 0 38 

Ice-rich silt layer 2105 2.25e8 8.42e7 15 1.5 

Surface soil 2000 2.13e8 8e7 0 35 

As can be seen from the Table 2 the behavior of foundation soils is described by Mohr-
Coulomb material model with the use of nonlinear hysteretic damping and small amount of 
0.2% Rayleigh stiffness damping. The parameters of hysteretic damping were taken from modu-
lus reduction curve for clay (Seed 1970).  
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The important part of the site effect analysis is the selection of the dynamic input. The ex-
pected earthquake events should be expressed as a set of ground motion time histories with dif-
ferent ranges in frequency components. When passing through soil layers, seismic wave’s am-
plitude can increase significantly under certain conditions and at certain frequency and under 
other conditions decrease. The layers are acting on seismic wave’s spectral composition as high 
and low frequency filters depending on structure of layers themselves. In the foundation which 
consists of several layers due to combined action of absorption and layering spectrums of re-
flected and passed waves can be very different from the spectrum of applied loading. For exam-
ple layer can pass vibrations on a frequency band only close to its own. That can cause resonant 
amplification of surface vibrations (Berzon 1962). 

Figure 4. Numerical model of tailings dam foundation. 

Figure 5. Pore pressure distribution contours and position of phreatic surface. 

The layered foundation of Kumtor tailings dam should be subjected to dynamic loading rep-
resented in the form of three earthquake acceleration time histories with different frequency 
characteristics. The highest frequency components in acceleration time histories usually are less 
than 15 Hz. From this point of view it’s possible to divide this range in three parts: low frequen-
cy – lower 3 Hz, mid-range frequency 3 – 6 Hz and high frequency 6 Hz and more. Three accel-
erograms were selected for investigation of layered foundation influence on seismic effect on 
the surface. Aftershock acceleration time history of Northridge earthquake – USA, California, 
17 January 1994, magnitude 6.7, peak velocity 0.16m/sec, peak acceleration 0.57 g, duration 
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39.88 sec. Acceleration time history of Trinidad earthquake – Trinidad and Tobago, 9 July 1997, 
magnitude 7, peak velocity 0.077 m/sec, peak acceleration 0.19 g, duration 21.44 sec. Accelera-
tion time history of Landers earthquake – USA, California, 28 June 1992, magnitude 7.3, peak 
velocity 0.072 m/sec, peak acceleration 0.78 g, duration 48.09 sec.  

The original acceleration time histories of Northridge earthquake is shown in Figure 6a. Pow-
er spectrum of Northridge acceleration time history is plotted in Figure 6b. The dominant fre-
quency is 1.2 Hz. The most part of frequency component is in low range.  

The original acceleration time histories of Trinidad earthquake is shown in Figure 7a. Power 
spectrum of Trinidad acceleration time history is plotted in Figure 7b. Power spectrum analysis 
shows the dominant frequency 2.7 Hz. The most part of frequency component is in mid-range.  

The original acceleration time histories of Landers earthquake is shown in Figure 8a. Power 
spectrum of Landers acceleration time history is plotted in Figure 8b. Power spectrum analysis 
shows the dominant frequency 11.4 Hz. The frequency component mainly is in the high range. 

The acceleration time histories were prepared in FLAC (Itasca 2011). They were scaled, fil-
tered and procedure of the displacement baseline correction was performed. To estimate the site 
effect, the first group of calculations was made only with rock material in the foundation. These 
simulations also were performed for correction of peak ground acceleration in the model 
through small changes in input motions. After all three input motions gave correct peak acceler-
ation 0.33 g on the surface the weak ice-rich silt layer and surface soil were returned in the 
foundation numerical model. 

Figure 6. Northridge aftershock time histories: a – acceleration; b – acceleration power spectrum. 

Figure 7. Trinidad time histories: a – acceleration; b – acceleration power spectrum. 

Figure 8. Landers aftershock time histories: a – acceleration; b – acceleration power spectrum. 

a b 

a b 

a b 
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2.1 Dynamic simulation with applying Northridge aftershock accelerogram 

Figure 9 illustrates the comparison of x-acceleration history point data with and without layers 
by applying Northridge aftershock acceleration time history. The analysis of x-acceleration on 
the surface of the model after the weak ice-rich silt layer and surface soil were returned into 
foundation did not reveal significant peak acceleration amplification but it can be seen amplifi-
cation on some frequencies. 

The power spectrums of input acceleration time history and x-acceleration history point data 
are shown in Figure 10. Black line indicates x-acceleration power spectrum on the surface of 
numerical model, red line – power spectrum of Northridge aftershock acceleration time history. 
There are three peaks of surface x-acceleration power spectrum: 1 – the frequency range 1.2 – 
1.6 Hz; 2 – the frequency range 3.2 – 3.4 Hz; 3 – the frequency about 4.4 Hz. Dominant fre-
quency of Northridge acceleration time history is 1.2 Hz. 

Figure 9. X-acceleration history point data on the surface: green line – without layers; blue line – with 
layers. 

Figure 10. Comparison of X-acceleration power spectrums: black line – history point on the surface of 
foundation model; red line – Northridge acceleration time history. 

2.2 Dynamic simulation with applying Trinidad accelerogram 

Figure 11 illustrates the comparison of x-acceleration history point data with and without layers 
by applying Trinidad acceleration time history. The analysis of x-acceleration on the surface of 
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the model after the weak ice-rich silt layer and surface soil were returned into foundation did not 
reveal significant peak acceleration amplification. Figure 11 also indicates acceleration amplifi-
cation on some frequencies. 

The power spectrums of input acceleration time history and x-acceleration history point data 
are shown on the Figure 12. Black line indicates x-acceleration power spectrum on the surface 
of numerical model, red line – power spectrum of Trinidad earthquake acceleration time history. 
The peak of x-acceleration power spectrum of history point on the model surface is in range 2.6 
– 4.2 Hz. Dominant frequency of Trinidad acceleration time history is 2.7 Hz.

Figure 11. X-acceleration history point data on the surface: green line – without layers; blue line – with 
layers. 

Figure 12. Comparison of x-acceleration power spectrums: black line – history point on the surface of 
foundation model; red line – Trinidad acceleration time history. 

2.3 Dynamic simulation with applying Landers accelerogram 

Figure 13 illustrates the comparison of x-acceleration history point data with and without layers 
by applying Landers acceleration time history. The analysis of x-acceleration on the surface of 
the model after the weak ice-rich silt layer and surface soil were returned into foundation did not 
reveal significant peak acceleration amplification. Figure 12 also indicates acceleration amplifi-
cation on some frequencies. 
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The power spectrums of input acceleration time history and x-acceleration history point data 
are shown on the Figure 14. Black line indicates x-acceleration power spectrum on the surface 
of numerical model, red line – power spectrum of Landers earthquake acceleration time history. 
There are two peaks of surface x-acceleration power spectrum: 1 – the frequency range 2.8 – 4.6 
Hz; 2 – the frequency range 11.6 – 13.4 Hz. Dominant frequency of Landers acceleration time 
history is 11.4 Hz. 

Figure 13. X-acceleration history point data on the surface: green line – without layers; blue line – with 
layers. 

Figure 14. Comparison of x-acceleration power spectrums: black line – history point on the surface of 
foundation model; red line – Landers acceleration time history. 

2.3 Results of foundation analysis 

After three dynamic simulations with applying x-acceleration time histories having different 
frequency components it was found that frequency range 2.6 – 4.2 Hz greatly increases transmit-
ted loading through foundation in all three cases. Also the foundation increases high frequency 
of acceleration in range 10 – 14 Hz. It was found out by applying Landers acceleration time his-
tory. The other two acceleration time histories do not have such high frequency components so 
further research is needed. The next step is dynamic analysis and assessment of how this in-
crease of acceleration in frequency range 2.6 – 4.2 Hz can influence on overall dynamic stability 
of the tailings dam. 
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3 DYNAMIC ANALYSIS OF KUMTOR TAILINGS DAM 

Two criteria of seismic stability assessment were selected: 1) vertical dam crest displacement, 
during and after earthquake must not exceed reserve between the crest and the level of water in 
reservoir, the reserve value is 1.5 meters; and 2) formation of failure surface with shear-strain 
increments value more than 2%, this failure surface must not cross the dam body and has no exit 
to the slope faces. The earthquake motion is considered to occur when the reservoir level is at 
fool pool. Ground water calculation was performed on maximum water level before dynamic 
loading. The worst results after three dynamic simulations were obtained with applying 
Northridge aftershock acceleration time history. Figure 15 shows the maximum values of shear-
strain increment contours after 39.88 seconds of Northridge aftershock acceleration time history. 
The maximum value of shear-strain is 15%. This maximum value and the most part of failure 
surface are in ice-rich silt layer. This level of deformation shows that ice-rich silt layer has 
reached the limits and it does not resist shift anymore.   

Figure 15. The maximum shear-strain increment contours. 

Figure 16 illustrates power spectrums comparison. This figure may give the answer why appli-
cation of low frequency acceleration time history led to the largest deformations and displace-
ments. The black line indicates power spectrum of x-acceleration in the dam body. The domi-
nant frequency is 1.8 Hz. This frequency is a natural for dam body geometry. It’s close to 
dominant frequency of Northridge aftershock acceleration time history 1.2 Hz than to other mo-
tions. The amplification of site did not cause the reaction of the dam. It’s well seen that black 
line on power spectrum in the frequency range 2.6 – 4.2 Hz did not respond. Figure 17 shows 
the plot of horizontal (green line) and vertical (blue line) displacements of the crest. The maxi-
mum value of x-displacement is 21.7 centimeters and y-displacement 1.4 centimeters. The re-
sults of calculation showed that the condition of slope failure when the formed failure surface 
cross the dam body and have an exit on the slope faces did not happen. None of the selected cri-
teria of dam failure took place. After the dynamic simulation the static analysis was performed. 
The properties in formed failure surface were changed to zero values (cohesion and friction an-
gle). FoS calculation was made and the minimum value is 1.26.  

4 CONCLUSION 

FLAC made possible to evaluate the influence of construction site on seismic effect. The evalua-
tion was performed with applying of three ground motions with different power spectrums of x-
acceleration. Filtering and correction of x-accelerations was made in FLAC. Nonlinear dynamic 
simulation allowed evaluating the influence of site effect on seismic stability of Kumtor tailings 
dam. 
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Figure 16. Power spectrums of x-accelerations: black line – dam body; blue line – surface of the model; 
red line – Northridge aftershock. 

Figure 17. Displacement of the dam crest: green line – horizontal; blue line - vertical. 
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1 INTRODUCTION 

Chardara Dam is located in Kazakhstan, on the Syr-Derya River. The dam with a maximum 
height of 20 m, crest width of 10 m and a crest length of over 5 km has been constructed with 
hydraulic fill technique with fine sandy soil. The body partially rests on rock and a weak alluvi-
um layer of about 8 m thick overlying the bedrock. The dam body consists of only fine sand ma-
terial where no filters or buttresses made of granular material exist. 

The seismic stability of Chardara Dam has been examined within the scope of the “Consult-
ing Services for Improvement of Seismic Safety of Chardara Dam.” Since the dam is located in 
a region with a high seismicity, advanced methods are considered as necessary to assess the 
earthquake safety, and for this purpose time history analyses have been conducted by utilizing 
FLAC (Itasca 2008), that is a widely used and accepted computer program to study the dynamic 
response of embankment dams. Detailed information and results of time history calculations are 
presented. The pseudo-static and equivalent linear methods and post-earthquake stability checks 
with liquefied shear strength have also been used in collaboration with time history analyses in 
the seismic safety assessment, but they are excluded from the scope of this paper. 

Seismic safety evaluation of Chardara Dam by non-linear time 
history analyses 

E. Yıldız & A.F. Gürdil
Temelsu International Engineering Services Inc., Ankara, Turkey

ABSTRACT: This study presents the time history analyses conducted for the seismic stability
and deformation evaluation of Chardara Dam of hydraulic fill type, on Syr-Derya River in 
South Kazakhstan. The dam body with a maximum height of 20 m and a crest length of over 5 
km, has been constructed as hydraulic fill with fine sandy soil. The body partially rests on rock 
and a weak alluvium layer of about 8 m thick. Considering the relatively high ground accelera-
tion values and the weak dam body and foundation soil characteristics, besides the use of rela-
tively simple methods (pseudo-static, equivalent linear and Makdisi-Seed) for seismic behav-
iour, it is found necessary to perform detailed time-history analyses capable of modelling the 
non-linear stress-strain relationship of soil and liquefaction behaviour during cyclic loading. The 
material parameters are determined based on the results of geotechnical investigations at the 
dam site. Design spectrums are established and three different real earthquake records are modi-
fied in order to match the respective design spectra and used as base motions. Obtained results 
from FLAC analyses indicated that the settlements due to earthquake are greater than the exist-
ing freeboard and the dam is not safe for seismic conditions. In this regard, an improvement of 
the dam body is found to be necessary and preliminary remedial measures are suggested. The 
first alternative improvement method is installation of a diaphragm wall at the upstream shoul-
der in order to reduce the phreatic line and application of stone columns at the upstream toe in 
the embankment and foundation. The second one concerns the application of buttress at both 
upstream and downstream shoulders. The FLAC analyses are repeated to see the effect of these 
improvements and the respective results are presented with comparisons. 
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2 PROBLEM DESCRIPTION 
2.1 Geometry and model 
The finite difference grid that has been constructed by considering the typical section and max-
imum height of the dam are given in Figure 1. The cross-section is defined for the critical loca-
tion where loam and silty sand layers take place beneath the dam body of fine sand. The thick-
nesses of these layers are 2 m and 3 m for loam and silty sand respectively. Below these layers, 
up to a depth of 10 m to the bedrock, fine sand constitutes the foundation soil. The gradient of 
the slopes have been designed as 1V/4H. The material zones and parameters are given in the 
next section. The water level in the reservoir is taken as 2.5 m below the crest in the computa-
tions. 

Figure 1. Finite difference grid for the critical section. 

2.2 Material properties 
The dam is considered to consist of four zones in the evaluation for the most critical section as: 
fine sand, loam, silty sand and bedrock. The dry density, natural density, permeability and po-
rosity of the fine sand, loam and silty sand are determined by considering the average of all the 
test results on respective samples. The friction angle and cohesion parameters for these materials 
are determined based on the results of laboratory shear tests of samples for each zone with rather 
conservative assumptions. The other parameters are assessed from the typical values taking into 
account the composition and compaction characteristics of the dam zones and all material pa-
rameters used in the computations are summarized in Table 1. 

Table 1. Summary of the material properties. 
γdry c' φ' E ν k n
kN/m3 kPa deg MPa - cm/s -

Fine Sand 14 0 30 20 0.33 4x10-3 0.45
Silty Sand 15 0 28 15 0.33 1x10-3 0.40
Loam 15 10 28 15 0.40 1x10-4 0.40
Bedrock 24 Lin. Elastic 2000 0.25 1x10-5 0.10

An elasto-plastic material model using Mohr-Coulomb yield criterion is used for the dam 
zones. As yield is approached, energy dissipation and the irreversible straining takes place; the 
damping is associated with the specified constitutive model in the plastic range in the computa-
tions. The damping for low strains and elastic range is given as 5% by using Rayleigh damping 
option. The excess pore pressures generated due to cyclic shear strains are computed by the 
formulation, parameters of which are related to the relative density of soil, as explained before. 
The relative density of the dam body and foundation soil is taken as Dr = 40%, which is in 
agreement with the laboratory and dynamic cone penetration results. Dynamically induced pore 
water pressures and the related liquefaction modelling used in the analyses are presented in Sec-
tion 2.4. 
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2.3 Load cases 
2.3.1 Static loading 
The dynamic response of the dam is examined by non-linear analysis by using elasto-plastic ma-
terial models for the dam zones. Since the elasto-plastic materials have stress-dependent 
strength properties, the initial stress distributions in the dam in the static condition should be de-
termined before the application of seismic loading. In order to set forth the initial conditions, a 
static solution is obtained by considering the self-weight of the materials in a mechanical analy-
sis. Initial pore pressure distribution is obtained by a separate groundwater flow analysis and the 
results are combined with the stresses from mechanical solution in a coupled analysis. Conse-
quently, the initial total and effective stresses, and pore pressure distributions are attained prior 
to dynamic loading. Initial pore water pressure distribution is given in Figure 2. 

(Pore Pressure in kPa)

Figure 2. Initial pore water pressure distribution. 

2.3.2 Dynamic loading 
The dynamic loading is carried out by applying the ground motions at the base of the model in 
the horizontal direction only. Detailed information about the ground motions considered in the 
analyses is given in the next section. In dynamic calculations, the use of conventional fixed 
boundaries used for static cases at the sides and bottom of the numerical model causes the re-
flection of outward propagating waves back into the model, so interfering the energy radiation 
within the continuum. This problem have been solved by utilizing energy absorbing type bound-
ary conditions at the sides and bottom of the numerical model, that will efficiently absorb the 
energy of the outgoing waves without any causing rebound effects interfering the dynamic 
waves. For energy absorbing type boundaries, the viscous boundary formulation, developed by 
Lysmeyer & Kuhlemeyer (1969) based on the use of independent dashpots in the normal and 
shear directions at the model boundaries, has been utilized in the dynamic analyses. 

2.3.3 Seismic parameters and ground motions utilized 
The seismicity of the dam location and the seismic design parameters associated with different 
earthquake recurrence times have been evaluated by a seismic hazard assessment. The peak 
ground accelerations for different earthquake recurrence periods have been estimated by con-
ducting probabilistic seismic hazard analysis, incorporating the data from USGS Database. Ac-
cording to the subject seismic hazard assessment study, PGA’s of 0.16 g and 0.27 g correspond-
ing to 500 and 5000 years respectively, are taken into account in the computations. The return 
periods of 500 and 5000 are considered for Operating Basis Earthquake (OBE) and Safety Eval-
uation Earthquake (SEE) respectively.  

Elastic design spectra are developed by the method suggested by Newmark & Hall (1982) 
considering the peak ground accelerations given above. The damping ratio for the spectra is tak-
en as 5%. The tripartite plot of the design spectrum and acceleration design spectrum are given 
in the Appendix for each earthquake recurrence time. 

Spectrum-compatible acceleration time histories are developed for use in the dynamic re-
sponse analyses of the dam. For this purpose, three strong motion records (San Fernando 1971, 
Imperial Valley 1979, Kocaeli 1999) are selected and modified in order to match the target de-
sign response spectra explained in the previous section. The modified time histories to be used 
in the analyses and the response spectra plots of these ground motions are given Figure 3. 
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Figure 3. Acceleration time histories and response spectra of the ground motions. 

2.3.4 Damping and dynamic pore pressure generation 
The damping is controlled by mass and stiffness dependent Rayleigh Damping option for low 
strains. At higher strain levels generated because of the significantly large seismic excitations, 
damping occurs primarily through hysteric looping and plastic flow according to the specified 
constitutive model. The damping ratio is assumed as 5% for Rayleigh damping, but the damping 
in higher strains is primarily controlled by the plastic straining based on the specified Mohr-
Coulomb strength parameters. 

Coupled dynamic-groundwater flow calculations can be performed with FLAC that the pore 
fluid responds to a change in the pore volume by mechanical loading. The coupled formulation 
involves a series of sequential flow and mechanical steps. Starting from a state of mechanical 
equilibrium, the increment of pore pressure due to fluid flow is evaluated in the flow step; the 
contribution from the volumetric strain is evaluated in the mechanical step. The total stress cor-
rection due to pore pressure change arising from mechanical volume strain is performed in the 
mechanical step, and that arising from fluid flow in the flow step. The total value of the pore 
pressure is used to evaluate effective stresses and detect failure in plastic materials.  

To consider the liquefaction phenomena in the potentially liquefiable hydraulic fill and the 
foundation soil, accordingly the pore pressure generation due to cyclic shear strains; a semi-
coupled liquefaction approach, Finn Model-Byrne formulation (please refer to FLAC User's 
Manual, Dynamic Analysis for details) is used. According to the subject formulation, the reduc-
tion in volumetric strain, Δεvd, related to the engineering shear strain, γ, is obtained by the below 
formula, 

)exp( 21 γ
ε

γ
ε vdvd CC Δ

−=
Δ     (1) 

where C1 and C2 are the model coefficients. C2 is given as 0.4 / C1 , and C1 is suggested as given 
below based on the relative density of the material.  

5.2
1 )(7600 −= RDC     (2) 

The above formulas allow the calculation of the excess pore water pressures induced by the 
cyclic shear strains, and the related decrease in the effective stresses and accordingly the shear 
strength of the material, using only the relative density of the material. Therefore, the use of this 
formulation enables to simulate the liquefaction behaviour of the material in an efficient way. 
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For all of the dam zones, coupled stress-pore pressure relationship has been taken into ac-
count. The generation and dissipation of the pore water pressures are considered by the seepage 
calculations based on the given permeability's, concurrently during the earthquake. 

3 ANALYSES RESULTS 

The dynamic response of the dam is evaluated performing stress-groundwater flow coupled time 
history analyses by using the ground motions produced in order to provide the PGA’s and de-
sign response spectra for the considered earthquake recurrence times.  

All of the analyses have been successfully completed; the solutions converged to stable con-
ditions. Obtained permanent displacements at the end of the earthquake are summarized in Ta-
ble 2 below. It is observed that the crest settlements are significant for both earthquake levels.  

The displacement vectors, plastic shear strains and the time variation of the crest settlement 
during the earthquake are shown in Figures 4 to 7 for the San Fernando earthquake with 5000 
year return period, which leads to the maximum displacements. 

 
Table 2. Summary of results.  
 EQ Motion Vertical Disp. 

of Crest
Horizontal Disp.  
of Crest

  m m 
500- year EQ  
(PGA = 0.16 g) 

Imp. Val. 
Kocaeli  
San Fernando 

1.25
2.70 
1.30

1.05
1.30 
0.80

5000- year EQ  
(PGA = 0.27 g) 

Imp. Val. 
Kocaeli  
San Fernando 

2.75
2.35 
3.60

1.95
0.60 
4.28

 
 

 
Figure 4. Permanent displacements vectors after 5000-year earthquake. 
 
 

 
Figure 5. Plastic shear strains after 5000-year earthquake. 

 
 
The crest settlement at the end of the 500-year earthquake is obtained as between 1.25 – 2.70 

m. This level of settlement is critical in terms of freeboard and show the necessity of improve-
ment even for this relatively small value of PGA. For 5000-year earthquake, the crest settlement 
is obtained as between 2.35 – 3.60 m. This excessive crest settlement is greater than the free-
board and indicates the need of improvement. 

 Examining the displacement vectors, it can be seen that the crest settlement is mainly result-
ing from the outward displacement of the hydraulic fill at both upstream and downstream sides. 
Plastic shear strain distributions indicate that excessive yielding occurs within the foundation 
soil at the areas under the upstream and downstream toes of the dam body, where the confining 
pressure is significantly less. This is the primary reason leading to the permanent displacements 
and the related crest settlement. 

229



Figure 6. Crest settlement vs. time during earthquake. 

The pore pressure distributions after the earthquake show that the significant excess pore 
pressures exist in nearly the whole of saturated part of the dam body and foundation soil. Use of 
a liquefaction model and coupled formulation has allowed capturing the pore pressure genera-
tion due to cyclic loads, which is the main reason of strength reduction and plastic deformations.  

The maximum shear strain contours also indicate that the potential failure surfaces of the dam 
are similar to circular slope failures passing the foundation soil in both upstream and down-
stream sides. 

Performed studies clearly indicate the requirement of remedial works in order to reduce the 
crest settlement to acceptable levels. The time-history analyses employing advanced material 
models to capture the liquefaction behaviour of soil, have resulted in crest settlements up to 2.70 
m and 3.60 m corresponding to earthquake return periods of 500 and 5000 years respectively. 
As the freeboard of about 2-2.5 m is concerned, this level of settlement will result in overtop-
ping that leads to the failure of the dam. 

The plastic shear strains indicate potential failure blocks in both upstream and downstream di-
rections, especially because of the liquefaction in the foundation soil. It is also observed that the 
settlement of the crest is mainly due to the failure mechanism developing from the crest to the 
downstream side. In order to reduce the crest settlement induced by the earthquake, two alterna-
tive remedial measures are considered in upstream and downstream slopes as explained in detail 
below. 

4 REMEDIAL WORKS TO IMPROVE EARTHQUAKE SAFETY 
4.1 Alternative 1 with diaphragm wall and stone columns 

The reduction of the groundwater level within the dam body is crucial in terms of strength, since 
both the saturated area of the dam body and the initial pore water pressures in the foundation 
soil will be smaller with the lowering of the phreatic line. A diaphragm wall extending to the 
bedrock, at the upstream berm is a recommended for this purpose as an effective solution. 

A reinforced concrete diaphragm wall (slurry or plastic-concrete wall may also serve the 
same purpose) of B = 1 m width is considered and the effect is evaluated in the repeated calcula-
tions. Primary analyses performed have shown, improvement by only reducing the phreatic line 
is not sufficient to reduce the settlement to acceptable levels, because of the low strength of the 
foundation soil and the related excessive yielding, especially at the area beneath the downstream 
shoulder. Therefore, installation of stone columns at the downstream toe, in an area of 30 m in 
width is considered to be a reasonable improvement technique. Stone columns are widely used 
and accepted in the stabilization of liquefiable soils, as they provide the fast dissipation of earth-
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quake-generated pore pressures, and also increase the overall strength of the improved zone as 
well. 

A replacement ratio of 0.2 is deemed for the stone columns. The effect of stone columns is 
incorporated into the performed analyses by increasing the strength and permeability of the in-
stallation zone. For this purpose, the friction angle and permeability of the improved zone are 
assumed as φ = 34 degrees and k = 0.1 cm/s in the respective calculations. The locations of the 
diaphragm wall and the stone column-improved zone are shown in Figure 7 for the updated fi-
nite difference grid. 

 

 
Figure 7. Locations of diaphragm wall and stone column application. 

 
For the improved case, the analyses are repeated for the critical earthquake records giving the 

maximum amount of settlement for the two return periods. With the installation of the dia-
phragm wall, the phreatic line has considerably been lowered. The stone columns at the toe of 
the downstream shoulder provided the dissipation of excess pore pressures and in this way, 
formed a zone without strength reduction, acting as a buttress at the respective area. The effect 
of the stone columns can easily be observed from the permanent displacement vectors and plas-
tic shear strains after the earthquake given in Figures 8 and 9 for 5000-year earthquake.  

These two improvement methods applied to different sections of the dam substantially reduce 
the settlement of the crest to maximum 0.25 and 0.75 m for OBE and SEE load cases, which are 
smaller than half of the freeboard (about 1 m). In the light of these results, it is possible to say 
that the safety of the dam is provided with the suggested remedial works. 

 

 
Figure 8. Displacement vectors after improvement with diaphragm wall and stone columns. 
 

 
Figure 9. Plastic shear strains after improvement with diaphragm wall and stone columns. 

4.2 Alternative 2 with buttress  

As a second alternative, the buttresses composed of compacted local sand and gravel are consid-
ered in both upstream and downstream slopes. In addition to this, a parapet wall with a height of 
h = 2 m is designed to prevent overtopping in case of excessive settlement after a strong earth-
quake. The buttress geometries are shown in Figure 10 on the updated finite difference grid.  

For the case involving the buttresses, the analyses are repeated for the critical earthquake rec-
ords giving the maximum settlement. Figure 11 shows the plastic shear strains after 5000-year 
earthquake. This remedial system has reduced the settlement of the crest to maximum 1.00 and 
2.05 m for OBE and MDE load cases respectively. Considering this settlement of about 2 m for 
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the critical cross-section and maximum design earthquake, with the use of a parapet wall of h=2 
m height, it is possible to say that the safety of the dam is provided with the suggested remedial 
works and a catastrophic failure of the dam is prevented for SEE load case.  

Figure 10. Improvement with buttress at U/S and D/S slopes. 

Figure 11. Plastic shear strains after improvement with buttress. 

5 CONCLUSIONS 

The dynamic response of the hydraulic fill dam is evaluated by performing non-linear stress-
pore pressure coupled analyses, and the permanent displacements have been obtained for OBE 
and MDE load cases. The material properties are taken from the results of geotechnical investi-
gations performed if available; other required parameters are assumed as typical values in litera-
ture. 

The results of time-history analyses have shown that the dam retains its stability after the 
earthquake; even there are significant excess pore pressures and plastic shear strains within the 
dam body and foundation. Although the results indicate the stability of the dam after the earth-
quake, the obtained crest settlements of up to 2.70 m and 3.60 m for OBE and MDE load cases 
clearly indicate the problem of overtopping due to significant crest settlement, as the freeboard 
of about 2-2.5 m is concerned. In order to reduce this settlement below acceptable levels, two al-
ternatives of remedial works are suggested and the relevant calculations have been made. 

As alternative - 1, a diaphragm wall extending to the bedrock at the upstream berm, and stone 
columns of the toe area of downstream shoulder are suggested. Results of the repeated analyses 
indicate settlements of 0.25 m and 0.75 m, smaller than half of the freeboard, which are consid-
ered as acceptable to prevent overtopping. As a second alternative, buttresses composed of com-
pacted sand and gravel are suggested at the upstream and downstream sides, with a parapet wall 
on the crest. The settlement of the crest has been reduced to 1.0 and 2.05 m for OBE and MDE 
load cases, with the use of buttresses. These results show that the safety of the dam can be satis-
fied with the respective improvement system, including a parapet wall with h = 2 m height on 
the crest, by preventing overtopping for the most severe earthquake loadings. 
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Comparison of DEM and analytical solutions for 3D deformation 
fields generated by slip on an embedded rectangular fault  

Y. Abe, S. Fujihara, G. Cao & N. Hashimoto
ITOCHU Techno-Solutions Corporation, Nuclear & Engineering Dept., Tokyo, Japan

1 INTRODUCTION 

Since the 1980s, modern seismology has provided fairly good consistency between numerical 
analyses and geophysical observations. The seismic moment tensor was introduced for expressing 
a point source in a far field of seismic waves (e.g., Kikuchi & Kanamori 1991), and Okada (1992) 
succeeded in expressing a fault motion in a finite fault system by a fault motion in a rectangular 
fault. However, the underlying complexity of earthquake sources is yet unresolved. In order to 
evaluate more complex phenomena in time and space, current seismological schemes may not be 
good enough. More appropriate expression of earthquake source is needed.  

In this study, 3D deformation fields generated by slip on an embedded rectangular fault are 
evaluated based on Discrete Element Method (DEM; Cundall & Strack 1979). For validation, the 
results are compared with analytical solutions for a continuum model (Okada 1992). Upon con-
firming the validation for simple seismological phenomena, this research discusses what kinds of 
geophysical phenomena will be scientifically important in the future seismological problems, in 
terms of DEM simulation approach. 

2 ANALYSIS 
2.1 Fundamental earthquake model 
As mentioned, in this study, one of most fundamental earthquake fault models (reverse fault) is 
evaluated in a simple setting. The reverse fault model is one of most important at inland and 
oceanic regions in current seismological problems. Figure 1 and Table 1 show schematics and 
fault parameters of earthquake fault model.  

ABSTRACT: In modern seismology, seismic source physics on earthquake generation has pro-
vided fairly good consistency between seismic analyses and geophysical observations. Those 
studies were on the basis of a point source expression and a finite source expression. However, 
the underlying complexity of earthquake sources is yet unresolved. In order to evaluate more 
complex phenomena, current seismological schemes may not be good enough. In this study, DEM 
simulation was performed to evaluate a fundamental earthquake fault model in a simple setting. 
For validation, the results were compared with analytical solutions, and they were fairly consistent 
with each other. The results seem to suggest that DEM is capable of analyzing complex nature of 
earthquake fault system.   
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Figure 1. Schematics of fundamental earthquake fault model.  

Table 1. Fault parameters of earthquake fault model. 
__________________________________________________________________________________________________________ 

Depth Strike Dip Rake Length, L Width, W Slip, D 
Fault Type Mw (km) () () () (km) (km) (m) 
__________________________________________________________________________________________________________ 

Reverse Fault 7.4 20 180 20 90 30.00 20.00 10.00 
__________________________________________________________________________________________________________ 

2.2 Methodology 

In the analysis, both continuum simulation and DEM simulation are performed to simulate the 
static displacement field being generated from earthquake motion (reverse fault). The general 
methodologies of continuum simulation and DEM simulation are explained as follows.  

In the continuum analysis, a solution for dislocation theory within a continuum (Okada 1992) 
is used. It has been most frequently used in today’s seismological problems. In the analysis, a 
homogeneous half space medium is assumed. The earthquake fault parameters in Table 1 are used 
as inputs. 

  In the DEM analysis, a medium is expressed as a compacted assembly of many spherical 
particles which are modeled by PFC (Itasca 2014), one of the DEM codes. The model is composed 
of distinct particles that displace independently of one another, and they interact only at contacts 
or interfaces between the particles. The particles are assumed to be rigid, and the behavior of the 
contacts is characterized using a soft contact approach, in which both normal and shear stiffness 
are taken to represent the measurable stiffness that exists at a contact. The mechanical behavior 
generated from earthquake motion is described in terms of the movement of each particle and the 
inter-particle forces acting at each contact point. Newton’s laws of motion provide the fundamen-
tal relationship between particle motion and the forces causing that motion. The linear and the 
parallel-bond are assumed and assigned for all contacts. These bonds establish an elastic interac-
tion between particles that acts in parallel with the slip or contact-bond behaviors. For the fault 
position, the interfaces of particles are assumed non-bonded so the dislocation behavior in a me-
dium can be provided.   

2.3 Numerical setting of DEM simulation 

In the DEM simulation, numerical parameters and conditions are assumed and set as follows. 
1. First, a three-dimensional box region (X = 300 km, Y = 120 km, Z = 150 km) is set as a

study region. Each boundary plane is constrained by a wall (boundary condition).
2. Within the study region, a group of particles is arranged for expressing an earthquake fault.

The locations of 120 particles (all particles with a radius of 1.5 km) are fixed for expressing
the earthquake fault.

W: Width

D: Slip

Free Surface

Depth ＝ 20km

Y

Dip angle

X

L: Length

Hanging 
wall block 

Foot wall block 
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3. Within the rest of study region, 267,500 particles (all particles with a radius of 2.0 km) are
generated. The particles are randomly generated in the way that the value of porosity is
about 30%.

4. In order to make the state of stress (within the study region) homogeneous, the model of
particle assembly is cycled until the total unbalanced force of the model becomes substan-
tially small.

5. After reaching a stable state through the process described in step 4, each inter-particle
contacting force is set to be zero. Then, a bonding condition (Parallel bonding) is assigned
for each contact. This process enables this analysis model to behave like a continuum as
well as particle assembly. No bond failure was set to occur in the DEM model.

6. After numerical conditions were set as above, the walls (set in step 1) are deleted, and the
fault motion simulation is performed by assigning a slip displacement of 10 m (same
amount as that in continuum simulation) to the fault particles (set in step 2). The value of
slip velocity is assumed to be about 0.002 m/sec. Here, the equal and opposite velocities
were rigidly applied to particles on either side of the notional fault, and then sufficient time
(2500 sec) was taken to reach the slip displacement value of 10 m. After the slip displace-
ment of 10m is reached, the velocities were then set to zero, and sufficient calculation cycles
were taken for equilibrium to be established.

The Young’s modulus of 1.0 GPa and Poisson’s ratio of 0.25 are assumed for the continuum 

model. For the DEM model, the corresponding effective modulus and normal-to-shear stiffness 

ratio (equivalent to an inverse of 0.25 [Poisson’s ratio]) are shown in Table.2. Also, the remain-

ing parameters for DEM simulations are shown in Table. 2. 

Table 2. Parameters for DEM simulations (Parallel bonding). 
__________________________________________________________________________________________________________ 

Effective Normal-to-shear Tensile Cohesion Friction Normal critical Shear critical 
 Modulus stiffness ratio strength angle damping ratio damping ratio 
__________________________________________________________________________________________________________ 

1.0 GPa 4.0 100 GPa 100 GPa 30 0.5 0.5 
__________________________________________________________________________________________________________ 

3 RESULTS 

Figure 2 shows the results of fault motion modeling, on the basis of continuum simulation and 
DEM simulation. Both simulation results show that a slip displacement of 10 m makes about 2 m 
uplift of hanging wall and 1m subsidence around it. Static displacement fields computed on the 
basis of two different schemes are fairly consistent with each other. 

4 SUMMARY AND CONCLUSIVE THOUGHTS 

In this study, simulation of earthquake fault motion was performed based on Discrete Element 
Method. For validation, the results were compared with analytical solutions for a continuum, and 
they were fairly consistent with each other.   

By confirming the validation for modeling fundamental seismological phenomena, the results 
seem to suggest that DEM approach is capable of analyzing complex nature of earthquake fault 
system, without losing generality which holds for analytical analysis for a continuum. Thus, tak-
ing advantage of applicability of DEM simulation, more realistic models may be tested in the 
future for seismological (dynamic) problems. Those include phenomena such as slow slip-crustal 
movement (e.g., Obara et al. 2009) in earthquake prediction problem, hydraulic fracture in mining 
field, and so on. 
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(a) Continuum simulation

(b) DEM simulation

 

 

Figure 2. Static Displacement field (vertical component) of reverse fault earthquake model. (a) Analytical 
simulation (for free surface). (b) DEM simulation. Upper figure and lower figure show horizontal (X-Y, 
free surface) plane and vertical (Z-X) plane, respectively. 
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1 INTRODUCTION 

Numerical simulations of geologic phenomena generally represent only a very small portion of 
the tectonic-scale geologic setting that the area of interest exists in. The portion of the setting not 
explicitly modeled, is approximated by the behavior of an artificial boundary. In static simula-
tions, fixed artificial boundaries can be used without much reduction in accuracy. In dynamic 
simulations, fixed boundaries simulate an interface with an infinitely stiff material that absorbs 
no wave energy and therefore traps energy in the model. This can be an appropriate approximation 
in certain cases – for a very soft soil on stiff bedrock, or for modeling a centrifuge experiment, for 
example. But in geologic settings without a sharp change in stiffness, energy that ought to leave 
the model domain gets trapped inside it and can have significant influence on the model behavior. 

The creation of boundaries that absorb wave energy in dynamic simulations typically involves 
a “quiet” boundary at the base of the model and “free-field” boundaries at the sides of the model. 
Both boundary types absorb wave energy and the free-field boundaries also enforce the free-field 
conditions that would exist in a flat ground situation. 

One of the simplest and most popular methods for creating artificial boundaries to absorb wave 
energy from within the model was developed by Lysmer and Kuhlemeyer and presented in Finite 
Dynamic Model for Infinite Media (1969). They showed that a viscous stress-controlled boundary 
can be defined by: 

= ′ (1) 
and 

= ′ (2) 
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domains to absorb wave energy reflected from the surface. Free-field boundaries absorb waves 
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with FLAC. This paper demonstrates the application of quiet and free-field boundaries within 
PFC2D without coupling with another code. Free field response columns are created within PFC 
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programming language, FISH. A comparison of the model’s 1-D wave transmission and reflection 
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where σ and τ are the respective normal and shear stresses at the boundary, ρ is the material 
density, 𝑉𝑃 and 𝑉𝑆 are the material p-wave and s-wave speeds, and 𝑤′and 𝑢′ are the normal and
tangential boundary velocities. In order to create absorbing boundaries, viscous dashpots with 
coefficients of 𝜌𝑉𝑆 or 𝜌𝑉𝑃 (multiplied by some tributary) area are applied to the boundaries to
absorb the stresses of incident waves. According to their numerical simulations, this type of 
boundary can be 98.5% effective in absorbing p-waves and 95% effective in absorbing s-waves. 
The absorption is nearly perfect for waves whose angle of incidence is greater than 30 degrees.  

Bazgard, Davies & Cundall (2011) have shown that the application of the Lysmer-Kuhlemeyer 
scheme can successfully be applied to a particulate DEM model coupled with a continuum model 
(PFC3D and FLAC3D). However, it is sometimes advantageous to keep the simulation contained 
within a single program. The following sections describe a boundary condition scheme created in 
PFC2D (hereafter PFC) that uses clump-logic to eliminate the need for coupling with an external 
code. Developing the internal boundary control scheme involved a wave speed calibration, the 
creation of pseudo-periodic boundaries, and an efficient linked-list control scheme for boundary 
particles. 

2 WAVE SPEED CALIBRATION 

To get the proper dashpot coefficients in a bonded-particle model, a calibration of microproperties 
and macroproperties must be performed. VP and VS are macroproperties which emerge from the 
particle bond and contact stiffnesses as well as particle unit weight and packing density. For this 
study, a parallel-bonded particle matrix was used. The shear to normal stiffness ratio in the model 
was held constant at 1:1.75 and the particle to bond stiffness was held constant at 1:10. The rela-
tionship between the wave speeds and the PFC microproperties were then determined solely as a 
function of the particle normal stiffness, kn. Results of measured s-wave and p-wave speeds are 
shown in Figure 1 with equations for VP and VS. Since particle stiffness is proportional to modulus, 
and wave speed is proportional to the square root of modulus, the BPM results are consistent with 
elastic wave theory in the tested range. 

Figure 1. Wave speed and particle stiffness functions based on a fit of PFC simulations. The functions are 
used to create the viscous boundary parameters. 

Based on these results, shear and normal dashpots (cS  and cP, respectively) can be defined as: 

𝑐𝑆 = 𝜋𝑟2𝜌(0.011√𝑘𝑛) and 𝑐𝑃 = 𝜋𝑟2𝜌(0.017√𝑘𝑛) (3) 

where r is the particle radius and  is the particle density. 
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3 THE PSEUDO-PERIODIC MODEL 

In order to achieve the desired boundary conditions, the free-field response must be calculated in 
one-dimensional columns for each side of the model. The free-field response can be most easily 
calculated in PFC with periodic boundary conditions, however, the code requires that periodic 
space must be used on the entire model domain or none of it. The free-field response columns 
then, must be created without explicitly using the periodic space feature in PFC. This limitation 
necessitates the development of ‘pseudo-periodic’ boundaries using clump logic. 

In PFC, ‘clump’ refers to group of particles which are slaved together and behave as a rigid 
body (Itasca 2008). Internal contacts between clumped particles are skipped during the calculation 
cycle. Clumps are typically used to create a bonded-particle model with irregular grain shapes as 
presented by Cho et al. (2007). It is not necessary, however, that particles in a clump be in contact 
with each other or even in the same vicinity. The rules that create the clump logic in PFC are very 
similar to the slave-controller laws for a periodic boundary, so it is possible to use clump logic to 
create a nearly periodic boundary condition. 

By bounding a bonded-particle model with a series of two-particle clumps – with one particle 
on either side of the model as shown in Figure 2, the forces on each side of the model are directly 
transmitted to the opposite side.  

Figure 2. A BPM model bounded by a series of two-particle clumps. The clumps are restricted from rotating 
and create a pseudo-periodic effect on the vertical sides of the model domain. 

In a periodic model, one of the boundary particles is a controller and its counterpart on the 
opposite side is a slave. Controllers exchange information with their slaves during calculation 
cycles to behave as a single particle. The slave particle has the same motion as the controller 
particle in every degree of freedom, so for each calculation timestep: 

∆𝑥 𝑙𝑎𝑣𝑒 = ∆𝑥𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟 , ∆𝑦 𝑙𝑎𝑣𝑒 = ∆𝑦𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟 , 𝜃 𝑙𝑎𝑣𝑒 = 𝜃𝑐𝑜𝑛𝑡𝑟𝑜𝑙𝑙𝑒𝑟 (4) 

Unlike in a periodic space, the two particles in the clump are required to have the same motion 
with respect to θ, but not with respect to x and y. However, the distance between the two particles 
must remain the same and they are not allowed to rotate with respect to each other. Equation 5 
describes the rules for two clumped particles 

(∆𝑥2 − ∆𝑥1)
2 + (∆𝑦2 − ∆𝑦1)

2 = 0 , 𝜃1 = 𝜃2 , 𝜑12 (5) 

where  12 is the relative rotation of the two particles in the clump with respect to each other. 

A series of two-particle clumps
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By imposing the additional constraint that  1 =  2 = 0, only two translational degrees of free-
dom are allowed. Since the distance between the particles must be constant and their relative 
rotation must be zero, the two-particle clump is now restricted to x2 = x1 and y2 = y1 creating 
a ‘pseudo-periodic” boundary. 

There are a number of differences between a true periodic boundary and a pseudo-periodic 
boundary as presented here. For example, the clump particles themselves create the boundary so 
they cannot cross the periodic boundary line or move away from the boundary. The pseudo-peri-
odic boundary particles are also completely restricted from rotating and are identical in size along 
the boundary (to simplify the model generation process). This results in an infinitely repeating 
model with irregular particle size and packing except for thin columns of two particle pairs spaced 
at the width of the pseudo-periodic boundary. For bonded systems in the range of stiffnesses tested 
here, these differences did not result in any significant difference in behavior when compared to 
a model with true periodic boundaries provided that the model was at least 10 particle diameters 
wide. 

4 PARTICLE CONTROL IN PFC 

In PFC, particles may be directly controlled with user-written FISH functions. FISH provides the 
user with the ability to prescribe a particles velocity or apply a force (or moment). To control the 
boundary particle subset of the particle model efficiently, the memory addresses of the boundary 
particles as well as variables needed in their control are stored in a linked-list data structure. When 
the model is built, a variable (‘Boundary Head’) is created to point to the head of the linked-list 
and the list is populated. The boundary control functions, which must be executed on each bound-
ary particle at each timestep, are run within a loop that traverses the boundary linked-list.  

4.1 Base boundary control 

On the base boundary, viscous dampers were used in the horizontal direction only. The horizontal 

damping force (Fh,damp) applied to the base boundary particle is defined by:  

𝐹ℎ,𝑑𝑎𝑚 = −𝑐𝑆𝑣ℎ, 𝑎𝑟𝑡𝑖𝑐𝑙𝑒 (6) 

where vh,particle is the particle’s horizontal velocity. 

It is possible to include dampers in the vertical direction, but the model tends to drift and rotate 

due to numerical force imbalances. A purely translational drift would be acceptable because the 

trend could be easily removed from the data and the gravitation field orientation with respect to 

the model would remain unchanged. Rotational drift, however, is not easy to correct for and also 

changes the effective gravitational direction in the model, so it is unacceptable. The model’s con-

nection to the free-field response columns, which cannot rotate, would slow rotational drift, but 

not eliminate it because the connection is viscous, not rigid. Not allowing displacement in the 

vertical direction avoids this problem. It also means that the model cannot accept vertical ground 

motion input. 

4.2 Lateral boundary control 

The lateral boundary conditions are different from the base in two respects: (1) both horizontal 
and vertical motions is allowed and damped, and (2) the dampers resist velocity with respect to 
the free-field site response rather than the global reference frame. Figure 3 illustrates the two 
particle control schemes. 

Vertical motion may be considered in the lateral dashpots because the fixity at the base prevents 
the model from drifting in the vertical direction. It is desirable to be able to absorb the vertical 
components of reflected waves at the lateral boundary even when plane shear waves are used as 
input because reflections from the surface (when not perfectly flat) will result in non-plane and 
non-horizontal wave fronts. 
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Figure 3. Base boundary control scheme (on the left) and lateral boundary control scheme (on the right). 

 
 
The damping of the lateral boundary particles is more involved than the base because of the 

link between the main model and the free-field response columns. Each lateral particle has an 
associated and unique free-field response clump that provides the free-field velocity at its given 
position in the geologic layer. The damping force is proportional to the difference in velocity 
between the lateral boundary particle and its free-field reference clump: 

𝐹ℎ,𝑑𝑎𝑚 = −𝑐𝑃(𝑣ℎ, 𝑎𝑟𝑡𝑖𝑐𝑙𝑒 − 𝑣ℎ,𝑟𝑒𝑓)  (7) 

and 

𝐹𝑣,𝑑𝑎𝑚 = −𝑐𝑆(𝑣𝑣, 𝑎𝑟𝑡𝑖𝑐𝑙𝑒 − 𝑣𝑣,𝑟𝑒𝑓)  (8) 

where subscripts ‘h’ and ‘v’ indicate horizontal and vertical, respectively. 
This is similar to connecting the main model to the free-field with a dashpot except that the 

damping force is only applied to the boundary particles on the main model. There is no effect on 
the free-field response column from anything that happens in the main model. 

5 RESULTS AND COMPARISON TO OTHER MODELS 

To confirm the ability of the model to transmit and reflect waves appropriately, a flat-ground 
model with pseudo-periodic free-field boundaries was compared to an analytical solution for elas-
tic one-dimensional ground response. The formulation of the analytical solution is taken from the 
section from Geotechnical Earthquake Engineering (Kramer 1996) on the Linear Approach to 
One-Dimensional Ground Response Analysis and implemented in Python. 

Figure 4 show the comparison of the PFC and analytical solutions to a pulse introduced to an 
elastic medium. The analytical and PFC models are both set to 5 percent damping. In the PFC 
model, the local damping scheme is used. The pulse transmission and absorption in Figure 4 
demonstrates at a very basic level the BPM’s ability to transmit shear waves from the viscous 
base, to the free surface, and back. As expected, the displacement amplitude doubles at the surface 
and is reflected back as a pulse of the same displacement polarity and is absorbed by the viscous 
base. The comparison with the analytical solution shows that the model is capturing consistent 
wave speeds and amplitudes with elastic wave theory. Figure 5 shows that when a more complex 
wave form in introduced (in this case a recording of the Feb. 22, 2011 Canterbury event in New 
Zealand), the model continues to replicate elastic wave behavior with a high degree of accuracy. 

The PFC histories shown in these figures are taken from the main model and are consistent 
with the free-field response columns on either side. In addition to the results shown above, similar 
comparisons were made for models with a horizontal impedance contrast. The PFC model also 
showed good agreement to the analytical model in this case. These comparisons provide some 
confidence that PFC and these unique boundary conditions can be used to simulate elastic ground 
response analysis in a variety of geologic settings for general ground motions. 
 

Free-field 
reference frame

Global reference frame
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Figure 4. Comparison of the PFC and analytical responses to a single pulse in an elastic medium. The initial 
pulse comes in at the base of the model and is slightly damped as it travels through the midpoint to the 
surface. At the surface, the displacement amplitude is doubled and the pulse is reflected back down. Upon 
reaching the input level again, the wave is absorbed by the viscous base.  

Figure 5. Comparison of PFC and analytical responses to an earthquake motion. The motion is derived 
from the Feb 22, 2011 Canterbury event in New Zealand. The lower frame is zoomed in to a selection of 
the response between 18 and 22 seconds. It shows a high level of agreement between the two solutions. 
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6 ONE-SIDED SLOPE 

One of the advantages of using explicitly modeled free-field boundary conditions (as opposed to 
periodic boundaries) is the ability to have non-uniform boundary heights, which may be required 
to model some situations (e.g. a cliff at the edge of a plateau). Figure 6 shows how the introduced 
boundary scheme can be used to create such a geometry by cutting a slope in the model and 
through one of the free-field response columns. Caution must be taken when cutting the model by 
deleting particles. Any user-defined linked-list in the model will be broken if particles in the list 
are deleted. A list-preserving function of some sort should be used to avoid this. 

Figure 6. A model for dynamic simulations in PFC. The figure shows a pseudo-periodic free-field response 
column on the left and a portion of the main model on the right. As shown in the figure, arbitrary shapes 
can be cut through the model and the free-field response column on the adjacent side. 

Figure 7 demonstrates how a Ricker pulse may travel through such a model. The figure shows 
the shear stress magnitude of an incident pulse, its reflection at the surface at different heights, 
and the absorption of the pulse at the boundaries. The pulse travels different distances up the sides 
of the model and is reflected by the model surface. Non-plane and non-horizontal reflections are 
absorbed by the boundaries at either side of the model. 

 At t = 0.5s, the pulse has travelled nearly to the toe of the slope and the two lateral boundaries 
have experienced the same motion. At t = 0.6s, the left boundary is absorbing some reflected 
waves from the toe of the slope and a portion of the incident pulse is reflected back to the base. 
At t = 0.8s, the waves have been absorbed by the left boundary. The reflected pulse is still travel-
ling down the right boundary. Some shear stresses at the toe of the slope are visible as the slope 
responds dynamically to the disturbance of the pulse. At t = 1.0s, the pulse and its reflected waves 
have been absorbed. The slope continues to oscillate at its natural frequency, however, by t = 1.0s, 
the motion has been damped sufficiently that the resulting shear stresses are very small compared 
to the magnitude of the stresses induced by the pulse. 

Pseudo-periodic 
clumps

Free-field 
slave

Slope cut
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t = 0.0 s t = 0.5 s t = 0.6 s 

t = 0.8 s t = 0.9 s t = 1.0 s 

Figure 7. Frames of a pulse traveling through a one-sided slope in PFC. The lateral boundaries are coupled 
with free-field response columns (not pictured). Color intensity in the plots corresponds to change in shear 
stress magnitude relative to the at-rest model state. 

7 SUMMARY 

The use of pseudo-periodic boundaries in PFC using clump-logic is introduced. By using these 
boundaries to create free-field response columns, quiet and free-field boundary conditions can be 
implemented within PFC without coupling with an external code. The flat-ground response of a 
PFC model with these boundaries is compared to an analytical solution using a simple pulse and 
an earthquake motion as input. In both cases, PFC shows good agreement with the analytical 
solution. Finally, an example of a non-flat-ground model is presented to demonstrate a potential 
application for dynamically rock-slope simulations in the developed model. 
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Constitutive Models





1 INTRODUCTION 

The Baihetan dam and hydropower station are under construction on the Jinsha River (a tributary 
of the Yangtze River), in the Southwest of China. Part of the rock mass at the site consists of 
columnar jointed basalts, and extensive field, analytical and numerical studies have been 
conducted to characterize its physical and mechanical behavior (see e.g. Shan & Di 2013). 
The basalt formation on the Baihetan site consists in layers of sub-vertical polygonal columns 
with high vertical to horizontal aspect ratio, see e.g. Figure 1. The joints separating the columns 
result from ordered contraction cracks formed into cooling lava flows (Goehring & Morris 2008), 
and the superimposed layers correspond to successive episodes of lava flow. The column cross-
sections vary in shape from quadrangular and pentagonal to hexagonal (Zheng 2013), and a rep-
resentative value of the column diameter is about 20 cm. The height of the columns is limited by 
the thickness of the layer corresponding to the lava flow episode, and is in the order of meters.  

A large body of numerical work has been conducted by HydroChina - Itasca R&D Center (HIC) 
using the discrete element code 3DEC (Itasca 2013). The studies have shed light on the relevant 
mechanisms at the scale of the tunnels (3 to 5 meters in equivalent diameter), already constructed 
at the site.   

Large underground chambers, about 43~48 m in diameter, will be part of the hydropower sta-
tion design, and numerical simulations are planned to study the stability of the excavations.  The 
use of a discrete approach that includes each basalt column would be computationally prohibitive. 
Instead, a continuum approach has been suggested. HIC and Itasca Consulting Group, Inc. (ICG) 
are joining efforts to develop and validate a continuum constitutive model to reproduce the be-
havior of columnar basalt at the large scale, compared to column diameter.  

The paper describes the new FLAC3D/3DEC (Itasca 2012, 2013) constitutive model for appli-
cation to rock mass with tight joint sets, and to columnar basalt in particular. The model, called 
Comba, accounts for the presence of up to four arbitrary orientations of weakness (ubiquitous 
joints) in a non-isotropic elastic matrix. The model builds on the work of Wang & Huang (2009) 
who developed a constitutive model in FLAC for the deformation of a rock mass containing sets 
of ubiquitous joints, and the work of Agharazi et al. (2011) who implemented an equivalent con-
tinuum model of rock masses with systematic joint sets in FLAC3D. Emphasis is placed in this 

Development of a constitutive model for columnar basalt 
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bility to reproduce the results of discrete simulations carried out with 3DEC are documented in 
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paper on the 3D elasto-plastic formulation, which does not appear to have been documented in 
the literature. Preliminary results of numerical testing and calibration carried out to validate the 
model logic, and evaluate its capability to reproduce the results of discrete 3DEC columnar basalt 
simulations are documented in the paper. 

Figure 1. Columnar basalt formation at the Baihetan site (Meng 2013).  

2 MODEL FORMULATION 

The constitutive model Comba can be used to simulate the behavior of columnar basalt for engi-
neering applications in the large scale (i.e. a scale large compared to the representative column 
diameter). The model is developed in the framework of elasto-plasticity. The formulation assumes 
that the deformation of the rock mass is dominated by the joint behavior, and that the observed 
anisotropy is introduced by deformation and slip along the sub-vertical joints. Also, it is assumed 
that the large size discontinuities (shear zones) that separate the different lava flows will be taken 
into account in a discrete manner in the large-scale numerical model of the rock mass; their be-
havior is not accounted for in the proposed constitutive law.  

There are up to four directions of weakness in the model, accounted for using a ubiquitous joint 
formulation. The joint logic is characterized by a spring-type behavior, that includes joint normal 
and shear stiffnesses explicitly, a strain-softening Mohr-Coulomb criterion for slip along the plane 
of weakness, a dilation law and a tension cut-off. Dilation is expected to be quite different if the 
direction of shear is along the column axis, or normal to it. To represent this behavior, the logic 
accounts for a dilation amplification factor that is a function of the direction of slip on the joints. 
HIC is currently carrying out numerical testing to calibrate the model, and evaluate its capability 
to reproduce field behavior. In particular, efforts (not described in this paper) are under way to 
derive an appropriate dilation law for the joints from discrete numerical experiments carried out 
with 3DEC, for specific column cross-sections (using a periodic sample). 

The Comba model can be applied to model quadrangular (hexagonal) columnar basalt with 
cross-joints by specifying that two (three) of the ubiquitous joints are oriented along the column 
axis, and another along the cross-joints. The column diameter (joint spacing) appears as a variable 
in the elastic stiffness matrix that is derived by superposition of deformation in the rock matrix 
and along the ubiquitous joints (see e.g. Meng 2007, Wang & Huang 2009, Agharazi et al. 2011). 
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In addition, a size effect arises from the evolution law of dilation, in which dilation rises and falls 
off with displacement. In the model, an amplification factor can be applied to joint dilation that 
depends on the angle between a set direction (i.e. the column mean axis) and the direction of slip 
on the joint. The (size-dependent) amplification factor versus angle is specified in an input table. 

The model is only applicable for cases in which the “diameter” of columns is much less than 
the size of objects (e.g., caverns) being modeled. Also, the rock mass matrix (intact basalt in the 
column) is modeled as an elastic material in this paper.   

2.1 Definition of joint orientation, spacing and stiffness 

The orientation of a joint is specified either by the dip (dip) and dip direction (dd) of the joint 
plane, or by the three components of the unit normal to the plane. Up to four joints planes can be 
considered. The spacing of joint i is Si, the normal stiffness is 

n

ik , and the shear stiffness is 
s

ik
(the joint compliance terms related to normal and shear displacements under shear and normal 
loads, respectively, are ignored). 

2.2 Elastic stress-strain behavior 

The global elastic strain-stress relations used in the model logic are obtained by superposition of 
strain contributions from the column matrix and from the joints (e.g., Meng 2007, Agharazi et al. 
2011). The isotropic elastic column matrix has Young modulus, E and Poisson ratio, v. The matrix 
contribution to the incremental strain-stress relations are expressed using Voigt’s (vector) notation 
as follows. 
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A local system of axes is defined for the joint; axis 3 is normal to the plane, 1 is in the direction 
of the dip direction vector, and 2 is in the direction of the strike.  

The transformation of stress and strain tensors from local to global axes and vice-versa is ob-
tained by application of the usual matrix transformation operations listed in Appendix A 
(Lekhnitskii 1981). The local elastic strain increment contribution of the joint is expressed as 
follows. 
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The local compliance matrix, 
i

LS (entity between square brackets in Eq. 3) is converted to 

global axes, and the result, 
i

GS is added to the global compliance matrix. The transformation 

from local to global axes is performed using the matrix product: 

i i i iT

G LS Q S Q (4) 

where Qi is the local-to-global strain transformation matrix for joint i listed in Appendix A, and 
QiT is the transpose of Qi. The final compliance matrix (i.e. the sum of matrix and joint contribu-
tions) is inverted to produce CG, the global elasticity matrix. The transformation from global to 
local axes of joint i is performed using the matrix product: 

* *i i i iT

L GC Q C Q (5) 

where Q*I is the global-to-local stress transformation matrix for joint i listed in Appendix A, and 
Q*iT is the transpose of Q*i.  

2.3 Notation convention 

In the text below, we consider a particular joint, i and the incremental stress-strain relations in the 
local axes of that joint. The indices i, referring to the joint, and L, referring to the local axes are 
omitted to simplify the notation. With these conventions, the formal expression of the local stress-
strain relations in Voigt notation is: 

e

i ij jC  (6) 

where Cij is a symmetric matrix. The local strain (stress) components involved in the above rela-
tion are evaluated from the global strain (stress) tensors after application of the matrix transfor-
mation operations from global to local axes, see Appendix A. 

2.4 Yield criterion and flow rule for a weak plane 

The local yield criterion on a weak plane is the composite of a Coulomb criterion for slip, f s = 0 
and a tension cut-off, f t = 0, i.e., in Voigt notation: 

2 2

5 6 3 tansf c       (7) 

and 

3

t tf    (8) 

In Eq.7 and 8,  is joint friction, c is joint cohesion, and  t is joint tensile strength. For   0, the 

tensile strength can be no larger than 
max

t , with 
max / tant c  . 

Shear yielding on a weak plane corresponds to a non-associated flow rule; the potential function 
is: 

2 2

5 6 3 tansg       (9) 

where  is joint dilation. 
Tension yielding on a weak plane corresponds to an associated flow rule, and the potential 

function is: 

3

tg  (11) 

For simplicity of notation, we use the notation: 

2 2

3 5 6    (12) 

252



The increment of plastic strain for yielding on a weak plane is oriented parallel to the gradient 
of the potential function in stress space. For shear yielding, application of the flow rule on Eq. 9 
gives: 

1 2 4

3

5 5 3

6 6 3

0

tan

/

/

p p p

p s

p s

p s

  

  

   

   

  







(13) 

The flow rule for tension yielding on weak planes is derived from Eq.11: 

1 2 4 5 6

3

0p p p p p

p t

    

 

    


(14) 

We recall that the FLAC3D/3DEC calculation scheme proceeds in incremental computational 
steps. At each step, the constitutive model receives the old stress (obtained at the end of the pre-
vious step) as input and the total strain increment for the step, and it is in charge of producing the 
new stress value for the current step. In the model implementation, an elastic guess for the stress 
is computed first using the total strain increment. The yield conditions are tested on the weak 
planes. If yielding is detected, a stress correction is applied to the elastic guess that is consistent 
with plasticity theory, as follows. 

As usual, the total strain increment is expressed as the sum of elastic and plastic components: 
e p

i i i    . According to this superposition principle, the local stress-strain equations (6) can 
be expressed as follows. 

p

i ij j ij jC C    (15) 

The stress increments in (15) stand for the difference between new (N) and old (O) stress for 
the step: 

N O

i i i    (16) 

After substitution of (16) in (15), and some manipulation, we write: 

N G C

i i i    (17) 

where the (known) elastic guess (G) for the step is: 

G O

i i ij jC    (18) 

and the stress correction (C), yet to be determined is: 

C p

i ij jC  (19) 

Clearly, various yielding scenarios are possible in each computational step. In fact, hundreds 
of different cases can be recorded, including single and simultaneous shear yielding on 1, 2, 3 or 
4 weak planes, single and simultaneous tensile yielding on one or more weak planes, and com-
bined shear and tensile yielding on one or more weak planes. To simplify the coding, it seems 
reasonable to focus attention, at each computational step, on the weak plane exhibiting the most 
severe case of shear yielding, and that (same or different) with the largest potential amount of 
tensile yielding, and make the appropriate stress correction. Presumably, the yielding not ‘caught’ 
in one step will be addressed in the steps that follow. 

With this idea in mind, we consider two yielding scenarios to evaluate local stress corrections: 
1) shear yielding only on a single weak plane (3 cases) and 2) tensile yielding only on a single
yield plane (3 cases).
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2.4.1 Shear yielding on a weak plane 
The case of shear yielding only on a weak plane is considered in this section. After substitution 
in Eq. (19) of the plastic strain increments in Eq. (13), we obtain the following stress corrections 
for shear yielding on a joint. 

5 6
3 5 6

3 3

tan 2 2C s

i i i iC C C
 

  
 

 
   

 
(20) 

The magnitude of 
s is determined from the condition that the new (corrected) stresses (N)

must satisfy the condition for shear yielding, see Eq. (7). The new stresses for the step, obtained 
from Eq. (17) and Eq. (20), are as follows. 

5 6
3 5 6

3 3

tan 2 2N G s

i i i i iC C C
 

   
 

 
    

 
(21) 

After substitution of
N

i (from Eq.(21)) for i in Eq. (7), the criterion for shear yielding can be

expressed as: 

   
2 2

1 2 3 4 5 6 0s s sa a a a a a        (22) 

with the constants ai, i=1,6 defined as follows: 
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(23) 

Solving (22) for the smallest root, we obtain: 
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(24) 

with 

2 2 4 4 5 5

1 2 3 4 5 6

1 1 3 3 6 6

A a a a a a a

B a a a a a a

C a a a a a a

  

  

  

(25) 

After s has been calculated using (24), the plastic corrections for the local stress components 
on the weak plane are defined from Eq. (20). 

Note that in the current implementation of the model the coefficients a2, a4 and a5 are computed 
using the elastic guess for the step. The accuracy of  could potentially be improved by performing 
iterations between Eq. (23) and (24) after updating the value of a2, a4 and a5 using new computed 
stress values until convergence is achieved. However, this does not seem necessary (see verifica-
tion tests below) as the computational steps are typically very small.  
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2.4.2 Tensile yielding on a weak plane 
For tensile failure only on a single weak plane, we follow the same procedure. After substitution 
in Eq. (19) of the plastic strain increment for tensile yielding listed in (14), the stress corrections 
change are as follows: 

3

C t

i iC  (26) 

The magnitude of t is determined from the condition that the new (corrected) stresses (N) must 
satisfy the condition for tensile yielding, see Eq.(8). The new normal stress on the joint for the 
step is obtained from Eq. (17) and (26): 

3

N G t

i i iC    (27) 

After application of the tensile yield criterion, using the expressions for normal stress on the 
joint listed in (27), and solving for t, we have: 

3

33

G t
t

C

 



 (28) 

The stress corrections for tensile yielding on individual plane listed in (26) now can be ex-
pressed in terms of known quantities. 

2.5 Strain hardening/softening 

The joint cohesion, friction, dilation and tensile strength may harden or soften after the onset of 
plastic yield. The user defines the joint cohesion, friction, and dilation as piecewise-linear function 
of an evolution parameter measuring the plastic shear strain. A piecewise-linear softening law for 
the tensile strength can also be prescribed in terms of another hardening parameter measuring the 
plastic tensile strength. The code measures the total plastic shear and tensile strains by increment-
ing the evolution parameters at each time step, and causes the model properties to conform to the 
user-defined functions. 

The parameter increment for measuring the plastic shear strain is the square root of the second 
invariant (J2) of the incremental plastic shear-strain deviator tensor for the step: 

 
2 2

2
5 6

3

1

3 2 2

p p
s p

j

 
 

   
      

   
(29) 

where the plastic strain components are given by (13). 
The parameter increment for measuring the plastic tensile strain is the plastic volumetric tensile 

strain increment:  

3

t p

j   (30) 

where the plastic strain increment is given by (14). 

2.6 Directional dilation 

Dilation is expected to be quite different if the direction of shear on a ‘lateral’ joint (i.e. a joint 
parallel to the column axis) is along the column axis, or normal to it. To represent this behavior, 
the user provides the three components of the unit vector along the mean column axis, and a table 
giving (a piece-wise linear representation of) the dilation amplification factor versus slip angle (in 
degrees) between the specified unit vector and the direction of slip on a joint. The dilation for the 
step is evaluated from the dilation table, if it is provided, and the value is multiplied by the am-
plification factor (the code calculates the slip angle from the dot product of the unit vector and the 
slip direction vector, and the factor is found by interpolation, using the table provided.)   
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2.7 Large-strain update of weak plane orientation 

In large strain, the orientation of the weak planes possibly could be adjusted in each zone to ac-
count for rigid body rotations, and rotations due to deformations (see Section 1.6.3.6 of the “Con-
stitutive Models Manual” for FLAC3D version 5.0 (Itasca 2012)). However, this correction has 
not been considered in the current model implementation; it is left for future development. 

2.8 Implementation procedure 

The implementation of the Comba model proceeds as follows. The coefficients of the global elas-
ticity matrix are computed and stored in the initialization phase. The local elasticity matrices of 
active joints are also stored. New stresses are estimated using the global elasticity matrix and the 
total strain increments for the step. The global stress tensor then is resolved in the local axes of 
the weak plane, and the local yield conditions are tested. If yielding is detected, a relevant local 
stress correction (derived using the flow rule) is calculated as described above. The stress correc-
tion then is resolved into global axes and subtracted from the global elastic stress estimate. The 
evolution parameters are incremented, and the strength properties are updated using the infor-
mation in the input tables, as appropriate. Also, the dilation amplification factor is accounted for, 
as described above, if an amplification table is provided. 

3 VERIFICATION TESTS 

Verifications tests are conducted to check the proper implementation in the Comba model of a) 
the elastic anisotropic behavior (no yielding); and b) the isotropic elastic ubiquitous joint behav-
ior. The results are compared with an analytic solution in each case. 

3.1 Verification of elastic anisotropic behavior (no yielding) 

The plane-stress problem of a circular tunnel in an elastic, transversely isotropic medium sub-
jected to an isotropic stress field at infinity is considered for this verification test. The problem is 
similar to that considered for FLAC Verification Problem 2. The solution is compared to an ana-
lytic solution for radial and tangential displacement given by Amadei (1982). 

The radius of the tunnel is 1 m. The isotropic in-situ stress is 10 MPa. Three orthogonal ubiq-
uitous planes are selected for input in the Comba model. The plane of isotropy (ubiquitous joint 
3) is normal to the z-axis. Plane 2 is normal to the x-axis, and plane 1 is normal to the y-axis.
The strength properties of the joints are set to high values to allow the model to behave elastically.
The spacing for the ubiquitous joints is set arbitrarily to 0.1m. The properties used for the example
are listed in Table 1. The FLAC3D model for the test is shown in Figure 2.

Table 1. Elastic properties for the tunnel simulation. 
__________________________________________________________________________________________________________ 

E   
1

nk  
2

nk  
3

nk  
1

sk  
2

sk  
3

sk
__________________________________________________________________________________________________________ 

60 GPa 0.3 1200 GPa/m 1200 GPa/m 300 GPa/m 1200 GPa/m 1200 GPa/m 50.4 GPa/m 
__________________________________________________________________________________________________________ 

Figure 2. FLAC3D model for the plane stress borehole problem. 
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Note that the Comba elastic properties are equivalent to those of an anisotropic model with E1 
= 40 GPa, E3 = 20 GPa, G13 = 4 GPa, v12 = v13 = 0.20. The comparison to the analytical solution 
of FLAC3D radial and tangential displacements at the tunnel surface is shown in Figure 3. Note 
that the angle  in the figure label is the tunnel cylindrical coordinate measured anti-clockwise 
from the horizontal. The results in Figure 3 show a good fit of surface displacements between the 
numerical and analytical solutions. 

Figure 3. Surface radial (left) and tangential (right) displacement [mm] versus  [in degrees] – comparison 
between numerical and analytical solutions. 

3.2 Ubiquitous joint behavior check (isotropic elastic) 

The FLAC3D verification problem entitled Uniaxial Compressive Strength of a Jointed Material 
Sample (see Problem 6 in, “The Verification Problems Manual” for FLAC3D version 5.0 (Itasca 
2012)) is considered here, this time using the Comba model. The model setup and properties are 
the same as those documented in the manual, except for the matrix, which is elastic in this case. 
The matrix Young modulus is 170 MPa, and Poisson ratio is 0.22. The joint cohesion is 1 kPa, 
the joint friction angle is 300, the joint dilation is zero, and the joint tension limit is 2 kPa. 

Figure 4 compares results at the end of the FLAC3D simulations with the elastic stress estimate 
and the analytical compressive strength predictions (Jaeger & Cook 1979) for values of the ubiq-
uitous plane dip angle,  between zero and 90°. Note that the matrix is elastic: the plateau on the 
plot in Figure 4 occurs because the simulation is strain-controlled, and the final vertical strain is 
the same for all values of beta. The match is good, with a relative error smaller than 1% for all 
values of . 

Figure 4. Compressive strength and stress [in Pa] versus angle alpha [in degrees] — comparison between 
numerical and analytical solutions at the end of the simulation. 
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4 VALIDATION TESTS 

Numerical element tests were carried out by HIC to evaluate the capability of the continuum 
model to reproduce the behavior of a discrete assembly of columnar features. The results of uni-
axial compression tests simulated with 3DEC on a discrete (synthetic) columnar material are com-
pared to those obtained using the Comba model, loaded as a DLL in a 3DEC continuum. 

The column geometries considered in the discrete tests are shown in Figure 5. The reference 
case (case I) considers tabular column features that are simulated with one joint set in the discrete 
model, and one ubiquitous joint set in the continuum simulations. Case II uses two joint sets to 
simulate columns with square cross-section. Columns with hexagonal cross-section are simulated, 
using 3 joint sets in Cases III to V. The hexagonal cross-sections are regular in Case III, while 
they have random sides in Case IV and V. Randomly distributed cross-joints are included in Case 
V. The properties for the tests are listed in Figure 6.

The element elastic modulus and strength predicted for the tests using the Comba model are
compared to the discrete model results to check the consistency of the elastic and plastic aniso-
tropic responses.  

Figure 5. Discrete columnar models for uniaxial tests and stereonet plots of poles to joints. 

Figure 6. 3DEC properties for the uniaxial compression simulations (units: MPa and m). 

4.1 Case I: one joint set 

Uniaxial compression tests are carried out on the discrete and continuum material element for 
values of the column dip angle between zero and 900. The element elastic (Young) modulus and 
uniaxial strength (UCS) obtained in the two approaches are compared for Case I in Figure 7. 

258



 
Figure 7. Element Young modulus and UCS versus joint angle – Case I. 

 
 
There is a good match between the discrete and continuum results for Young modulus and 

uniaxial strength, as expected. Also, the strength response is consistent with the analytical predic-
tion for this case (Jaeger & Cook 1979).  

 

4.2 Case II: two joint sets. 

The elastic modulus and strength results for Case II (two joint sets) are shown in Figure 8. Again, 
a good match is achieved for elastic modulus and strength between the models. The strength re-
sponse is the same as that obtained for Case I because the second joint set is vertical, and thus 
does not contribute to the UCS at the element level.  

 

 
Figure 8. Element Young modulus and UCS versus joint angle – Case II. 

 

4.3  Case III: three regular joint sets 

The anisotropy in elastic and strength behavior obtained in the uniaxial tests for Case III (regular 
hexagonal column) can be appreciated from the elastic modulus and UCS plots shown in Figure 
9. 
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Figure 9. Element Young modulus and UCS versus joint angle – Case III. 

There is a good consistency in elastic and failure responses between the discrete and continuum 
models in this case. Also, it is interesting to note that, compared to the first two cases, the element 
strength anisotropy extents over a wider range of dip angle . This behavior is caused by slip 
along the hexagonal column faces.  

Contour of displacement magnitude for Case III are shown in Figure 10 (discrete model) and 
Figure 11 (continuum model). The overall displacement behavior is quite consistent between dis-
crete and continuum models. It is interesting to note the difference in the element post-peak be-
havior: the discrete model displays a more brittle behavior, compared to the continuum model. 
This is thought to occur because slip failure is more localized in the discrete model. A small 
amount of joint strength softening would probably need to be accounted for in the continuum 
model to obtain a closer match in post-peak behavior between the two models.  

The stress-strain curves for the tests are plotted in Figure 12. Overall there is a fair match in 
elastic and plastic behavior recorded for the uniaxial stress tests carried out on the discrete and 
continuum hexagonal column models. 

Figure 10. Contours of displacement magnitude at the end of the test – discrete model. 
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Figure 11. Contours of displacement magnitude at the end of the test – continuum model. 

Figure 12. Element axial stress versus element axial strain for the tests – Case III. 

4.4 Case IV: three random joint sets 

Similar to Case III, Case IV considers hexagonal columns. The difference is that the column cross-
section (which is uniform along the column axis) has a) a regular shape in Case III, and b) sides 
with randomly distributed lengths in Case IV. The modulus and strength results for Case IV are 
plotted in Figure 13. 

Figure 13. Element Young modulus and UCS versus joint angle – Case IV. 
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The match obtained for the elastic behavior is very good, however there is a discrepancy in 
estimated UCS values that is more pronounced for smaller column dip angle. The discrepancy can 
probably be explained for the most part by the fact that, with the element of randomness in column 
cross-section, it is rather difficult to generate matching column geometries in the discrete and 
continuum models.   

 

4.5 Case V: three random joint sets and one random cross joint 

The results for Case V are shown in Figure 14. The match obtained for the elastic behavior is 
again rather good. Similar trends in strength are observed for Case V and IV: there is a discrepancy 
in estimated UCS values that is more pronounced for smaller and larger column dip angle. The 
results for Case V were included to demonstrate the consistent functionality of the Comba model 
when four joint sets are used. 

 
 

 
Figure 14. Element Young modulus and UCS versus joint angle – Case V. 

4.6 Summary 

For regular column geometries: there is a good match in discrete and continuum model response 
for element Young modulus and UCS in the uni-axial compression tests documented in the paper. 

A comparison of the stress-strain curves obtained using the discontinuum and continuum mod-
els shows that the discrete joints models are more brittle, compared to the continuum models 
(using Comba). Residual values for cohesion, tension and friction should be considered for shear 
and tension yielding along the joints in the Comba model to obtain a better match in post-peak 
behavior between the two models. However, a calibration of residual model parameters has not 
been performed at this stage. 

When randomness in the column geometry is considered: compared to the discontinuum model, 
the strength obtained with the continuum approach (using Comba with zero dilation) is smaller 
for angles between 0 and 20 degrees (quasi-perpendicular or perpendicular to the column axis), 
and larger for angles between 50 and 80 degrees. The discrepancy could possibly be attributed to 
the difficulty of matching geometries in a random environment, but, although likely, this remains 
to be confirmed. 

5 CONCLUSIONS 

A new constitutive model (Comba) combining an orthotropic elastic behavior with up to four sets 
of hardening/softening ubiquitous joints of arbitrary orientation has been developed and imple-
mented. For application to columnar basalt, the property of dilation is allowed to depend on the 
direction of sliding with reference to an imposed direction (i.e. parallel to the column axis). Basic 
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verification tests carried out to check the model implementation were run successfully, and some 
of them have been documented in this paper. The continuum constitutive model can be applied to 
simulate the behavior of columnar basalt at a scale that is large compared to the column diameter. 
The constitutive model is implemented as a UDM (User Defined constitutive Model), and requires 
access to the UDM option for FLAC3D version 5.0 or 3DEC version 5.0 to run. The model can 
be used in combination with the groundwater logic implemented in FLAC3D; note, however, that 
no change has been made to the (isotropic) Biot poro-elasticity logic implemented internally in 
the FLAC3D code as part of this work. 
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APPENDIX A: TRANSFORMATION MATRICES 

A.1 Stress/Strain – local to global and vice-versa

The transformation from the local stress tensor,  (i.e. stress tensor expressed in the local axes of 
a joint) to the global stress G tensor is obtained by performing the matrix product: 

T

G L L  (31) 

where 

 
11 12 13

21 22 23

31 23 33

l l l

L l l l

l l l

 
 


 
  

(32) 

LT is the transpose of L, and (l1i,l2i,l3i) are the director cosine of local axis i, i=1,3. 
The inverse transformation (from global to local axes) is: 

T

GL L  (33) 
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A.2  Compliance – local to global

In this text, the local compliance S is the symmetric matrix that relates local incremental stresses 
to strains in the Voigt notation: 
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(34) 

The transformation of the local compliance S to the global system of axes is done using the 
matrix product: 

T

GS QSQ (35) 

where Q is the strain transformation matrix, and QT is the transpose of Q. The strain transfor-
mation matrix is expressed as follows (see Lekhnitskii 1981): 
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(36) 

where lii are the components of the stress transformation matrix L from local to global axes, and 
(l1i,l2i,l3i) are the director cosine of local axis i, i=1,3 for the joint plane under consideration. 

A.3 Elasticity matrix – global to local

The global (symmetric) elasticity matrix CG relates global incremental strain to stresses in the 
Voigt notation: 
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(37) 

The transformation of the global compliance CG to the local system of axes is done using the 
matrix product: 

* *T

GC Q C Q (38) 

where Q* is the stress transformation matrix, and Q*T is the transpose of Q*. The stress transfor-
mation matrix is expressed as follows (see Lekhnitskii 1981): 
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(39) 

where lii are the components of the stress transformation matrix L from global to local axes; in 
this transformation (li1,li2,li3) are the director cosine of local axis j, j=1,3 for the joint plane under 
consideration.  
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1 INTRODUCTION 

The conventional Mohr-Coulomb (MC) model is widely used in civil engineering, and in partic-
ular for factor of safety predictions in slope engineering, using the strength reduction method. The 
MC model uses a constant modulus for both loading and unloading. If the modulus is taken as the 
initial slope from a stress-strain lab test curve, it will underestimate the deformation before failure; 
if the modulus is approximated as an averaged modulus measure before failure, the unloading-
reloading modulus may not be appropriate, and could be responsible for unrealistic lift prediction 
behind a retaining wall after excavation. The plastic hardening (PH) model is based on the work 
by Schanz et al. (1999), who extended the hyperbolic Duncan-Chang non-linear elastic model 
(Duncan & Chang 1970) in an elasto-plastic framework to provide a more realistic pre-failure 
stress-strain behavior, and a more robust unloading/reloading scheme. The PH model is charac-
terized by different modulus for primary loading and unloading/reloading. Also, the yield surface 
is not fixed in the principal stress space in the PH model; instead it can expand as a function of 
plastic strain; this yield surface behavior is referred to as plastic strain hardening. There are two 
types of hardening, namely shear hardening and volumetric (cap) hardening, in this model. 

In this paper, we mainly present the implementation of the model with a semi-implicit algo-
rithm into FLAC3D, and demonstrate some verification examples. The detail calibration for the 
material parameters and validation are presented in Cheng & Lucarelli (2016) and a design appli-
cation is presented in Lucarelli & Cheng (2016). These two, together with this paper, consist of a 
series of papers on the PH model in the finite differential software platform.   

In this document, all stresses are assumed to be effective stresses and are taken positive for 
extension. Principal stresses are labeled in the following order: 1 ≤ 2 ≤ 3. 

2 FORMULATION 

The PH model is based on the conventional elasto-plastic theory that assumes that the elastic and 
plastic strain increments are additive, i.e.  ∆ = ∆ + ∆ .  

Plastic hardening model I: Implementation in FLAC3D 

Z. Cheng & C. Detournay
Itasca Consulting Group, Inc., Minneapolis, MN, USA

ABSTRACT: The plastic hardening model with nonlinear volumetric and shear hardening capa-
bilities, has been implemented in FLAC3D (Itasca 2012). A smooth cut-off technique that allows 
for possible contraction before the mobilized friction reaches the transformation angle is intro-
duced to complement Rowe’s dilation law. A semi-implicit iterative algorithm is developed as 
part of the model implementation. This algorithm is shown to be efficient and capable to handle 
accurately any elastic stress overshoots of the yield envelope. Verification examples are included 
to demonstrate the model capabilities and good functionality. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 04-02
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0
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2.1 Incremental Elastic Law 

The elastic behavior of the PH model is derived in the context of hypo-elasticity: 

∆𝑝 = −𝐾∆휀𝑣
𝑒 (1.a) 

∆𝑠𝑖𝑗 = 2𝐺∆𝜖𝑖𝑗
𝑒 (1.b) 

where p is the mean pressure defined as 𝑝 = −𝜎𝑖𝑖/3, 휀𝑣
𝑒 is the volumetric elastic strain defined as

휀𝑣
𝑒 = 휀𝑖𝑖, and 𝑠𝑖𝑗 and 𝜖𝑖𝑗

𝑒  are the deviatoric stress tensor and deviatoric elastic strain tensor, respec-
tively. K and G are the elastic bulk and shear moduli, which can be derived from the elastic un-
loading-reloading Young’s modulus, Eur, and the elastic unloading-reloading Poisson’s ratio, 𝑣, 
using the relations 

𝐾 =
𝐸𝑢𝑟

3(1−2𝑣)
(2.a) 

𝐺 =
𝐸𝑢𝑟

2(1+𝑣)
(2.b) 

In the PH model, the Poisson’s ratio is assumed to be constant with a typical value of 0.2 (if 
otherwise not provided at input), while the Young’s modulus, and 𝐸𝑢𝑟 is a stress-dependent pa-
rameter: 

𝐸𝑢𝑟 = 𝐸𝑢𝑟
𝑟𝑒𝑓

(
𝑐∙cot𝜙−𝜎3

𝑐∙cot𝜙+𝑝𝑟𝑒𝑓)
𝑚

(3) 

where 𝐸𝑢𝑟
𝑟𝑒𝑓

, m, c, 𝑝𝑟𝑒𝑓and 𝜙 are user-defined constant parameters. 𝐸𝑢𝑟
𝑟𝑒𝑓

is the reference unload-

ing-reloading modulus at the reference pressure 𝑝𝑟𝑒𝑓. The unloading-reloading modulus depends

on the maximum (minimum compressive) principal stress 𝜎3, the cohesion c, and the ultimate

friction angle 𝜙, as well as the power m. For clays, m is usually close to 1. For sands, m is usually 

between 0.5 and 1. 
The PH model also employs another modulus measure, 𝐸50, which defines the shape of the

primary shear hardening surface and obeys the following power law: 

𝐸50 = 𝐸50
𝑟𝑒𝑓

(
𝑐∙cot𝜙−𝜎3

𝑐∙cot𝜙+𝑝𝑟𝑒𝑓)
𝑚

(4) 

here 𝐸50
𝑟𝑒𝑓

 is a material parameter, which could be estimated from multiple sets of triaxial com-

pression tests with various cell stresses. 

2.2 Shear hardening 

The shear yield function is defined as 

𝑓𝑠 = (
𝑞𝑎

𝑞𝑎−𝑞
−

𝐸𝑖

𝐸𝑢𝑟
) 𝑞 −

𝐸𝑖

2
𝛾𝑝 = 0 (5) 

where 𝐸𝑖 = 2𝐸50/(2 − 𝑅𝑓), 𝐸𝑖/𝐸𝑢𝑟 is a constant (see Eq.(3) and (4)),  𝑞 = 𝜎3 − 𝜎1, and 𝑞𝑎 is
given as  

𝑞𝑎 =
𝑞𝑓

𝑅𝑓
= 𝐾𝑞𝑎(𝑐 ∙ cot𝜙 − 𝜎3) (6) 

where 𝐾𝑞𝑎 = 2 sin 𝜙/((1 − sin 𝜙)𝑅𝑓). The failure ratio Rf  has a value smaller than 1, and Rf =
0.9 in most cases. The ultimate deviatoric stress 𝑞𝑓 = 2 sin 𝜙 (𝑐 ∙ cot𝜙 − 𝜎3)/(1 − sin 𝜙) is con-
sistent with the MC failure law. 

The shear hardening parameter 𝛾𝑝 is defined incrementally as

∆𝛾𝑝 = −(∆휀1
𝑝

− ∆휀2
𝑝

− ∆휀3
𝑝

) (7) 

Due to the increase of 𝛾𝑝, the shear yield surface will expand, but the ultimate surface is still the
conventional MC failure surface. 

The PH model uses the following flow rule between plastic volumetric and shear strains: 

Δ휀𝑣
𝑝

= sin 𝜓𝑚 Δ𝛾𝑝 (8) 
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where 𝜓𝑚 is the mobilized dilation angle, which is smaller or equal to the user-defined ultimate 
dilation angle 𝜓. The mobilized dilation angle obeys the Rowe dilatancy law (1962):  

sin 𝜓𝑚 = 𝐹𝑐
sin 𝜙𝑚−sin 𝜙𝑐𝑣

1−sin 𝜙𝑚 sin 𝜙𝑐𝑣
, 𝑖𝑓 sin 𝜙𝑚 ≤ sin 𝜙𝑐𝑣 (9.a) 

sin 𝜓𝑚 =
sin 𝜙𝑚−sin 𝜙𝑐𝑣

1−sin 𝜙𝑚 sin 𝜙𝑐𝑣
, 𝑖𝑓 sin 𝜙𝑚 > sin 𝜙𝑐𝑣 (9.b) 

Where the parameter Fc is the contraction scale factor, with an allowable range of 0 to 0.25. The 
critical state friction angle cv is defined as  

sin 𝜙𝑐𝑣 =
sin 𝜙−sin 𝜓

1−sin 𝜙 sin 𝜓
 (10) 

The mobilized friction m is defined in terms of the current stress state 

sin 𝜙𝑚 =
𝜎1−𝜎3

𝜎1+𝜎3−2𝑐∙cot𝜙
  (11) 

A non-associated flow rule, consistent with a MC yield criterion is used in the model. The shear 
potential function is defined as 

𝑔𝑠 = 𝑚1𝜎1 + 𝑚3𝜎3 (12) 

where 𝑚1 = (−1 + sin 𝜓𝑚)/2, and 𝑚3 = (1 + sin 𝜓𝑚)/2.  
  In order to avoid over-dilatancy when soil reaches its critical void state with emax, the dilation 

angle needs a minor modification. One way proposed by Schanz et al. (1999) is to set a cut-off 
rule, so that 

sin 𝜓𝑚 = 0,          if   𝑒 ≥ 𝑒𝑚𝑎𝑥 (13) 

Here we introduce a smoothing technique to avoid sudden change of dilation angle:  

sin 𝜓𝑚 = 100 (1 −
𝑒

𝑒𝑚𝑎𝑥
),         if   𝑒 ≥ 0.99𝑒𝑚𝑎𝑥 (14) 

The dilation rules with cut-off and the smoothing technique are compared with the case without 
dilation cut-off in Figure 1. 

 

 
Figure 1. Volumetric strain curve for a standard triaxial compression test with dilation cut-off and smooth-
ing. 

2.3 Volumetric hardening 

The volumetric (cap) yield function is defined as  

𝑓𝑣 = 𝑔𝑣 =
�̃�2

𝛼2 + 𝑝2 − 𝑝𝑐
2 = 0 (15) 
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where 𝛼 is a  constant derived internally from other material parameters based on a virtual     
oedometer loading test; �̃� is a shear stress measure defined as �̃� = −[𝜎1 + (𝛿 − 1)𝜎2 − 𝛿𝜎3], and
𝛿 = (1 + sin 𝜙)/(1 − sin 𝜙). The initial value of the hardening parameter 𝑝𝑐, which denotes the
pre-consolidation pressure, can be determined using the initial stress state and an input material 
parameter ocr, so that  

𝑝𝑐,𝑖𝑛𝑖 = 𝑜𝑐𝑟 ∗ √
�̃�𝑖𝑛𝑖

2

𝛼2 + 𝑝𝑖𝑛𝑖
2 (16) 

If ocr assumes a large enough value, the model behaves as if the cap was non-existent. 
The associated flow rule is adopted for volumetric hardening (i.e. the potential volumetric func-

tion has the same form as the volumetric yield function).  
The volumetric hardening parameter 𝛾𝑝 is defined incrementally as

Δ𝛾𝑝 = −Δ휀𝑣
𝑝

 (17) 

where Δ휀𝑣
𝑝

 is the plastic volumetric strain increment.
Evolution of the hardening parameter 𝑝𝑐 is given by the relation:

Δ𝑝𝑐 = 𝐻𝑝∆𝛾𝑣 = 𝐻𝑐 (
𝑐∙cot𝜙+𝑝𝑐

𝑐∙cot𝜙+𝑝𝑟𝑒𝑓)
𝑚

∆𝛾𝑣 (18) 

where 𝐻𝑝 = 𝐻𝑐 (
𝑐∙cot𝜙+𝑝𝑐

𝑐∙cot𝜙+𝑝𝑟𝑒𝑓)
𝑚

, and 𝐻𝑐 is a constant  parameter derived internally from other

material parameters according to a virtual oedometer test.. 

Instead of taking 𝛼 and 𝐻𝑐 as input material parameters, another two parameters, 𝐾𝑛𝑐 and 𝐸𝑜𝑒𝑑
𝑟𝑒𝑓

are specified as input. 𝐾𝑛𝑐 denotes normal consolidation coefficient and 𝐸𝑜𝑒𝑑
𝑟𝑒𝑓

 stands for the tan-

gent oedometer modulus at the reference pressure 𝑝𝑟𝑒𝑓. If 𝐾𝑛𝑐 is not provided by the user, it is

taken as 𝐾𝑛𝑐 = 1 − 𝑠𝑖𝑛𝜙 (default value).

2.4 Tension failure 

The model will check for the tension failure condition. The tension failure and potential functions 
are  

𝑓𝑡 = 𝑔𝑡 = 𝜎3 − 𝜎𝑡 (19) 

where 𝜎𝑡 is the tension limit. By default, 𝜎𝑡 is zero and user can provide value up to the upper

limit 𝜎𝑙𝑖𝑚
𝑡 = 𝑐/ tan 𝜙.

3 IMPLEMENTATION 

In the implementation of the PH model, an elastic trial, 𝜎𝑖𝑗
𝐼 , is first computed after adding to the 

old stress components, 𝜎𝑖𝑗
𝑜 , increments calculated by application of Hooke’s law to the total strain 

increment ∆𝜖𝑖𝑗 for the step. During this step, the moduli and, mobilized dilation angle are assumed

constant for simplicity based on the old stress components. All stresses are in terms of effective 

measurement.  
    The formulation for the trial stresses are: 

𝜎1
𝐼 = 𝜎1

𝑜 + 𝐸1∆휀1 + 𝐸2(∆휀2 + ∆휀3) (20.a) 

𝜎2
𝐼 = 𝜎2

𝑜 + 𝐸1∆휀2 + 𝐸2(∆휀3 + ∆휀1) (20.b) 

𝜎3
𝐼 = 𝜎3

𝑜 + 𝐸1∆휀3 + 𝐸2(∆휀1 + ∆휀2) (20.c) 

where 𝐸1 = 𝐾 + 4𝐺/3 , and 𝐸2 = 𝐾 − 2𝐺/3, and (∆휀1, ∆휀2, ∆휀3) is the set of principal strain
increments.  

The trial internal variables, 𝛾𝑝 and 𝛾𝑣 = −휀𝑣
𝑝
 are assumed the same values from the last step.

If the yield criteria is not satisfied, both the stress components and internal variables will be cor-

rected.  
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3.1 Shear hardening 

 If 𝑓𝑠 > 0, shear hardening will occur. The plastic strain increment is oriented in the direction of 
the gradient of the potential function in the principal stress space: 

Δ휀1
𝑝

= 𝜆𝑠
𝜕𝑔𝑠

𝜕𝜎1
= 𝜆𝑠𝑚1 (23.a) 

Δ휀2
𝑝

= 𝜆𝑠
𝜕𝑔𝑠

𝜕𝜎2
= 0 (23.b) 

Δ휀3
𝑝

= 𝜆𝑠
𝜕𝑔𝑠

𝜕𝜎3
= 𝜆𝑠𝑚3 (23.c) 

and 

Δ𝛾𝑝 = −(Δ휀1
𝑝

− Δ휀2
𝑝

− Δ휀3
𝑝

) = 𝜆𝑠 (24) 

The corrected stress components are: 

𝜎1 = 𝜎1
𝐼 − 𝜆𝑠(𝐸1𝑚1 + 𝐸2𝑚3) (25.a) 

𝜎2 = 𝜎2
𝐼 − 𝜆𝑠(𝐸2𝑚1 + 𝐸2𝑚3) (25.b) 

𝜎3 = 𝜎3
𝐼 − 𝜆𝑠(𝐸1𝑚3 + 𝐸2𝑚1) (25.c) 

and the corrected interval variable is 

𝛾𝑝 = 𝛾𝑝,𝐼 + Δ𝛾𝑝 = 𝛾𝑝,𝐼 + 𝜆𝑠 (26) 

The derived shear stress is then 

𝑞 = 𝜎3 − 𝜎1 = 𝑞𝐼 − 𝜆𝑠 ⋅ 2𝐺 (27) 

𝑞𝑎 = 𝑞𝑎
𝐼 + 𝜆𝑠 ⋅ 𝐾𝑞𝑎(𝐸1𝑚3 + 𝐸2𝑚1) (28) 

Substitute the corrected 𝑞, 𝑞𝑎, 𝛾𝑝 into the shear function 𝑓𝑠, 𝜆𝑠 can then be solved from  a nonlinear 
equation 𝑓𝑠(𝜆𝑠) = 0 either by a closed-form formulation or by an iteration method. Note that 𝛾𝑝 
is using the current value related to the current 𝜆𝑠, which implies that this correction algorithm 
uses a semi-implicit approach. If the trial stress is out of the shear failure surface (MC yield sur-
face), the conventional MC model implementation applies.  

3.2 Volumetric hardening 

If 𝑓𝑣 > 0, the volumetric hardening will occur. The plastic strain increment is related to the gra-
dient of the potential function in stress space: 

Δ휀1
𝑝

= 𝜆𝑣
𝜕𝑔𝑣

𝜕𝜎1
= 𝜆𝑣 [−

2�̃�

𝛼2 −
2

3
𝑝] (29.a) 

Δ휀2
𝑝

= 𝜆𝑣
𝜕𝑔𝑣

𝜕𝜎2
= 𝜆𝑣 [−

2�̃�

𝛼2 (𝛿 − 1) −
2

3
𝑝] (29.b) 

Δ휀3
𝑝

= 𝜆𝑣
𝜕𝑔𝑣

𝜕𝜎3
= 𝜆𝑣 [

2�̃�

𝛼2 𝛿 −
2

3
𝑝] (29.c) 

Evolution of the hardening parameter Δ휀𝑣
𝑝
 is given by the relation: 

Δ𝜆𝑣 = −Δ휀𝑣
𝑝

= −(Δ휀1
𝑝

+ Δ휀2
𝑝

+ Δ휀3
𝑝

) = 2𝑝𝜆𝑣 (30) 

In the above formulation, the plastic strain and volumetric hardening parameter increment is re-
lated to the current stress measurement (𝑝, or �̃�), so the correction algorithm uses a semi-implicit 
approach. 

The corrected stress components are 

𝜎1 = 𝜎1
𝐼 + [2𝑝𝐾 +

4�̃�𝐺

𝛼2 ] 𝜆𝑣 (31.a) 

𝜎2 = 𝜎2
𝐼 + [2𝑝𝐾 +

4(𝛿−1)�̃�𝐺

𝛼2 ] 𝜆𝑣 (31.b) 
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𝜎3 = 𝜎3
𝐼 + [2𝑝𝐾 −

4𝛿�̃�𝐺

𝛼2 ] 𝜆𝑣 (31.c) 

Noting that 𝑝 = −(𝜎1 + 𝜎2 + 𝜎3)/3, and �̃� = −[𝜎1 + (𝛿 − 1)𝜎2 − 𝛿𝜎3], we get

𝑝 =
𝑝𝐼

1+2𝐾𝜆𝑣
(32) 

�̃� =
�̃�𝐼

1+2𝑀𝜆𝑣
(33) 

where 𝑀 = 4𝐺(𝛿2 − 𝛿 + 1)/𝛼2. After substituting the corrected 𝑝 and �̃� into the yield func-
tion 𝑓𝑣, 𝜆𝑣 is found by solving the nonlinear equation 𝑓𝑣(𝜆𝑣) = 0 for the smallest root using an
iterative method.  

3.3 Combined shear/volumetric hardening 

It is possible that after the elastic trial, the stress is out of both the shear yield surface and volu-
metric yield surface. In this case, the plastic strain increment is related to the partial derivatives 
of the potential function as follows: 

Δ휀1
𝑝

= 𝜆𝑚
𝜕𝑔𝑠

𝜕𝜎1
+ 𝜆𝑣

𝜕𝑔𝑣

𝜕𝜎1
= 𝜆𝑚𝑚1 + 𝜆𝑣 [−

2�̃�

𝛼2 −
2

3
𝑝] (34.a) 

Δ휀2
𝑝

= 𝜆𝑚
𝜕𝑔𝑠

𝜕𝜎2
+ 𝜆𝑣

𝜕𝑔𝑣

𝜕𝜎2
= 𝜆𝑣 [−

2�̃�

𝛼2 (𝛿 − 1) −
2

3
𝑝] (34.b) 

Δ휀3
𝑝

= 𝜆𝑚
𝜕𝑔𝑠

𝜕𝜎3
+ 𝜆𝑣

𝜕𝑔𝑣

𝜕𝜎3
= 𝜆𝑚𝑚3 + 𝜆𝑣 [

2�̃�

𝛼2 𝛿 −
2

3
𝑝] (34.c) 

𝜆𝑚 and 𝜆𝑣 can be solved by an iterative method similar to that used in the shear or volumetric
hardening correction technique.  If the trial stress is out of both the volumetric hardening surface 
and MC failure surface, MC failure function should be used instead of the shear hardening func-
tion.  

3.4 Implementation procedure 

The implementation procedure is: in the initialization, the initial stress, evolution parameters and 
strain increment are defined for the zone and are assumed to be constant during this step. For 
simplicity, the moduli and dilation, which are dependent on the current stress and evolution pa-
rameters, are also assumed constants in the zone during this step. The trial elastic stresses and the 
possible stress corrections are defined at the sub-zone level. The trial stress increments obey the 
linear elastic (Hooke’s) law. If the trial stresses violate the tension limit, the tension failure pro-
cedure is called. The next step is to check whether the tension-corrected stress is in the tension or 
compression side. If in the tensions side, volumetric hardening will not apply. In either side, if the 
stress is out of the shear failure or shear yield surface, the shear failure or hardening procedure 
will be called respectively. In the compression side, if the stress is out of the volumetric yield 
surface, the volumetric hardening procedure will be called. In particular, if the stress is also out 
of the shear failure or shear yield surface, the mixed procedure with both the volumetric hardening 
and shear failure/hardening procedure will be called. A second tension failure procedure is called 
if any volumetric hardening or shear hardening/failure occurs to ensure that the averaged stress in 
the zone-level is within the tension limit. After all sub-zones complete the stress check for tension 
and shear failure, shear and volumetric hardening criteria, the internal variables, moduli and dila-
tion are then updated based on the zone average stresses.  

4 VERIFICATION EXAMPLES 

4.1 Comparison with MC model 

This example compares the plastic hardening and Mohr-Coulomb model behavior. The constitu-

tive models are used in a one-zone triaxial compression test with a constant cell pressure of 100 

kPa. The strength parameters including friction angle, dilation angle, and tension limit are the 
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same for both models. The 𝐸50 modulus of the PH model is used as Young’s modulus for the MC

model and 𝐸𝑢𝑟 is assumed to be three times the value of 𝐸50
𝑟𝑒𝑓

.  Figure 3 shows a plot of deviatoric 

stress versus axial strain for both PH and MC models. It is easy to verify from Figure 2 that: 

(1) The ultimate failure deviatoric stresses are the same for both models, as expected; (2) Looking

at the pre-failure curve, the PH and MC models are crossing at half the value of the failure stress,

which is consistent with the concept of 𝐸50 modulus; and (3) The unloading modulus in the MC

model is the same as the loading modulus while these moduli are different in the PH model.

Figure 2. Comparison of PH and MC models for a triaxial compression test. 

4.2 Triaxial compression test 

Drained triaxial tests on dense, medium and loose sands are simulated using the PH model. The 
ocr is set to a large value in order to prevent yielding on the cap. A plot of deviatoric stress versus 
axial strain is shown in Figure 3. As expected, the plots show a hyperbolic behavior. The unload-
ing-reloading paths are also shown in the figure. The plot of volumetric strain versus axial strain 
is shown in Figure 4. The dilatancy of the denser sands is clearly represented. The smooth decrease 
of the dilation angle when the void ratio is approaching the critical state occurs as a result of the 
dilation smoothing technique implemented in the model logic. 

Figure 3. Drained triaxial deviatoric stress versus axial strain for dense, medium and loose sands. 
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Figure 4. Volumetric strain versus axial strain for dense, medium and loose sands. 

4.3 Oedometer test 

This section presents the simulation of an oedometer test and shows the capability of the PH model 
to reproduce the evolution of lateral stress ratio 𝐾0 = 𝜎ℎ 𝜎𝑣⁄ . Three kinds of sand with friction
angles of 30, 35, and 40 degrees are used in the simulations and the default consolidation coeffi-
cient is calculated as 𝐾𝑛𝑐 = 1 − 𝑠𝑖𝑛𝜙. Initially the model is in equilibrium with an isotropic stress
state in each zone, 𝜎𝑖𝑖 = −0.1 kPa. The results of stress ratio evolution due to compression in the
oedometer test are shown in Figure 5, and it is seen that they correctly reproduce the expected 
evolution path. Figure 6 presents vertical oedometer pressure versus vertical strain, which repro-
duces the expected oedometer modulus at the reference vertical pressure of 100 kPa.  

Figure 5. 𝐾0 path calculated from the oedometer test with friction angles of 30, 35 and 40 degrees and
default 𝐾𝑛𝑐 values.
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Figure 6. Vertical pressure versus vertical strain from the oedometer test with friction angles of 30, 35 and 
40 degrees and default 𝐾𝑛𝑐 values.

4.4 Load-step sensitivity test 

In the implementation of the PH model, we used a semi-implicit algorithm through iteration within 
the constitutive level as well as the least sensitivity of the load-steps. In order to test the loading 
step sensitivity, a one-zone isotropic compression test with a velocity-control approach but with 
very different load steps of 20,000, 2000, and 200 (so the controlling velocities are very different) 
are calculated (Fig. 7). It proves that, although the yield and hardening functions are nonlinear 
functions of the principal stresses, the implemented PH model correctly converges to the same 
result regardless of the very different load steps. However, it is not encouraged to use a very big 
load -step during a practice because the overall framework may request smaller load steps. 

Figure 7. Load-step sensitivity testing with load steps = 20000, 2000, and 200. 
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5 SUMMARY 

The new PH model formulated within the framework of hardening plasticity has been imple-
mented into the platform of FLAC3D (Itasca 2012). The main features of the new PH model are: 
hyperbolic stress strain relationship in uniaxial drained compression; generation of plastic strain 
associated with mobilized friction (shear hardening); generation of plastic strain in primary com-
pression (volumetric hardening); stress-dependent modulus according to a power law; elastic un-
loading/reloading compared to virgin loading; memory of pre-consolidation stress; and Mohr-
Coulomb failure criterion. Verification examples show the model good performance. Calibration, 
validation, and application are not addressed here; they are included in companion papers (Cheng 
& Lucarelli 2016 and Lucarelli & Cheng 2016).  
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1 INTRODUCTION 

Many decades of research work and several hundred years of experience in mining salt in Ger-
many have built up an extensive knowledge base on salt and salt formations (BGR 2007). Under 
usual storage and disposal conditions, rock salt is practically impermeable to gases and liquids, 
has very high heat conductivity, and has visco-plastic properties which cause underground cavities 
to seal up. These favorable properties make rock salt highly suitable as a host rock for storage 
caverns or a final radioactive waste disposal. 

The modelling of the dominant processes which are responsible for the occurrence of transient 
and steady-state creep, evolution of dilatancy and propagation of damage is important in order to 
quantify predictions of deformations as well as safety margins against failure. Only with appro-
priate models the long-term evolution of thermo-mechanical behavior can be predicted reliably. 

More than three decades now the IGtH-IUB (Institute for Geotechnical Engineering, Depart-
ment for Underground Construction) has been working on the development of constitutive models 
to describe the thermo-mechanical behavior of rock salt. Several models with different variations 
were developed. Depending on the area of application constitutive models with different com-
plexity have been used. One of them is the constitutive model Lubby-CF.  

The Lubby-CF model describes the time and temperature dependent creep behavior of rock salt 
in its transient, steady state and as well as the tertiary phases including the effects of damage 
recovery or healing. In context of currently ongoing joint project named “Joint Project on the 
Comparison of Constitutive models for the Thermo-Mechanical Behavior of Rock Salt (Part III)”, 
founded by the German Federal Ministry of Economic Affairs and Energy, the Lubby-CF has 
been developed further based on extensive laboratory program and benchmark calculations of 
field experiments. In this paper the formulation of Lubby-CF will be shown in detail and on the 
basis of FLAC3D (Version 5.01, Itasca 2013) model simulations the capability and functionality 
will be presented. 

The Lubby-CF constitutive model for the thermo-mechanical 
behavior of rock salt 

S. Yıldırım, D. Zapf & K. Staudtmeister
Institute for Geotechnical Engineering (IGtH), Department for Underground Construction (IUB), Leibniz
Universität Hannover, Hannover, Germany

ABSTRACT: The engineering design of complex underground structures in rock salt mass re-
quires constitutive models which take into account all significant mechanisms contributing to the 
time-dependent and spatial evolution of stress and strain in the host rock. The application requires 
the implementation of these models within appropriate numerical computer codes like FLAC3D 
for example. The calculations are absolutely essential to quantify predictions of deformations as 
well as safety margins against failure. For several decades now, mathematical formulations have 
been developed with the main objective to describe the deformation, damage and healing behavior 
of rock salt. Due to changing and new requirements the development process is still ongoing. In 
this paper the current status of the constitutive model Lubby-CF will be presented. On the basis 
of examples the capability of the material model will be demonstrated for complex mechanical 
and thermal loading including the effect of damage and healing. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 04-03
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0
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2 CONSTITUTIVE MODEL LUBBY-CF 

The Lubby-CF model provides a continuum description of the creep response and the associated 
damage evolution and damage reduction and healing of rock salt. The description of transient and 
steady-state creep is based on the rheological model according to Burgers and includes softening 
effects produced by occurrence of damage as proposed by Kachanov (1958). The contribution of 
creep-induced damage and healing to the inelastic strain rate is incorporated through additional 
kinetic equations based on the MDCF formulation (Chan et al. 1996).  

2.1 The inelastic strain rate 

The formulation for the inelastic strain rate considers several independent terms. The following 
parts have to be distinguished: 

 creep rate of dislocation mechanism 𝜀�̇�𝑞
𝑐𝑟  (damage-free creep)

 damage-induced creep rate due to shear stress 𝜀�̇�𝑞
𝜔𝑠ℎ and due to tensile stress respectively 

𝜀�̇�𝑞
𝜔𝑡𝑒

 creep rate by healing 𝜀�̇�𝑞
ℎ

Where the indexes denote equivalent (eq) and the superscripts denote creep (cr), damage (ω), 
shear (sh), tensile (te) and healing (h). 

The individual parts consist of kinetic equations of inelastic strain rates and the potential flow 

in form of the derivation for any equivalent effective stress 𝜎𝑒𝑞
𝑐𝑟, 𝜎𝑒𝑞

𝜔𝑠ℎ|𝑓
, 𝜎𝑒𝑞

𝜔𝑡𝑒 and 𝜎𝑒𝑞

ℎ|𝑓
differenti-

ated with respect to the stress vector 𝜎. The outcome of this is the following formulation of the 

inelastic strain rate: 

𝜀̇𝑖𝑛𝑒𝑙. =
𝜕𝜎𝑒𝑞

𝑐𝑟

𝜕𝜎
∙ 𝜀�̇�𝑞

𝑐𝑟 + 
𝜕𝜎𝑒𝑞

𝜔𝑠ℎ|
𝑓

𝜕𝜎
∙ 𝜀�̇�𝑞

𝜔𝑠ℎ +
𝜕𝜎𝑒𝑞

𝜔𝑡𝑒

𝜕𝜎
∙ 𝜀�̇�𝑞

𝜔𝑡𝑒 −
𝜕𝜎𝑒𝑞

ℎ|𝑓

𝜕𝜎
∙ 𝜀�̇�𝑞

ℎ (1) 

𝜎 =

[

𝜎11

𝜎22

𝜎33

𝜎12

𝜎13

𝜎23]

(2) 

σii’s are representing the six components of the stress vector. 

2.2 Kinetic equation for non-damage induced flow 

The kinetic equation for time depend dislocation mechanisms is based on the Lubby2 model (Heu-
sermann 1982) and includes the primary and secondary creep rate. Two different approaches are 
formulated: a time-depend hardening (Eq. 3) and a strain-hardening (Eq. 4) approach. 

Time-depend hardening approach: 

𝜀�̇�𝑞
𝑐𝑟,𝑧𝑣 = (

1

�̅�𝐾(𝜎𝑒𝑞
𝑐𝑟,𝑇)

∙ 𝑒𝑥𝑝(−
�̅�𝐾(𝜎𝑒𝑞

𝑐𝑟,𝑇)

�̅�
𝐾(𝜎𝑒𝑞

𝑐𝑟 ,𝑇)

∙ 𝑡) +
1

�̅�𝑀(𝜎𝑒𝑞
𝑐𝑟,𝑇)

) ∙
𝜎𝑒𝑞

𝑐𝑟

(1−𝜔)
 (3) 

Strain-hardening approach: 

𝜀�̇�𝑞
𝑐𝑟 = (

1

�̅�𝐾(𝜎𝑒𝑞
𝑐𝑟,𝑇)

∙ 𝑒𝑥𝑝 (1 −
𝜀𝑡𝑟
𝑐𝑟

𝜀𝑡𝑟,𝑚𝑎𝑥
𝑐𝑟 ) +

1

�̅�𝑀(𝜎𝑒𝑞
𝑐𝑟,𝑇)

) ∙
𝜎𝑒𝑞

𝑐𝑟

(1−𝜔)
(4) 

The first term of each equation describes the transient and the second the steady-state creep. 
The viscosity functions are temperature and stress dependent and defined as given in the fol-

lowing: 
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�̅�𝐾 = �̅�𝐾
∗ ∙ 𝑒𝑥𝑝 (𝑘1 ∙

𝜎𝑒𝑞
𝑐𝑟

(1−𝜔)
) ∙ 𝑒𝑥𝑝(𝑙1 ∙ 𝑇) (5) 

�̅�𝐾 = �̅�𝐾
∗ ∙ 𝑒𝑥𝑝 (𝑘2 ∙

𝜎𝑒𝑞
𝑐𝑟

(1−𝜔)
) ∙ 𝑒𝑥𝑝(𝑙2 ∙ 𝑇) (6) 

�̅�𝑀 = �̅�𝑀
∗ ∙ 𝑒𝑥𝑝 (𝑚1 ∙

𝜎𝑒𝑞
𝑐𝑟

(1−𝜔)
) ∙ 𝑒𝑥𝑝(𝑙3 ∙ 𝑇) (7) 

If strain-hardening approach is used according to Hou (1997) the Kelvin shear modulus �̅�𝐾 is
given as follows: 

�̅�𝐾 = {
�̅�𝐾𝑉

∗ ∙ 𝑒𝑥𝑝 (𝑘1𝑉 ∙
𝜎𝑒𝑞

𝑐𝑟

(1−𝜔)
) ∙ 𝑒𝑥𝑝(𝑙1𝑉 ∙ 𝑇) ;  𝜀𝑡𝑟

𝑐𝑟 < 𝜀𝑡𝑟,𝑚𝑎𝑥
𝑐𝑟  ;  𝑤𝑜𝑟𝑘 − ℎ𝑎𝑟𝑑𝑒𝑛𝑖𝑛𝑔

�̅�𝐾𝐸
∗ ∙ 𝑒𝑥𝑝 (𝑘1𝐸 ∙

𝜎𝑒𝑞
𝑐𝑟

(1−𝜔)
) ∙ 𝑒𝑥𝑝(𝑙1𝐸 ∙ 𝑇) ; 𝜀𝑡𝑟

𝑐𝑟 > 𝜀𝑡𝑟,𝑚𝑎𝑥
𝑐𝑟  ;  𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦      

} (8) 

In Equations 5 to 8,  �̅�𝐾
∗ , �̅�𝐾𝑉

∗ , �̅�𝐾𝐸
∗ , �̅�𝐾

∗ , �̅�𝑀
∗ , k1, k1V, k1E, k2, m1, l1, l1V, l1E, l2 and l3 are material

parameters. These parameters are determined from lab tests by a regression analysis. T is the rock 

mass temperature. The transient strain limit 𝜀𝑡𝑟,𝑚𝑎𝑥
𝑐𝑟  is represented by: 

𝜀𝑡𝑟,𝑚𝑎𝑥
𝑐𝑟 =

1

�̅�𝐾(𝜎𝑒𝑞
𝑐𝑟,𝑇)

∙
𝜎𝑒𝑞

𝑐𝑟

(1−𝜔)
(9) 

The equivalent stress 𝜎𝑒𝑞
𝑐𝑟, assuming the von Mises criterion, which in general is used to describe

the deviatoric state of stress, is given by:  

𝜎𝑒𝑞
𝑐𝑟 = √3𝐽2

𝐷 (10) 

with: 

𝐽2
𝐷 =

1

6
[(𝜎1 − 𝜎2)

2 + (𝜎2 − 𝜎3)
2 + (𝜎3 − 𝜎1)

2] (11) 

σ1, σ2 and σ3 are representing the three components of the principal stress tensor. 
The equivalent stress is divided by the term (1-), which represents the reduction in the effec-

tive load-bearing area caused by the presence of damage. 

𝜎𝑒𝑞
𝑐𝑟∗ =

𝜎𝑒𝑞
𝑐𝑟

(1−𝜔)
(12) 

2.3 Kinetic equation for damage induced flow 

The kinetic equation for damage-induced flow is taken from the MDCF model with further mod-
ifications. This part was developed assuming damage can occur in compression as a result of 
sliding of micro cracks by shear and the opening of wing-tip cleavage cracks that develop on some 
of the shear cracks. Tensile creep damage is also accounted for in the model and based on the 
formation of cleavage micro cracks aligned normal to the tensile stress. The kinetics of tensile 
damage in salt is substantially faster than shear damage and is, therefore, treated as a separate 
term. The equation describing the shear- (sh) and tension-induced (te) damage are similar in the 
formulation. Thus the subscript i is used to represent sh and te in the equations to follow (De Vries 
et al. 2002). The equivalent inelastic strain rate is given by: 

𝜀�̇�𝑞
𝜔𝑖 = F𝜔𝑖 ∙ 𝜀�̇�𝑡

𝜔𝑖 (13)

The kinetic equation for damage-induced flow during steady-state creep is given by: 

𝜀�̇�𝑡
𝜔𝑖 = c0 ∙ (B1 ∙ e

−𝑄1
𝑅∙𝑇 + B2 ∙ e

−𝑄2
𝑅∙𝑇 ) ∙ ω0 ∙ 𝑒c3∙ω ∙ [𝑠𝑖𝑛ℎ (

c2∙ 𝜎𝑒𝑞
𝜔𝑖∙H( 𝜎𝑒𝑞

𝜔𝑖)

G∙(1−𝜔)∙(1−𝜌)
)]

𝑛3

(14) 

Where c0, c2, c3, and n3 are material constants and ρ = fraction of insoluble materials. By means 

of the Heaviside step function H, the occurrence of damage-induced flow is activated when the 

power-conjugated equivalent stress measure  𝜎𝑒𝑞
𝜔𝑖 exceeds zero. 
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The power-conjugate equivalent stress measures are given by: 

 𝜎𝑒𝑞
𝜔𝑠ℎ = 𝜎𝑒𝑞

𝑐𝑟 − 𝛽𝐷 (15) 

 𝜎𝑒𝑞
𝜔𝑡𝑒 = 𝜒1 ∙ 𝜎3 ∙ H( 𝜎3)  (16) 

𝜒1 is a material constant, 3 the maximum principal stress and 𝛽𝐷 represents the dilatancy limit
(see 2.5.1).  

The damage-induced creep in the transient region is given by the function F𝜔𝑖. This contains

the function F which takes into account the transient creep rate from dislocation flow. 

F𝜔𝑠ℎ = F ∙ 𝑒𝑥𝑝(
c4∙(

𝜎𝑒𝑞
𝑐𝑟

(1−𝜔)
−c5)

𝜎0∙(1−𝜌)
)  (17) 

F𝜔𝑡𝑒 = F ∙ 𝑒𝑥𝑝(
c4∙( 𝜎𝑒𝑞

𝜔𝑡𝑒−c5)

𝜎0∙(1−𝜌)
) (18) 

With 

F =
�̇�𝑒𝑞
𝑐𝑟

�̇�𝑠𝑡
𝑐𝑟 (19) 

c4, c5 and 𝜎0 are material constants.

To consider that not all micro cracks develop wingtips the parameter χ2 is introduced in the

flow potential equivalent stress 𝜎𝑒𝑞

𝜔𝑠ℎ|𝑓
  (no associative formulation). 

𝜎𝑒𝑞

𝜔𝑠ℎ|𝑓 = χ2 ∙ (𝜎𝑒𝑞
𝑐𝑟 − 𝛽𝐷) (20) 

2.4 Kinetic equation for damage recovery flow (healing) 

Reduction of damage in rock salt can occur by the closure of open micro cracks and the sintering 

of micro cracks (Chan & Bodner 1997). With the Lubby-CF model healing is the considered 

mechanism, which is contributing directly to the non-elastic strain rate and counteracting the dam-

age induced strain. The kinetic equation representing the healing or damage recovery process 

gives the total inelastic healing rate as shown in Equation 1. The equivalent inelastic healing strain 

rate is given as: 

𝜀�̇�𝑞
ℎ = 𝜀𝑉𝑜𝑙  ∙  𝐻(𝜀𝑉𝑜𝑙)  ∙  

𝜎𝑒𝑞
ℎ  ∙ 𝐻(𝜎𝑒𝑞

ℎ )

𝐺 ∙ 𝜏
(21) 

 𝜀𝑉𝑜𝑙 = inelastic volumetric strain or dilatancy inducing strain,  = characteristic time constant,

and  G = shear modulus. The term “healing“ comprises additionally to the real healing of fracture, 

the process of fracture closure related reduction of dilatancy. The characteristic time constant  is 

used for the description of both phases (recrystallization and closure of micro cracks). 

τ = 𝜏0 ∙ 𝑒𝑥𝑝(𝑎1 ∙ 𝜀𝑉𝑜𝑙) + 𝜏1 (22) 

The equivalent stress measure 𝜎𝑒𝑞
ℎ  used to describe the magnitude of the healing strain rate is

different to the power-conjugate equivalent stress measure 𝜎𝑒𝑞

ℎ|𝑓
 used to describe the flow potential 

(no associative formulation). Both are given as follows: 

 𝜎𝑒𝑞

ℎ|𝑓 = 𝜎𝑚 =
𝜎1+𝜎2+𝜎3

3
(23) 

𝜎𝑒𝑞
ℎ = 𝛽𝐻 − 𝜎𝑒𝑞

𝑐𝑟 (24) 

The function  𝛽𝐻 represents the healing limit (see 2.5.2).

280



2.5 Evolution of dilatancy, damage accumulation and damage recovery 

Damage of rock salt is described by the dilatancy limit βD and the damage parameter ω. The dila-
tancy boundary is a band where almost no volume changes occur. When the dilatancy limit is 
exceeded damage accumulation occurs. Similarly, damage recovery occurs when the healing pa-
rameter h falls below the healing limit βH.  

2.5.1 Dilatancy limit βD 
The dilatancy limit determines the long term strength of the material. It is detected using extensive 
laboratory data. If no lab data exist the dilatancy limit βD can be determined from short term 
strength tests. The mathematical formulation of βD is:  

𝛽D = (𝜒6,𝑑 ∙ 𝑦𝑡,𝑑 − 𝜒7,𝑑 ∙ 𝑦𝑡,𝑑 ∙ exp(𝜒8 ∙ 𝐽1_𝑛𝑒𝑢)) ∙ kexp(𝜒10∙𝐽1_𝑛𝑒𝑢) (25) 

The 𝜒’s are material constants and J1_neu (see Eq. 26) is a transformation of the first Invariant 
of the stress tensor. The function k (see Eq. 27) describes the linear course of βD in the deviatoric 
space. The parameter yt,d describes the temperature dependence of the long term strength. Within 
the scope of this work the assumption is yt,d = 1.0.  

𝐽1_𝑛𝑒𝑢 = 𝐽1 ∙
𝜎𝑒𝑞

𝑐𝑟

𝑡𝑎𝑛𝛼
(26) 

𝑘 =
1

𝑐𝑜𝑠(
𝜋

6
−Θ)+𝜒9∙𝑠𝑖𝑛(

𝜋

6
−Θ)

(27) 

In Equation 27 𝜒9 is a material parameter and the Lode angle. The Lode angle for triaxial com-
pression conditions of /6 leads to k = 1.0. 

2.5.2 Healing limit βH 

Under certain circumstances damage recovery is possible. The healing process is assessed by the 

healing limit concept. When the equivalent stress  𝜎𝑒𝑞 
ℎ falls below the healing limit βH healing

respectively damage recovery or dilatancy reduction is turned on. The mathematical formulation 

of βH is: 

𝛽H = (𝜒6,ℎ ∙ 𝑦𝑡,ℎ − 𝜒7,ℎ ∙ 𝑦𝑡,ℎ ∙ exp(𝜒8 ∙ 𝐽1_𝑛𝑒𝑢)) ∙ kexp(𝜒10∙𝐽1_𝑛𝑒𝑢) (28) 

The healing limit is not well known yet. For simplicity the healing limit is set equal to the 
dilatancy limit. 

2.5.3 Damage evolution and damage recovery 

The damage variable  is determined from the evolutionary equation and provides a measure for 

the level of damage. The damage rate   consists of three parts: a shear stress-induced part as

well as the tensile stress-induced part and a part due to damage healing mechanisms:  

�̇� = �̇�𝑠ℎ + �̇�𝑡𝑒 − ℎ̇ (29) 

The damage rate components for shear-induced and tension-induced damage are given by: 

�̇�𝑠ℎ = [
𝜒4

𝑡0
∙ 𝜔 ∙ [𝑙𝑛 (

1

𝜔
)]

𝜒4+1

𝜒4 ∙ {[
𝜎𝑒𝑞

𝜔𝑠ℎ  ∙ 𝐻(𝜎𝑒𝑞
𝜔𝑠ℎ)

𝜒𝑠ℎ
]

𝜒3𝑠ℎ

}] (30) 

�̇�𝑡𝑒 = [
𝜒4

𝑡0
∙ 𝜔 ∙ [𝑙𝑛 (

1

𝜔
)]

𝜒4+1

𝜒4 ∙ {[
𝜎𝑒𝑞

𝜔𝑡𝑒  ∙ 𝐻(𝜎𝑒𝑞
𝜔𝑡𝑒)

𝜒𝑡𝑒
]

𝜒3𝑡𝑒

}] (31) 

where χ’s and t0 are material constants. The healing term or damage recovery rate is given as 
follows: 

ℎ̇ = 𝜔 ∙ 𝐻(𝜔 − 𝜔0) ∙
𝜎𝑒𝑞

ℎ  ∙ 𝐻(𝜎𝑒𝑞
ℎ )

𝐺∙τ
(32) 

where 0 is the initial damage. 
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With respect to the evaluation of the calculation results, a limiting value to define the beginning 
of the tertiary phase and the boundary for creep rupture is adopted. From back calculations of 
laboratory experiments (Chan & Bodner 1997), suggested values are ω = 0.015 and ω = 0.15 
respectively. Therefore the maximum damage value of ωmax = 0.15 is considered in Lubby-CF. 

2.6  Definition of the creep fracture criterion 

A failure strength envelope is used within the model Lubby-CF for the definition of the ultimate 
(short-term) failure strength. This envelope is determined by short term laboratory tests. Numer-
ous tests are indicating a temperature dependency of the failure strength. An example is shown in 
Figure 2. With increasing test temperature the strength of the rock salt reduces. This phenomenon 
is described by: 

𝛽 = (𝜒6 ∙ 𝑦𝑡 − 𝜒7 ∙ 𝑦𝑡 ∙ exp(𝜒8 ∙ 𝐽1_𝑛𝑒𝑢)) ∙ kexp(𝜒10∙𝐽1_𝑛𝑒𝑢) (33) 

with: 

𝑦𝑡 = (
𝑇0

𝑇
)
𝑛1

(34) 

𝑇0 = Reference temperature,  𝑛1= material constant.

2.7 Volumetric strain 

The dilatancy is described by the volumetric strain rate 𝜀�̇�𝑜𝑙 given as followed.

𝜀�̇�𝑜𝑙 = 𝜀�̇�𝑜𝑙
𝑤 − 𝜀�̇�𝑜𝑙

ℎ (35) 

The time-depend increasing of the volume 𝜀�̇�𝑜𝑙
𝜔  is defined as the sum of the three damage in-

duced principal strain rates: 

𝜀�̇�𝑜𝑙
𝜔 = 𝜀1̇1

𝜔 + 𝜀2̇2
𝜔 + 𝜀3̇3

𝜔 (36) 

The dilatancy reduction strain rate 𝜀�̇�𝑜𝑙
ℎ  is equal to the equivalent inelastic healing strain rate as

given in Equation 21: 

𝜀�̇�𝑜𝑙
ℎ = 𝜀�̇�𝑞

ℎ = 𝜀𝑉𝑜𝑙  ∙  𝐻(𝜀𝑉𝑜𝑙)  ∙  
𝜎𝑒𝑞

ℎ  ∙ 𝐻(𝜎𝑒𝑞
ℎ )

𝐺 ∙ 𝜏
(37) 

And consequently correspond to the sum of the three healing induced principal strain rates: 

𝜀�̇�𝑜𝑙
ℎ = 𝜀1̇1

h + 𝜀2̇2
h +𝜀3̇3

h (38) 

An example for the prediction of volumetric strain with Lubby-CF is given in Figure 3 and 4. 
Illustrated is the measured and predicted volumetric strain of a healing test on ASSE Speisesalz. 
Also shown is the measured and predicted damage evolution for the same example. 

3 BACK CALCULATION OF LABORATORY TESTS 

The aim of experimental programs is firstly the systematic characterization of the material prop-
erties. On the basis of the obtained data and knowledge, an additional opportunity arose to validate 
and develop further the constitutive model used. In this section some test series and a comparison 
of the test results with the back calculations will be presented to demonstrate the capability of 
Lubby-CF.  

3.1 Triaxial strength tests 

Strength tests are needed to determine the strength curve as well as the dilatancy limit. Figure 1 

gives a generic representation of ,  D and  H in a 𝜎𝑒𝑞
𝑐𝑟 – J1_neu  – diagram.
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Within the scope of the joint project mentioned before an extensive laboratory test program 
was carried out on different salt types. One part of them was a series of triaxial strengths tests at 
ASSE Speisesalz under various temperature conditions (Hampel et al. 2010). Figure 2 shows a 
diagram which has been used to determine the strength limit  for ASSE Speisesalz. The dots 
mark the test results and the lines give the corresponding strength curves. Clearly visible are the 
temperature dependence of the strength and the good correlation of  with the measured values. 

Figure 1. Illustration of strength, dilatancy and healing/damage recovery boundaries at triaxial compres-
sion stress state in a 𝜎𝑒𝑞

𝑐𝑟 – J1_neu  – diagram.

Figure 2. Comparison of triaxial strength test results with ASSE Speisesalz at various temperature con-
ditions and adjustment of the strength curve  for the temperature state T = 298 K, T = 333 K and 
T = 373 K. 
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3.2 Healing tests 

Another part of these test series was to carry out laboratory healing tests with high-precision di-
latancy measurements to validate the model parameters as well as to get more knowledge on this 
phenomenon. Firstly, damage and dilatancy were introduced on the test samples without com-
pletely destroying the specimen. After an initial damage phase the stress conditions changed in-
sofar that healing of the material occurred. Figures 3 and 4 show examples that have been used to 
determine values for the modeling of dilatancy reduction and healing and damage recovery for 
ASSE Speisesalz. Both examples are recalculated with the same set of model parameter.  

Figure 3. Adjustment of the volumetric strain 𝜀𝑉𝑜𝑙  and the damage parameter 𝜔 with the results of the
healing tests TUC-401 on ASSE Speisesalz. At the left side are given the stress history and in the right side 
are illustrated the damage evolution (red colored) on the left vertical axis and the volumetric strain (blue 
colored) on the right vertical axis.  

Figure 4. Adjustment of the volumetric strain 𝜀𝑉𝑜𝑙  and the damage parameter 𝜔 with the results of the
healing tests TUC-432 on ASSE Speisesalz. At the left side are given the stress history and in the right side 
are illustrated the damage evolution (red colored) on the left vertical axis and the volumetric strain (blue 
colored) on the right vertical axis.  

The figures show also a discrepancy between the observed and predicted long term damage. 
The prediction shows an overestimation of the damage recovery, which is as much faster than the 
observed. One possible explanation could be that the healing part of the volumetric strain and the 
healing part of the damage evolution consists of similar approaches in Lubby-CF which is not 
reflected in these two examples. The investigations on this phenomenon are still ongoing and are 
not clearly defined yet. 

4 SIMULATION OF A DRIFT WITH A BULKHEAD IN THE ASSE II SALT MINE 

Part of the joint project III on comparison of constitutive models was the simulation of an old 
bulkhead structure in the ASSE II salt mine as a real in-situ example for the evolution and reduc-
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tion of damage and dilatancy in rock salt (Hampel et al 2013). The corresponding drift was exca-
vated in 1911 on the 700 m level. Three years later, a 25 m long section of the drift was lined with 
cast steel tube, and the residual gap between tube and the salt contour was filled with concrete. 
Figure 5 shows a sketch of the bulkhead on the left side and on the right side of Figure 5 is dis-
played a section of the geometrical calculation model that has been used for the numerical simu-
lations. Owing to symmetry, the total model comprises only the right half of a vertical section 
through the structure and is 100 m in height and 50 m in weight. 

Figure 5. Schematic representation of a drift with a bulkhead on the 700 m level in the ASSE II salt mine 
on the left and sections of calculation models that used for the numerical simulations of the open drift 
(middle) and of the drift with bulkhead (right). The two smaller tubes at the bottom were neglected. 

The bulkhead was simulated for 85 years after installation, i.e. 88 years after excavation. For 
comparison the structure was also calculated as open drift (without the bulkhead) for the same 
period of time. For the cast steel tube and concrete liner elastic behavior was assumed. Figure 6 
displays a comparison of dilatancy distribution around the open drift and around the bulkhead. 
Figure 7 shows the history of the volumetric strain at the center of the wall. In the first three years 
with open drift, damage and dilatancy are introduced. Then, after installation of the bulkhead, the 
volumetric strain decreases rapidly. It takes only three years to get in regions of about: 0  Vol   
2.5e-4%. 

Figure 6. Comparison of dilatancy distribution around the open drift and around the bulkhead at the indi-
cated points in time after excavation of the drift. All plots have the same scale with a maximum of 0.3% for 
a unified visualization. 
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Figure 7. History of the calculated volumetric strain at the center of the wall of the bulkhead model. 

5 CONCLUSION 

In this paper an extensive survey of the current state of the constitutive model Lubby-CF is pre-
sented. The teamwork between the well-known constitutive models Lubby2 and IUB-MDCF 
(Hauck 2001) and the ability of them to describe transient, steady-state and tertiary creep was 
presented already at NUMGE 2010 (Leuger 2010). Due to new investigations, with an increased 
focus on the thermal behavior as well as healing processes, the constitutive model continuously 
developed further over the past years. The results from laboratory investigations are used to refine 
the constitutive equations for the analysis and prediction of the coupled thermal and mechanical 
processes in rock salt. In situ tests are used to check the capability of the model for performing 
numerical calculations of rock salt around underground openings. The equations are appropriate 
to determine the temperature dependent dislocation flow, the onset of dilatancy, the increase of 
volume by damage, the decreasing of volume by micro crack closure and the onset of tertiary 
creep. Meanwhile about 60 parameters are considered in Lubby-CF. During the joint project as 
mentioned before about 27 strenght tests, 12 creep tests and two healing tests are back-calculated 
to validate the model parameters for ASSE Speisesalz. 

With a suitable parameter set, the deformation behavior of rock salt contributing to the time-
dependent and spatial evolution of stress and strain in the host rock can be predicted realistically. 
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1 INTRODUCTION 

The Baihetan dam and hydropower plant project includes the design and construction of a 289 m 
high, double curvature, concrete dam and of two underground powerhouses, with a capacity of 
16,000 MW in total. The project, currently under development, is located on the Jinsha River (a 
tributary of the Yangtze river), in the Southwest of China. It is the second largest hydropower 
project in China, after the Three Gorges Dam Project, in terms of power generation capacity. 

The rock mass at the site consists of several layers of columnar jointed basalts, see Figure 1. 
The diameter of typical columns ranges from 20 cm to 30 cm; the column cross-sections are 
irregular, most often pentagonal or hexagonal in shape. The dip angle of the column axis is about 
75°.

Figure 1. The columnar jointed basalt at the Baihetan hydropower plant project site. 

DEM approach for anisotropic behavior analysis of columnar 
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In addition, two features perpendicular to the column axis can be observed at the site: a random 
cross-joint set with a spacing between 0.4 m and 0.8 m and a persistent bedding with with an 
average spacing of 4 m. 

The presence of the columnar joints governs the mechanical properties of the rock mass, 
including deformability, dilation and strength; as such it impacts the stability of the dam 
foundation and the tunnels. Because of this issue, the anisotropic behavior of columnar basalt has 
been an active research area in geomechanics for several years. 

Analytical, empirical and numerical techniques have been developed over the years, to take 
into account the influence of discontinuities on the mechanical behavior of the rock mass (see 
e.g. Meng 2007, Shan & Di 2013). In particular, two numerical approaches for the analysis of
columnar jointed rock masses have been identified involving continuum models (Detournay &
Cundall 2013) and discontinuum models.

To simulate the hexagonal columnar basalt with cross-joint at the Baihetan site, four sets of 
joints should be considered: three sets of joints oriented along the colunm axis, and another along 
the cross-joints. In 3DEC (Itasca 2013), the columnar jointed basalt rock mass can be modeled as 
an assemblage of voronoi-shape prism blocks, constructed with KUBRIX. 

2 SIZE EFFECT FROM DEM TESTING 

Anisotropy in deformablility and strength at the scale of a representative elementary volume 
(REV) are two important characteristics of jointed rock masses. Since the spacing of the joints 
and cross-joints are different, different scale effects are expected to characterize the columnar 
jointed rock mass behavior in different directions. (Note that bedding planes are not considered 
in the simulations). 

Numerical uniaxial compression experiments in 4 different directions (with dip angle of the 
column axis equal to 0°, 30°, 75°, or 90°) and at 9 different scales (size ranging from 0.25 m to 
3.5 m) have been used to analyse the scale effect, see Figure 2. The rock and joint properties listed 
in Table 1 are assigned to the model. 

Compression of the rock sample is simulated by applying z-velocities to the boundary grid 
points at the top and bottom of the model shown in Figure 2. A total of 36 models are loaded to 
failure to study the deformation and damage mechanisms, as well as the scale effect. 

Figure 2. The columnar jointed rock mass samples of different dip angles and different sizes. 

292



Table 1. Mechanical properties of intact rock and joints for the uniaxial test model. 

rock block 
modulus(GPa) poisson ratio cohesion(MPa) friction angle(°) tension(MPa) 

30 0.2 5.86 62 3.5
columnar 

joints 
jkn(GPa/m) jks(GPa/m) jcohesion (MPa) jfriction (°) jtension (MPa) 

150 50 3.0 45 1.0

A clarification of the observed material behavior is obtained by studying the damage plots in 
Figures 3 & 4. The numerical tests exhibit damage modes that vary with loading angle as follows. 
− For dip angle of 0°, the loading is normal to the column axis, and most of the damage consists 

of tensile failures across the columnar joints.  
− For dip angle of 30°~75°, the loading is inclined on the column axis, and most of the damage 

consists of shear failures along the interfaces.  
− For dip angle of 90°, the loading is along the column axis, and the strengths are comparable to 

those of a non-jointed material, because the joints have a negligible influence on the failure 
mode.  
Modulus and uniaxial compression strength in different directions and for different model sizes 

have been calculated and plotted in Figure 5. Note that, for loading normal to the column axis, 
there appears to be no correlation between strength and sample size. This apparent lack of scale 
effect occurs, because tensile failures are sensitive to very small changes in boundary conditions, 
or small irregularities in geometry, and this causes random spreading of tensile cracks in the 
discontinuous system. 

However, overall, when the size of specimens is greater than or equal to 2 m, which is 10 times 
the column diameter or 3 times of the spacing of the cross-joints, the modulus and strength tends 
to converge to a size-independent value. The size of the REV for a representative hexagonal 
columnar jointed rock mass is estimated, from these experiments, to be 2 m.  

Figure 3. Axial stress - strain versus sizes and dip angle for uniaxial test. 
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Figure 4. Conceptual stress-deformation curves for anisotropic columnar basalt. 

Figure 5. Modulus and strength results for specimens with different dip angles and sizes. 

3 ANISOTROPY FROM DEM TESTING 

The deformability and strength of a columnar jointed basalt rock mass is potentially anisotropic 
and is mainly governed by the geometrical and mechanical characteristics of the joints.  

Based on the results of the scale effect study, 10 cuboid specimens are constructed with a size 
(2 × 2 × 3 m ) consistent with the REV, see Figure 6. The specimens consists of simulated 
columnar basalt with a column axis diping from zero to 90 degrees in 10-degree increments.  

The specimen is loaded in compression by applying z-velocities to the top and bottom of the 
model until failure is observed. Displacement contours at the end of the simulations are shown for 
the cases investigated in Figure 6. The displacement contours look realistic.  

The modulus and uniaxial compressive strengths of the rockmass obtained from the numerical 
tests (Min & Jing 2003) are plotted versus dip angles in Figure 9. For a dip angle of 90°, loading 
is along the column axis; the columnar joints do not contribute to the overall modulus, but the 
cross-joints have some effects; this explains why this orientation has the largest modulus. As the 
dip angle decreases, the columnar joints contribute less and less to the modulus, and the overall 
modulus decreases. 

The uniaxial compressive strengths of the rockmass versus dip angle is represented by a U-
shape graph. In addition, the strength varies with loading angle because of the different damage 
modes (the damage consists of tensile or shear failures in the columnar joints) that are being 
manifested as failure occurs. The peak strength vary with dip angle and reflects the structural 
anisotropy as follows (see Figs. 7 & 8): 
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− For dip angle of 0°~10°, the loading is normal to the column axis, the dilation (direction C) is 
high. The stress-strain curves for the unconfined compression tests are non-linear, with no 
abrupt loss of strength after peak strength, exhibiting a smooth post-peak response. 

− For dip angle of 20°~80°, the loading is inclined with respect to the column axis, the dilation 
is low. The stress-strain curves for the unconfined compression tests are approximately linear, 
with a well-defined peak followed by an abrupt loss of strength, exhibiting a brittle post-peak 
response.  

− For dip angle of 90°, the loading is along the column axis, because the joints have a negligible 
influence on the failure mode, the strength is almost equal to that of the intact rock. 
The numerical uniaxial compressive tests have captured the macroscopic effect of this 

behavior in the stress-strain relations measured over representative volumes. 

Figure 6. Displacement contours versus dip angle for uniaxial test. 

Figure 7. Anisotropic dilation depends on the direction of sliding. 
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Figure 8. Z-axial stress - strain versus dip angle for uniaxial test. 

Figure 9. Z-axial modulus and failure strength versus dip angle for uniaxial test. 

4 ANISOTROPY AND SIZE EFFECT FROM FIELD TESTS 

A large number of plate loading tests (PLT) have been conducted to determine the large scale 
deformability parameters of columnar basalt. Due to the existence of columnar joints, columnar 
basalt may be categorized as a discontinuous medium with anisotropic and non-linear behavior. 
On the other hand, an interpretation method that uses Boussinesq relationship is only suitable for 
loading a semi-infinite isotropic linear elastic medium (see e.g. Meng 2007, Agharazi 2012). Thus, 
an interpretation of  plate loading tests on columnar basalt based on Boussinesq relation has 
limitations.The 3DEC model consists of a cuboid specimen of columnar basalt with dimensions 
of 10 × 10 × 8 m (W × L × D), containing 3 joint sets (parallel to the column axis) with spacing 
of 0.2 m, and 1 cross-joint set with spacing of 0.6~0.8 m.  

A series of simulations is considered in which the dip angle of the column axis is rotated in 15° 
increments, between 0° and 90°. The rock and joint properties listed in Table 1 are assigned to the 
model. 

A pressure of P = 10 MPa is applied on a circular area, of diameter d = 0.5 m, located at the 
center top of the model. Contours of induced vertical displacement at the centre of the loaded area 
are plotted in Figure 10. 
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As may be seen in Figure 10, the models exhibit different deformation modes (i.e. by tension 
or shear on a few joints) at different loading angles. 

Figure 10. Displacement distribution beneath the loaded area versus dip angle for PLT test. 

This issue can be attributed to a size effect related to the ratio of linear dimension of load area 
(for the same overall force) and joint spacing. Figure 11 shows the variation of axial deformation 
versus an increase in dimension of the load area. When the size of the loading area is small 
compared to the joint spacing, the displacement along only a few columns tends to govern the 
observed response of rock mass. Overall, loading in the vertical direction, with small loading sizes 
of 0.25 m or 0.5 m, tends to underestimate the modulus by 30% or 10%. 

Although there is good overall agreement between modulus from numerical PLT results and 
UCS tests, the modulus derived from Boussinesq relationship tends to underestimate the measured 
modulus at high dip angles, see Figure 12.  

At the Baihetan project site, more than 100 sets of plate loading tests have been conducted 
inside the exploration tunnels. It was found, from the measurements, that the Young’s modulus 
was higher in the direction perpendicular to the mean column axis than in the direction of the axis. 
According to these findings, the vertical deformation modules is only 45%~80% of the module in 
the horizontal direction. These results, which defy common engineering sense (see, e.g. results in 
Fig. 12), have generated a great deal of discussions. 

There appear to be at least two sources for the counter-intuitive results. On one hand, loading 
size effects are responsible for underestimating the modulus in the vertical direction. On the other 
hand, the nearly horizontal bedding structure has an important effect, which has been disregarded 
so far. 

The average spacing of the bedding is 4 m, and the normal stiffness of the bedding with soft in-
filling is about 10 GPa/m. Calculations show that the effect of the bedding on the large scale 
rockmass modulus is to reduce its value from 21 GPa to 13 GPa in the vertical direction. However, 
according to the plate loading tests , the modulus in the vertical direction is only about 8 GPa. If 
the bedding is located closer to the loading plate (see contour plots in Fig. 13), the estimated 
modulus will tend to be lower. On the other hand, the estimated modulus in the horizontal 
direction is not affected much by the bedding and is not sensitive to the location of the exposed 
bedding. The estimated modulus in the horizontal direction tends to remain close to 11 GPa.  

Since the bedding is hidden below the ground, it is virtually impossible to avoid the bedding 
from influencing the PLT measurements inside the exploration tunnels, and to eliminate the risk 
of underestimating the modulus in the vertical direction. The analysis shows the need to support 
the results form PLT measurements by investigating the testing condition in the field. 
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Figure 11. Displacement distribution versus the loaded area for PLT test. 

Figure 12. Comparison of the modulus results by numerical UCS test and numerical PLT tests. 

Figure 13. Displacement distribution affected by bedding. 
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5 COUPLING ANALYSIS FOR LARGE-SCALE TUNNEL EXCAVATION 

In discontinuum models, the joints are simulated explicitly. However, when considering a large-
scale project in a jointed rock mass, the number of joints in the model increases rapidly, and the 
explicit definition of each joint becomes difficult and impractical.  

Parallel to the development of the DEM approach for application to columnar basalt, a new 
constitutive model (Comba model) that accounts for anisotropy and scale effects in large-scale 
continuum models has been developed (Detournay & Cundall 2013, Detournay et al. 2016). The 
Comba model (validated using discrete 3DEC simulations) combines an orthotropic elastic 
behavior with up to four sets of hardening/softening ubiquitous joints of arbitrary orientation, and, 
in addition, the property of dilation is allowed to depend on the direction of sliding with reference 
to an imposed direction that corresponds to the column axis. 

Equivalent continuum models can be used as an alternative to discontinuum models for the 
deformation analysis of jointed rocks (see e.g. Agharazi et al. 2012). However, a limitation of the 
continuum approach is that it cannot model some phenomenon directly (e.g. a toppling mode of 
failure) by representing the damage explicitly as broken joints that form and coalesce into 
macroscopic fractures.  

Continuum models can however be used in combination with discontinuum models, to model 
far-field discontinuities, while near-field discontinuities are represented explicitly using 
discontinuum models. Figure 14 shows a mixed continuum-discrete model for a large scale tunnel 
on the Baihetan site. In the model, the bedding has been taken into account in a discrete manner. 

The in-situ horizontal stress is 12.6 MPa in the horizontal direction, and 7.7 MPa in the vertical 
direction, the stress in the out of plane direction is 16.6 MPa.  

The Comba model and discontinuum models represent the same rock mass, and also have the 
same input parameters. The joint properties are shown in Table 2; they are back calculated from 
monitoring, laboratory test results, and field observations. 

Figure 14. Discontinuum and continuum (Comba) coupling model for large scale tunnel. 

Table 2. Mechanical properties of joints for the coupling model. 
Joints type jkn (GPa/m) jks (GPa/m) jcohesion (MPa) jfriction (°) jtension (MPa) 
bedding 10 3.5 0.2 25 0.1
columnar joints 120 40 0.5 42 0.5 

Figure 15 shows the displacement of the walls are more significant, since the in-situ horizontal 
stress is dominant, and the modulus in the horizontal direction is lower, and the span of the tunnel 
is longer in the vertical direction than in the horizontal direction. In addition, the near surface of 
the tunnel wall shows a fractured zone 0.5-m to 1-m thick along its length; the fracture planes in 
the damage zone indicate the occurrence of tensile failures in the columnar joints in the direction 
parallel to the tunnel axis.  
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Figure 15. Contours of displacement in the coupled model (excavation induced response). 

The tensile stress in the wall leads to tensile failure in the columnar joints. Figure 16 shows that 
the depth of the excavation disturbed zone (where the velocity goes down to 3000 – 4000 m/s 
from about 5500 m/s) at the wall is much larger than at the crown or floor, with an average 
thickness of 6~8 m. The comparison between sonic wave testing results in the tunnel and the 
3DEC simulation results are also shown in Figure 16. It is obvious that the results show good 
consistency as a whole.  

The case study has demonstrated the ability of the coupling methodology to model large scale 
excavation in columnar basalt. 

Figure 16. Contrast of measured result in lower wave velocity zone and joint slip by 3DEC. 

6 CONCLUSION 

Columnar jointed basalt is a very particular discontinuous system: the deformability and strength 
of the rock mass is potentially anisotropic and is mainly governed by the geometrical and 
mechanical characteristics of the joints. 
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3DEC can simulate the structure of jointed rock masses, allowing for systematic, full rock-mass 
behavior characterization, while capturing the effect of scale and anisotropy in a quantifiable 
manner. 

The DEM approach can directly model the structural anisotropy explicitly and allow reflection 
of the macroscopic damage modes, and the back calculation of mechanical properties. 

The continuum and discontinuum coupling methodologies have been applied successfully to 
the Baihetan case study and have provided good insight into the columnar jointed rock mass 
behavior. For large scale columnar jointed rock massess, the coupling methodology is promising. 
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1 INTRODUCTION 

A rockmass is made up of blocks bounded by joints and thus its strength depends on the strength 
of the joints and the strength of the rock block. A rock block is the solid part of the rockmass that 
is defined by open joints but may contain defects in the form of structural features at different 
scales such as micro-cracks, fissures, veins and cemented joints, all of which may influence its 
strength and failure mode under different loading conditions (Fig. 1a). When sampling a block of 
rock, homogenous cores represent the strongest part of the rock block whereas heterogeneous 
cores, those that contain defects, are weaker. The strength of heterogeneous cores decrease with 
increasing density of defects. The weakest cores taken from a rock block are those that contain 
defects that are continuous and critically oriented throughout the core (Fig. 1b). 

Laubscher & Jakubec (2000) developed an empirical approach to determine the rock block 
strength from the unconfined compressive strength (UCS) of weak (heterogeneous) and strong 
(homogenous) specimens taken from blocks in a jointed rockmass. They discuss that the cores 
selected for strength testing are usually the strongest pieces of the rock block and do not neces-
sarily reflect the average strength value of both homogenous and heterogeneous cores. In their 
approach, the values of weak and strong rock UCS as well as the percentage of weak rocks present 
are used with the aid of an empirical chart to obtain the “corrected” value for the average intact 
rock strength. This corrected strength is then used to determine the rock block strength by consid-
ering adjustment factors to account for the influence of defects (their hardness and frequencies) 
on rock block strength. 

Integrated grain-based-DFN model for simulation of defected 
rock 
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and its strength directly impacts the rockmass strength. The rock block may contain structural 
features at different scales such as micro-cracks, fissures, veins and cemented joints, all of which 
may influence its strength and failure mode under different loading conditions. In this paper, the 
PFC2D and its embedded grain-based model (GBM), whereby a rock specimen is simulated with 
polygonal grains that are allowed to deform and break, is used to investigate the influence of 
micro-defect density on the unconfined and confined strengths of rock specimens. The GBM is 
also used to investigate the influence of specimen size on the unconfined compressive strength of 
intact (not defected) and defected rocks. For this purpose, the previously calibrated GBM with 
respect to laboratory properties of intact Wombeyan marble is used to simulate intact rock speci-
mens with widths ranging from 1 to 5 cm and a height-to-width ratio of 2.5. The synthetic intact 
rock specimens are then integrated with discrete fracture network (DFN) models to simulate de-
fected rocks and investigate the influence of specimen size on their unconfined strengths. It was 
found that the strength of intact rock is independent of specimen size when frictionless platens 
are used. It was also found that the strength of defected specimens can range between 15% and 
80% of that of intact rock depending on the orientation of the defects relative to the loading di-
rection. 
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(a) (b) 

Figure 1. a) A defected rock block defined by open joints (redrawn from Laubscher & Jakubec 2000), and 
the increase in the size of sample taken to define rock block strength; b) demonstration of the variation of 
the strength of rock samples taken from the rock block due the density and orientation of defects.    

A direct and more reliable approach to obtain the strength of a rock block is to conduct scale 
effect tests. In these tests, the rock strength varies with increasing size until the strength becomes 
independent of the specimen size. The scale where the density of defects becomes independent of 
the size is called the representative element volume (REV). Figure 1b schematically demonstrates 
how the strength of the rock block at its REV size lies between the strength of the intact part of 
the block and the strength of the specimen failed along a single discrete defect. 

The results of numerical investigation reported by Pierce et al. (2009), Esmaieli et al. (2010), 
Mas Ivars et al. (2011), Zhang et al. (2011) and Poulsen & Adhikary (2013) suggest that factors 
such as the change in the density of defects and joints and boundary conditions with increasing 
specimen size contribute to the occurrences of the observed scale effect in rock strength. 

In the following, a synthetic grain-based specimen, previously calibrated to the properties of 
intact Wombeyan marble, is first used to investigate the influence of micro-defects (i.e., grain-
boundary cracks) on the strength of rock specimens under unconfined and confined conditions. 
The same grain-based specimen is then used to investigate the influence of specimen size on the 
unconfined compressive strength of homogeneous and defected rocks. The defected rock is gen-
erated by integrating the grain-based model (GBM) and a discrete fracture network (DFN) model. 
The influence of specimen size on the strength of defected rocks with various defect orientations 
relative to the loading direction is then investigated. 

2 LABORATORY PROPERTIES OF INTACT AND HEAT-TREATED WOMBEYAN 
MARBLE 

The laboratory behavior of coarse-grained Wombeyan marble has been studied by Rosengren & 
Jaeger (1968) and Gerogiannopoulos (1976). They heated up the intact marble up to 600° C. This 
resulted in the separation of grains along their boundaries. Such a material is called "granulated" 
marble. They then conducted triaxial tests on both intact and granulated Wombeyan marble up to 
a confinement of 34.5 MPa. The direct tensile strength of granulated marble is nearly zero com-
pared to the measured intact marble tensile strength of 7 MPa. This suggests that the bonds be-
tween the grains along their boundaries were lost during the heating process. The results of triaxial 
tests on intact and granulated Wombeyan marble conducted by Gerogiannopoulos (1976) are pre-
sented in Figure 2a. 

As shown in Figure 2a, the strength of the granulated marble under unconfined condition is less 
than 50% of that of intact marble. The strength of the granulated marble rapidly increases with 
increasing confinement and approaches, but never reaches that of intact marble. At low confine-
ment (σ3 < ~UCSi/10), the strength envelope of the granulated marble has an equivalent friction 
angle (basic friction angle plus dilation angle) of ∅e = 55°. The equivalent friction angle of the 
intact marble for this range of confinement is about 45°. At higher confining pressures 
(σ3 ≥ ~UCSi/10), the strength envelopes of the intact and granulated marble exhibit a frictional 
behavior with different cohesion intercepts but with similar equivalent friction angles of ∅ = 30°.  

cemented
joint

open joints 
fractures
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>>
UCS UCS
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Bahrani & Kaiser (2013) defined a degradation parameter (DP), based on the published labor-
atory test results of intact and damaged rocks, which determines the reduction in the strength of a 
damaged rock from that of intact rock (Δσ1 = σ1i - σ1d) as a percentage of intact rock strength (σ1i) 
according to: 

𝐷𝑃 = (
∆𝜎1

𝜎1𝑖
) × 100 = [(𝜎1𝑖 − 𝜎1𝑑)/(𝜎1𝑖)] × 100 (1) 

Figure 2b plots the strength degradation (Δσ1) of granulated marble from that of intact marble 
as a function of confinement. Up to a confining pressure of about σ3 ~ UCSi/10 = 7.5 MPa, the 
strength degradation of granulated marble decreases rapidly, and then remains essentially constant 
beyond this threshold. 

Figure 2. a) Triaxial test results of intact and granulated Wombeyan marble reported by Gerrogiannopoulos 
(1976); b) strength degradation of granulated marble as a function of confinement. 

3 A GRAIN-BASED MODEL FOR WOMBEYAN MARBLE 

Bahrani et al. (2014) used a numerical model based on the distinct element method to simulate 
the laboratory behavior of intact and granulated Wombeyan marble reported by Gerogiannopoulos 
(1976) (Fig. 3a). This model was built with the two-dimensional Particle Flow Code (PFC, Itasca 
2008) and its embedded grain-based model (GBM) developed by Potyondy (2010). In the GBM, 
a rock specimen is simulated with grains that are deformable and breakable. The grains are simu-
lated with a number of circular particles (balls) bonded together using parallel bonds, and the 
grain boundaries are simulated using smooth-joint contacts. 

Figure 3. a) Grain-based model of Wombeyan marble; b) correspondence between the strengths of numer-
ical and laboratory specimens of intact and granulated Wombeyan marble (Bahrani et al. 2014). 
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Figure 3a shows the GBM used to simulate Womebeyan marble, and Figure 3b presents the 
calibration results, indicating excellent correspondence between the strengths of intact and gran-
ulated Wombeyan marble from laboratory tests and those obtained from triaxial tests simulated 
on the calibrated GBMs. The details of calibration procedure and results are presented by Bahrani 
et al. (2014) and are not repeated here. In the following, the GBM calibrated to the properties of 
intact Wombeyan marble is used to investigate the influence of specimen size on the strengths of 
intact and defected rocks. 

4 SIMULATION OF MICRO-DEFECTED ROCKS 

It was discussed by Bahrani et al. (2014) that the calibration of the GBMs was based on the as-
sumption that heating intact marble affected the mechanical properties of the grain boundaries but 
not the grains. Hence, all of the smooth-joint contacts, representing the grain boundaries in the 
model of intact marble were simulated as cohesive contacts, and the smooth-joint contacts in the 
model of granulated marble were simulated as purely frictional contacts. The models of intact and 
granulated Wombeyan marble are called "undamaged" and "fully damaged" grain-based speci-
mens, respectively. In nature, a rock specimen may consist of a combination of cohesive and 
frictional grain boundaries. Therefore, a partially damaged grain-based specimen would fall be-
tween the cohesive and frictional smooth-joint models. In terms of strength, the undamaged spec-
imen is the strongest, the fully damaged specimen is the weakest, and a partially damaged speci-
men would fall between these two strength limits. 

Partially damaged specimens were thus simulated by assigning properties of damaged grain 
boundaries to a limited number of grain boundaries. The properties of the damaged smooth-joint 
contacts were assigned in increments of 10%, from 0% to 90%, of all smooth-joint contacts. SJd  
refers to the percentage of damaged smooth-joint contacts in a GBM. For example, Figure 4 shows 
a partially damaged grain-based specimen, where the properties of the damaged smooth-joint con-
tact (black lines) were assigned to 50% of all the smooth-joint contacts (i.e., SJd = 50%). The 
undamaged smooth-joint contacts (green lines) are cohesive and become frictional only after they 
fail in tension or shear. 

 

 
Figure 4. Partially damaged grain-based specimen where 50% of the smooth-joint contacts are damaged 
(SJd = 50%). Green and black lines refer to undamaged (cohesive) and damaged (frictional) smooth-joint 
contacts. 
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Figure 4 shows that the partially damaged grain-based specimens is isotropic because of the 
randomly distributed damaged grain boundaries. The damage pattern does not generate preferred 
planes of weakness. Moreover, the damaged grain boundaries have no tensile or cohesive strength 
and are in a frictional state. For these reasons the partially and fully damaged grain-based speci-
mens are considered as models of micro-defected rocks. 

Uniaxial and biaxial compression tests were simulated on micro-defected (damaged) grain-
based specimens. The failure modes including the location, orientation and types of inter- and 
intra-grain micro-cracks (tensile and shear) in the grain-based specimen with the damage density 
of SJd = 50% at confining pressures of 0 and 34.5 MPa are shown in Figures 5a and b, respec-
tively. The damaged smooth-joint contacts that are in the purely frictional state are not shown in 
these figures. The known transition in the failure mode in brittle rocks, from axial splitting at low 
confinement to shear failure at high confinement, is observed in Figure 5. 

a) σ3 = 0 MPa b) σ3 = 34.5 MPa
Figure 5. Failure modes and velocity vectors of a partially damaged grain-based specimens with a damage 
density of 50% at: a) σ3 = 0 MPa; and b) σ3 = 34.5 MPa. Magenta and black lines refer to inter-grain tensile 
and shear cracks, respectively, red and blue lines refer to intra-grain tensile and shear cracks, respectively, 
and green lines refer to grain boundaries. 

At zero confinement, failure is dominated by sub-vertical inter-grain tension cracks. A number 
of these micro-cracks connect to generate relatively long macroscopic sub-vertical fractures. The 
intra-grain cracks are mainly formed during the post-peak stage of the test. Clusters of these mi-
cro-cracks generate macroscopic shear fractures. At a confining pressure of 34.5 MPa, the failure 
is dominated by two or more macroscopic and conjugate shear fractures. The macroscopic shear 
fractures are the result of the interaction between intra-grain tensile and shear cracks. The macro-
scopic shear fractures are thicker than those at zero confinement. 

Close-up views of the boxed areas in Figure 5 show the particle velocity vectors to better un-
derstand the failure mechanism at the grain scale. In Figure 5a, at zero confinement, grain bound-
ary opening, and in Figure 5b at 34.5 MPa confining pressure, direct shearing are the main modes 
of failure, respectively. Opening mainly occurs along the grain boundaries. The directions of ve-
locity vectors in the opening mode are opposite, and they are nearly perpendicular to the direction 
of applied load. Direct shearing primarily occurs through the grains. In the direct shearing mode, 
the directions of the velocity vectors of the two groups of particles are opposite. The resulting 
shear fracture is steep relative to the direction of applied load. The failure modes described above 
were also found in other grain-based specimens with various damage densities. 

Figure 6a shows the unconfined and confined strengths of the grain-based specimens with the 
percentage of damaged smooth-joint contacts ranging from 0% (i.e., undamaged grain-based 
specimen as a model of intact marble) to 100% (i.e., fully damaged grain-based specimen as a 
model of granulated marble) in the σ1 versus σ3 stress space. Figure 6b presents a plot of the DP 
for the partially and fully damaged grain-based specimens as a function of confinement normal-
ized by the unconfined compressive strength of undamaged grain-based specimen (σ3/UCSi). It 
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can be seen that the DP ranges from 5% to 70% at zero confinement and rapidly decreases to 
below 20% at a confining pressure exceeding to UCSi/10. Beyond this limit (i.e., for σ3 > UCSi /10) 
DP ranges from 0 to 15%. 

 

  
Figure 6. a) Strength; and b) strength degradation of grain-based specimens with damaged densities ranging 
from SJd = 0% to 100%. 

5 INFLUENCE OF SPECIMEN SIZE ON STRENGTH OF NON-DEFECTED ROCK 

Five grain-based specimens with widths of 1 to 5 cm with height-to-width ratios of 2.5 were gen-
erated (Fig. 7) following the procedure described by Bahrani et al. (2014) with the micro-proper-
ties of intact (undamaged) grain-based specimen. Five grain-based specimens with different real-
izations for the grain structure and ball arrangement were generated for each specimen size and 
the average, maximum and minimum strengths were used in the analysis. 

 

 
Figure 7. Grain-based specimens used to investigate the influence of specimen size on the strength of intact 
rock. Green lines refer to the undamaged (cohesive) smooth-joint contacts representing undamaged grain 
boundaries. 
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Figure 8a shows the results of unconfined compression tests conducted on differently-sized 
intact grain-based specimens. This figure suggests that the average strength is independent of the 
specimen size. Note that these tests were simulated with frictionless platens (walls in PFC), which 
means that no decrease with increasing size was expected. The variability of the strength tends to 
decrease with increasing size, except for the specimen with the width of 5 cm. Figure 8b shows 
that the stress-strain responses of differently-sized grain-based specimens behave very similarly, 
which is in agreement with the findings of Lan et al. (2010). 

(a) (b) 

Figure 8. a) Influence of specimen size on the UCS of non-defected (intact) grain-based specimens (Error 
bar indicates minimum and maximum strengths); b) stress-strain curves for different grain-based specimen 
sizes. 

Figure 9. Failure modes of differently-sized non-defected (intact) grain-based specimens. Pink and black 
refer to inter-grain tensile and shear cracks, respectively, and red and blue refer to intra-grain tensile and 
shear cracks. 
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The failure mode of differently-sized grain-based specimens is presented in Figure 9. It can be 
seen that the specimen size has little influence on the failure mode. The failure mode of all the 
specimens is dominated by the grain boundary tension cracks oriented approximately parallel to 
the loading direction. These tension cracks are randomly located within the specimens. The inter-
action between these tension cracks generates relatively long axial fractures. These axial fractures 
interact with inter- and intra-grain shear cracks to generate macroscopic shear fractures close to 
the boundaries of the specimens and drive them to failure. 

6 INFLUENCE OF SPECIMEN SIZE ON STRENGTH OF DEFECTED ROCK 

6.1 Generation of discrete fracture network (DFN) models 

The influence of specimen size on the strength of defected rocks is investigated next. Hypothetical 
DFN models were used to simulate the defect geometries. Prior to generating the DFN models, 
statistical parameters for each defect needed to be defined. These include the mean, the standard 
deviation and the statistical distribution (normal distribution, in this study) for defect orientation, 
length, and persistence. A defect intensity (joints/area) of 0.2 was used in all DFN models. The 
generated DFN models consisted of two sets with different orientations for defects. In total, three 
12 cm × 24 cm DFN models with the defect configurations listed in Table 2 and properties listed 
in Table 3 were generated. The geometries of all the three DFN models are shown in Figure 10. 

Table 2. Configuration of defects in DFN models. 
__________________________________________________________________________________________________________ 

DFN # Joint set # Dip angle (°) Length (cm) Persistence (cm) 
Mean S.Dev. Mean S.Dev. Mean S.Dev.

__________________________________________________________________________________________________________ 

1 1 0 5 2 0.5 0.5 0.1
2 90 5 2 0.5 0.5 0.1

2 1 40 5 2 0.5 0.5 0.1
2 130 5 2 0.5 0.5 0.1

3 1 20 5 2 0.5 0.5 0.1
2 110 5 2 0.5 0.5 0.1

__________________________________________________________________________________________________________ 

a) DFN1 b) DFN2 c) DFN3
Figure 10. Three hypothetical 12 cm × 24 cm DFN models. 

6.2 Integration of GBM and DFN 

The undamaged grain-based specimens were combined with the DFN models described above in 
order to simulate defected rock and investigate the influence of specimen size on its strength. The 
defected grain-based specimens are called GBM-DFNx, wherein x refers to the number of the 
DFN model shown in Figure 10 (e.g., GBM-DFN1). 
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The following describes the steps undertaken to generate a defected grain-based specimen. The 
defect structure (obtained from the DFN models in Figure 10) was first overlaid on the ball spec-
imens. The defect structure was replaced by the smooth-joint contacts with the properties listed 
in Table 3. Next, the grain structure was overlaid on the ball specimens consisting of defects. The 
grain structure was replaced by the smooth-joint contacts. The properties of the smooth-joints 
used to simulate the grain boundaries are the same as those of undamaged grain-based specimens 
calibrated to the properties of the intact Wombeyan marble. 

Table 3. Properties of smooth-joint contacts representing defects. 
__________________________________________________________________ 

Parameters Values 
__________________________________________________________________ 

normal (tensile) strength 1 MPa 
cohesion 6.5 MPa 
friction angle 0° 
friction coefficient 0.7 
normal to shear stiffness ratio 2.5 
stiffness factor 0.08 

__________________________________________________________________ 

As indicated in Table 3, the defects were simulated to be cohesive yet weaker and softer than 
the grain boundaries; the tensile strength and cohesion of the smooth-joints representing the de-
fects are 10% of those representing the grain boundaries and the stiffness of the smooth-joints 
representing the defects are 2.5 times smaller than those representing the grain boundaries. Similar 
to the grain boundaries, a zero friction angle (peak frictional component) and a non-zero friction 
coefficient (residual frictional component) was chosen for the defects. The smooth-joints repre-
senting the defects were assigned a lower friction coefficient of 0.7, which corresponds to the 
friction angle of 35°. 

Five samples were taken from the center of each DFN model to generate five smaller DFN 
models with widths ranging from 1 to 5 cm and a height-to-width ratio of 2.5. Each DFN model 
was combined with differently-sized grain-based specimens following the procedure described 
above. A series of uniaxial compressive strength tests were simulated on the GBM-DFN speci-
mens and the results in terms of the peak strength were used to investigate the influence of spec-
imen size on the strength of defected rocks, which is discussed next. 

6.3 Failure mode of GBM-DFN models 

The failure modes of the three GBM-DFN specimens with a width of 5 cm are compared in Figure 
11. In the GBM-DFN1 specimen, the defects are nearly parallel and perpendicular to the loading
direction. Two sets of defect in the GBM-DFN2 specimen have the mean dip angles of 40° and
130°. This means that these sets are nearly parallel to the direction of critical shear stress. The
defects in the GBM-DFN3 specimen are inclined but not oriented parallel to the critical shear
stress.

Two types of failure can be observed for defects in the GBM-DFN1 specimen (Fig. 11a): tensile 
failure of defects that are nearly parallel to the loading direction (shown with pink lines), and 
shear failure of defects that are nearly perpendicular to the loading direction (shown with black 
lines). The failure mode of the intact part of the specimens is similar to that of the undamaged 
grain-based specimens (compare Figs. 11a and 9); the interaction of axial inter-grain tensile cracks 
leads to the formation of macroscopic axial fractures and the interaction of inter-grain shear cracks 
and intra-grain tensile cracks leads to the formation of macroscopic shear fractures. 

The failure mode of the GBM-DFN2 specimen is fundamentally different in that shear failure 
of the critically oriented defects dominates with little matrix failure (Fig. 11b), even though some 
tensile crack propagation from the tips of some of the defects can be observed. The failure mode 
of the GBM-DFN3 specimen, shown in Figure 11c, includes defects that have primarily failed in 
shear as well as rock bridges whose failures were dominated by inter-grain tensile cracks propa-
gated from the tips of their defects. 
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a) GBM-DFN1 b) GBM-DFN2 c) GBM-DFN3

Figure 11. Comparison between the failure modes of the three defected grain-based specimens. Pink and 
black refer to inter-grain tensile and shear cracks, respectively, and red and blue refer to intra-grain tensile 
and shear cracks. 

6.4 Strength of GBM-DFN models 

The results of scale effect tests simulated on defected grain-based specimens are summarized in 
Figure 12 with plots of peak strength versus specimen width. It can be seen from this figure that, 
on one hand, the strength of intact grain-based specimen with no defects is independent of speci-
men size, as is expected for tests conducted with frictionless platens. On the other hand, the spec-
imen with defects oriented parallel and perpendicular to the loading direction (GBM-DFN1) show 
a small reduction in strength with the increase in specimen size. The specimen with critically 
oriented defects (GBM-DFN2) exhibit the lowest strengths independent of specimen size. The 
GBM-DFN3 specimen with the width of 1 cm has a low strength of 13 MPa. This low strength is 
due to its failure along a single discrete defect. An increase in the specimen size results in an 
increase and then a slight decrease in the strength.  

Figure 12. Results of numerical analysis on differently-sized intact and defected grain-based specimens. 
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In terms of the strength, the specimens can be divided into four groups: 
 Intact specimen: The strength of intact specimen tested with frictionless platens is inde-

pendent of specimen size.
 Defected specimen with defect structure DFN1: This structure shows a slight reduction in

strength with increasing specimen size followed by a convergence to about 80% of the intact
strength at its largest size.

 Defected specimen with defect structure DFN2: The strength of these specimen structure is
independent of specimen size and is strongly affected by the defect properties.

 Defected specimen with defect structure DFN3: For this structure, the strength changes rap-
idly with increasing size and tends to converge at about 50% of the intact strength for the
largest specimen size.

Even though structures DFN2 and DFN3 show the lowest strength for the tested specimens, it 
is important to point out that these strength values are likely lower than the block strength of a 
rock made up of the same structure. This is the case, because the percentage of DFNs reaching 
the boundary are higher in the tests than in a larger block of rock.  

In terms of macroscopic failure mode, the specimens can be divided into three groups: 
 Intact specimens and defected specimens with the defect structure DFN1: The macroscopic

failure mode is mainly axial fracturing through intact rock.
 Defected specimens with the defect structure DFN2: The failure mode is mainly shear fail-

ure along discrete defects.
 Defected specimens with the defect structure DFN3: The failure involves a combination of

axial fracturing though intact rock and shear failure along discrete defects.
The results presented in this section demonstrate that the strength of defected rocks is predom-

inantly affected by = the defect orientation and defect properties. For the work presented here, the 
defects were simulated using the smooth-joint contact logic in PFC2D with strength properties 
(i.e., peak: j = 0°, cj = 6.5 MPa, σtj = 1 MPa, residual: j = 35°, cj = 0 MPa, σtj = 0 MPa) resulting 
in much lower strength than that of the intact part of the host rock. In some rock types, defects 
may be stronger or weaker than the adopted strength values, which may result in a lower or higher 
strength for differently-sized specimens. Therefore, it should not be expected that all defected 
rocks will present similar behavior. 

7 CONCLUSION 

The strength of homogeneous and defected rocks was investigated under uniaxial and biaxial con-
ditions. The grain-based specimen previously calibrated to the laboratory properties of 
Wombeyan marble was used to investigate the influence of the density of micro-defects on the 
unconfined and confined strengths of rock specimens. The calibrated grain-based model was also 
used to investigate the influence specimen size on intact and defected rock strength. Hypothetical 
DFN models were used to simulate defects. A total of three DFN models, each consisting of two 
sets for defects and varying defect set orientations relative to the loading direction were generated. 
The DFN models were then combined with the grain-based models with widths ranging from 1 to 
5 cm and a height-to-width ratio of 2.5. 

The simulated tests on micro-defected rocks show that the unconfined and confined strengths 
of the specimens with damage densities ranging from SJd = 10% to SJd = 90% fall between those 
of undamaged (i.e., intact; SJd = 0%) and fully damaged (i.e., granulated; SJd = 100%) specimens. 
The confined strength of partially and fully damaged specimens initially increases rapidly with 
increasing confinement to about 10% of the UCS of the undamaged specimen (i.e., about 
σ3 = UCSi/10). At higher confining pressures (i.e., σ3 > ~UCSi/10), the strength envelope runs 
nearly parallel to the envelope of the intact specimen. 

The simulated unconfined tests on differently-sized defected rock with weak defects show that 
the strength of defected rock in which defects are perpendicular and parallel to the applied loading 
direction decreases with increasing specimen size and reaches about 80% of the intact strength at 
its largest size. When sample failure is dominated by defects that are inclined and oriented parallel 
to the critical shear stress direction, the resulting strength is not representative of the rock but can 
be used to obtain the defect properties. The strength of defected rock, in which defects are inclined 
but not critically oriented (not parallel to the direction of critical shear stress), rapidly changes 

313



(increase/ decrease) with increasing specimen size and approaches about 50% of the intact 
strength at its largest size. 

In this research, the strength of defected rocks was only investigated under unconfined condi-
tion. Future research will consider the influence of defects and their orientation on the confined 
strength of defected rocks. 
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1 INTRODUCTION 

Strain localization is one of the most important phenomena occurring in granular materials. Strain 
localization arises due to instability and bifurcation in the stress-strain response of materials dur-
ing loading, where a material which undergoes homogeneous deformation reaches a bifurcation 
point at which the material experiences instability and deformation starts to become non-homog-
enous. Non-homogeneous deformation results from localized deformation, and since the predom-
inant yielding mechanism for soils is shearing, the localized deformation zone is called a shear 
band. For strain hardening materials, strain localization and instability can occur before the peak 
shear strength corresponding to homogeneous response is reached. Localization is then followed 
by strain softening characterized by reduction in load carrying capacity during continued defor-
mation.  

Uncovering the micro-mechanics of strain localization behavior 
of granular materials using PFC 

M. Gutierrez
Colorado School of Mines, Golden, CO, USA

A. Muftah
Sirte University, Sirte, Libya

ABSTRACT: This paper presents the results of a comprehensive study on the micro-mechanics 
of strain localization in granular materials using the Discrete Element Method (DEM). The study 
used the Particle Flow Code (PFC) to simulate plane strain biaxial compression tests in granular 
materials consisting of assemblies of poly-dispersed disc particles that were loaded until the sam-
ple failed through localized deformation and shear banding. PFC is modified to account for roll-
ing resistance in the contact between two particles due to rough particle surface contacts and non-
spherical particle shape. The rolling resistance is implemented as a user-defined model (UDM) in 
PFC. A series of biaxial element tests was performed to investigate the effects of different levels 
of rolling resistance on the stress-strain response and the emergence and development of shear 
bands in granular materials. The results reinforce prior studies showing the importance of rolling 
resistance in promoting shear band formation in granular materials. It is shown that increased 
particle rolling resistance results in the development of columns of particles in granular materials 
during the strain hardening process. The buckling of these columns of particles in narrow zones 
then leads to the development of shear bands. High gradients of particle rotation and large voids 
are produced within the shear band as a result of the buckling of the columns. In addition to direct 
micro-mechanical observations, analyses of the results of the DEM study were performed in terms 
of the evolution of fabric and force anisotropies in the granular assembly during loading. Polar 
plots were used to illustrate the evolution of microscopic contact fabric and force parameters dur-
ing shearing. Particular attention was given to the evolution of these microscopic parameters in-
side and outside of the strain localization zone. The results show that anisotropies of the fabric 
and contact forces undergo significant changes during shearing, and the contact and force direc-
tions rotate significantly during shearing. The orientations of fabric and contact forces inside and 
outside the shear band were observed to noticeably deviate as a shear band develops in the sample. 
The DEM results presented in the paper can be used to improve macroscopic models for bifurca-
tion and strain localization in granular materials. 
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Extensive theoretical experimental studies have been conducted on strain localization in gran-
ular materials by several researchers (e.g. Mandel 1966, Rudnicki & Rice 1975). Theoretical pre-
dictions on the onset of strain location and shear band orientations have been widely verified by 
the results of element tests on soils (e.g. Roscoe 1970, Arthur et al. 1977, Vardoulakis 1980). 
However, despite the significant advances in predicting strain localization using bifurcation the-
ory, there are still several outstanding issues on the localization response of geomaterials. Special 
concerns are the micro-mechanical origins of strain localization and what happens inside the shear 
band once it is formed and how shear band behavior affects the post-bifurcation response of gran-
ular materials during continued increase in deformation. Granular materials are ensembles of par-
ticles which interact at their contacts. It is important to consider this particulate nature to fully 
uncover the micro-mechanical origins of strain localization in granular materials.  

A powerful technique to study the micro-mechanical behavior of granular materials during 
loading is the Discrete Element Method (DEM), a numerical modeling approach that has now 
been used for particulate media interactions for over three decades (Cundall & Strack 1979).  In 
DEM, granular materials are treated as ensembles of discrete particles with mass and forces ap-
plied to their centers. These forces arise from interactions with neighboring particles at particle 
contacts, walls or outside forces which interact at contact points. Particle-to-particle interactions 
are modeled via spring and damper elements parallel and normal to the contacts.  

A major improvement in DEM is the modeling of particle rolling resistance. In the original 
DEM, particle normal contact or separation, and sliding are considered to play the dominant roles 
in the microscopic deformation of granular materials. Particles are assumed to be perfectly circu-
lar and to rotate freely and offer no resistance to rotation. In reality, real particles are non-circular 
and have rough surface textures (Iwashita & Oda 1998), and particles cannot roll freely when in 
contact with other particles. Rolling resistance can be defined as a force couple that is transferred 
between the particles through the contacts, and this force couple inhibits particle rotation. Iwashita 
& Oda (1998), and Mohammed & Gutierrez (2000) have shown the important influence of rolling 
resistance in shear band formation during biaxial loading of granular soils.  

This paper presents the results of a comprehensive study on strain localization during two-
dimensional biaxial loading of granular materials using DEM which accounts for rolling re-
sistance. The study focuses on the micro-mechanical origins and aspects of strain localization in 
granular materials in particular on what happens to the particles close to and inside the shear band. 
The objective is to provide improved micro-mechanical knowledge to enhance macroscopic mod-
els for bifurcation and strain localization in granular materials. 

2 METHODOLOGY – DEM WITH ROLLING RESISTANCE 

The study of strain localization in granular materials is performed using the two-dimensional 
DEM code PFC (Particle Flow Code) developed by (Itasca 2008). PFC models granules as rigid 
spherical or disk-shaped particles that interact only at contacts or interfaces between the particles. 
Mechanical behavior is expressed in terms of the movements of each particle and the internal 
forces generated at each contact point. The mechanical interactions between particles are deter-
mined by normal and tangential springs and dashpots, and a constant friction parameter. In con-
ventional DEM, the granular medium is assumed to be an assembly of perfect discrete particles, 
and particles roll and rotate without any resistance. However, in reality particles contact each other 
on surfaces with finite area, particles are not perfectly rounded, and particle surfaces are not fully 
smooth. Thus, a moment of rolling resistance exists when a particle rolls over one another. The 
first model for rolling resistance in DEM was introduced by (Iwashita & Oda 1998). In this model, 
a rotational spring and rolling dashpot are installed between the particles in addition to the normal 
and tangential contact springs and dashpots. The rolling resistance model is implemented as a 
user-defined model (UDM) in PFC, and is described in detail below.  

 The interaction force Fi which represents the action of two particles at the ith contact is decom-
posed into a normal component Ni and a shear component Ti. Two types of kinematical behavior 
can occur for a contact: sliding and/or rolling. Sliding starts working at contact point when Ni and 
Ti satisfy the condition Ti = Ni where  is the contact frictional coefficient. The normal contact 
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force  Ni and shear force Ti are calculated from the normal displacement n

iU and shear displace-
ment s

iU , respectively, by n n

i iN K U and s s

i i iT K U where Kn and Ks are the incremental nor-
mal and shear stiffnesses, respectively. 

For particle rolling, the elastic rotational force-displacement relation is described by the fol-
lowing equation: 

i r rM K  (1) 

where Mi = rotational moment, r = relative rotation between two particles and Kr = rolling stiff-
ness. Rolling starts working when Mi exceeds the threshold value of Ni:  

i iM N  (2)

where  = rolling resistance. Once the resistance is exceeded, the particle begins to roll without 
mobilizing any further rolling resistance. The parameter  is the dimensional coefficient of rolling 
friction as noted by Sakaguchi et al. (1993), and its physical meaning is similar to the inter-particle 
friction µ. Note that  = B, where B is equal to half of contact width between two particles. The 
interface/contact width B is dependent on the shape parameter  and the common radius r between 
two particles, and therefore: 

r r   (3) 

where  = combination of two dimensionless constant  and . The parameter , which depends 
totally on the distribution of contact force at the contact surface, is called rolling friction coeffi-
cient. It controls how much rolling resistance can be generated at any contact point. Note that  
= 0 corresponds to free rotation, while α  1 corresponds to fixed rotation (i.e. particles are com-
pletely prevented from rolling).  

The investigation of the micro-mechanics of strain localization characteristic in granular mate-
rials is performed under two-dimensional (plane strain) biaxial loading conditions. The size of the 
models is 0.6 cm in width and 1.2 cm in height. Three ranges of particle radii were used: 0.3-0.4 
mm, 0.3-0.6 mm and 0.3-0.8 mm. For these particle radii, the size of the model is deemed large 
enough to simulate a representative element volume of granular material, but not too large to 
require extensive calculation times. The sample is contained by four frictionless walls. The top 
and bottom boundaries are loaded by rigid platens and by the major principal stress 1. The left 
and right lateral walls are confined by semi-flexible walls and by the minor principal stress 3. 
The sample is first loaded isotropically during consolidation, then sheared by increasing the ver-
tical strain 1  until the peak and post peak shear stress have been achieved. Shearing is performed 
under constant vertical strain rate d1 /dt of 0.05 m/min and constant horizontal or confining stress 
3. The top and bottom platens move in the vertical direction toward each other under a strain-
controlled condition. The velocity of the lateral walls is controlled automatically by a numerical
servo-control program that maintains constant confining pressure.

To generate the model, a random particle generation procedure called the “expansion method” 
(Itasca 2008) is adapted to achieve a desired sample particle size distribution and porosity. The 
model parameters values used in the study consist of density , normal and shear stiffness Kn  and 
Ks, and friction coefficient , with values similar to those used by (Ng 2004). The simple shear 
simulations were run for range of vertical normal stress with y varying from 0.1 to 2 MPa. It is 
known in the literature that a DEM model with more than 5000 particles provides a representative 
element volume for the modeling of the stress-strain response of granular materials.  In this study, 
the number of randomly generated particles ranged from 6556 to 16190. The rolling resistance 
parameter  is affected by the particle shape, normal stiffness and normal force at a point of 
contact and typically ranges from 0 to 1 (Mohammed & Gutierrez 2000). For  = 0, no rolling 
resistance (i.e. free rolling) exists. Based on previous studies, particle rotation is effectively pre-
vented (i.e. no rolling) when   1, which is equivalent to prescribing a high rolling friction angle. 

3 RESULTS AND DISCUSSIONS 

Figure 1 gives typical results from the DEM simulations showing the displacement vectors at 
different levels of axial deformation. The value of rolling friction coefficient is α = 0.1. It is ob-
served at the initial stage (Fig. 1a) that the displacement field appears to be reasonably uniform. 
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With an axial strain of 0.02 (Fig. 1b), the displacement field still remains relatively uniform with 
the sample undergoing vertical compression and lateral expansion. As the axial strain is increased, 
the displacements begin to localize into two conjugate shear bands close to the center of the sam-
ple (Fig. 1c). This small localized zone of deformation is noticeable even before the peak shear 
stress has been reached. However, the small bands of deformation are short-lived, and they vanish 
and re-appear as shearing continues prior to the peak shear strength. Shortly after the peak, the 
small conjugated shear bands coalesce and suddenly turn to form a single contiguous shear band 
(Fig. 1d). At an axial strain of 1 = 0.1, the shear band is fully developed and spans the entire 
height of the sample (Fig. 1e). With increasing axial deformation, the shear band becomes nar-
rower and more distinct.  

Figure 1. Development of shear band with increasing axial strain (α = 0.1). 

3.1 Force chain evolution 

The development of force chains is a central feature in the stress-strain response of granular 
materials (e.g. Tordesillas 2007). Force chains are quasilinear arrangements of group of particles 
by which loads are transmitted. Their average orientations are more or less sub-parallel to the 
major principal stress, and they form solid column-like structures which provide resistance to 
shear and serve as the load-bearing network responsible for the strength and stability of granular 
materials. When a granular assembly is loaded and sheared, force chains form, rotate and collapse 
as the shearing progresses. Force chains develop anisotropically during shearing due to the fact 
that not all particles form equal parts of the network of force chains. As the shearing proceeds 
beyond peak shear stress, the major force chains reorgnize until they can longer provide the best 
possible pathway for force transmission.  

The network of force chains evolved during biaxial shearing of the modeled granular material 

(Fig. 2). Before failure, the network of force chains is dense and evenly distributed through the 

volume of the granular material. Once the peak shear stress is reached, the density of the number 

of force chains is reduced inside the shear band, and there are fewer particle-to-particle contacts 

available within the shear band to transmit the loads. As the number of particle-to-particle contacts 

are decreased, the frictional resistance between particles may be exceeded causing the force chain 

to collapse. As a result, the load carrying capacity of the granular material is reduced and strain 

softening occurs. 
Figure 3 shows a comparison of the force chains for the model with free rotation and the model 

with a rolling resistance of  = 0.2 and 1 all at an axial strain of 1 = 0.1. The model with free 
rotation shows that the granular material is able to retain a more uniform force chain distribution 
during shearing due to the ability of the particles to move freely and form new contacts during 
shearing. The force chains are oriented more uniformly and the average force chain direction is 
generally sub-parallel to the major principal stress direction. Because of the ability of the particles 
to rotate and move freely in the absence of rolling resistance, collapse of the network of force 
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chains and the formation of a shear band are prevented. In contrast, the reduction in the number 
particle-to-particle contact inside the shear band is very visible in the models with  = 0.2 and 1. 
Large contact forces, represented by thicker lines, appear due to the reduced number of contact 
supporting the load. The force chain directions inside the band are no longer uniformly distributed. 
Also, the average force chain direction within the shear band are no longer sub-parallel but clearly 
deviate from the major principal stress direction. Such deviation produces high rotational moment 
and stress gradients within the shear band. As a result, the force chains can collapse and cause 
futher instability of the granular mass. Rolling resistance increases the shear strength of the 
granular material, but the collapse of the force chains and the buckling of columns of grains causes 
instability and strain location. Consequently, the instability is accompanied by larger reduction in 
load carrying capacity than in the case of no rolling resistance. 

Figure 2. Development of force chains at different levels of axial strain (α = 0.2). 

Figure 3. Development of force chains for different values of rolling resistance at an axial strain of 1=10%. 

 

 
(a) 1=2.8%

(pre-failure)

(b) 1=3.2%

(at failure)

(c) 1=10%

(post-failure)
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3.2 Column buckling and porosity evolution in the shear band 

Another phenomenon which plays an important role in the particulate response of granular 
materials is the formation of columns of particles that support the loads applied to the granular 
assembly (Tordesillas 2007). The role of column buckling in the formation and evolution of the 
shear band are clearly shown in Figure 4 for the models with  = 0, 0.2 and 1 at 1 = 0.1. In the 
case of  = 0.0, the colored columns used to track the movement of particles slightly bends and 
curves at different locations along the column. In contrast, in the case of  = 0.2 and 1.0, the 
colored columns have clearly buckled at one location within the shear band. The columns buckled 
despite the fact that the lateral boundaries are constrained by confining stresses 3. Rolling 
resistance endows the columns with bending stiffness which increases the overall shear strength 
of the granular material. However, the rolling resitance enhances instabilty due to the tendency of 
the columns to buckle during loading. In contrast, in the case of low or no rolling resistance, 
particles are free to move and are unable to form columns with sufficient rigidity to buckle locally. 

It is observed in Figure 4 that for  = 0.0, the particles rotate widely over the granular assembly 
at all stages of deformation (as shown in the inset figure by the radial line drawn from the center 
of each particle). The particles tend to have a uniform distribution of rotation with the exception 
of the central zone which shows slightly more highly rotated particles. However, rotations are 
distributed rather uniformly in both clockwise and counter clockwise directions. For  = 0.2 and 
1, the particles show only very small rotations before the shear band is formed. Once the defor-
mations have localized, particle rotation occurs extensively within shear band while no significant 
rotations are observed for the particles outside the shear band. As a result, the buckling of the 
columns and the shear band formation are accompanied by large gradients in the magnitude of 
particle rotations.    

Figure 4. Development and buckling of columns of particles, and particle rotation (insets) for different 
values of rolling resistance at an axial strain of 1 = 10%. 

The formation of large voids in the shear band due to increase rolling resistance is shown further 
in Figure 5. This non-uniform void distribution can be seen more clearly in the enlargement of the 
left and top 1/4th (or 0.3 x 0.6 cm2) portion of the sample. For  = 0.2 and 1, nearly uniform voids 
are formed outside the band while large voids are formed inside the band. In comparison, for the 
case of no rolling resistance, the void distribution is nearly uniform within the granular assembly. 
The occurrence of areas of large voids in the case where particles have rolling resistance is at-
tributed to the fact that particles, in the presence of rotational moments, tend to push each other 
apart. This causes the granular assembly to expand and increase the overall volume locally. In 
comparison, in the case of free rotation, particles are free to move locally and accommodate each 
other resulting in a more uniform distribution of porosity. 

 (a) a=0 (b) a=0.2 (c) a=1.0
(a) =0 (b) =0.2 (c) =1.0 
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Figure 5. Development of large voids within the shear band for  = 0.2 and 1 at an axial strain of 1 = 10%. 

3.3 Evolution of contact normal and contact force orientations 

To gain further insights into the formation and evolution of shear bands in granular materials, 
polar plots are used to examine the distributions and orientations of contact normal and contract 
forces of the particles in the DEM models. Contact orientation corresponds to the lines connecting 
the centroids of two particles that are in contact and gives a picture of the fabric of the granular 
assembly. Contact forces have normal and shear components. The polar plots show the frequency 
distributions of each parameter for different orientations. In addition to the data, approximations 
of the distributions in terms of a truncated Fourier series are shown on the polar plots. Orientations 
are given from the x-axis which corresponds to the axis parallel to the shear band. Radial distance 
from the origin corresponds to the frequency of the distribution for a particular direction. 

Figure 6 shows the development of the fabric and force anisotropies at the initial pre-shearing 
stage (top row), failure or peak shear stage (middle row), and post-failure residual state (bottom 
row). The left column shows the fabric distribution, the middle column the contact normal distri-
bution and the right column shows the contact shear force distribution. It can be seen that the 
initial state pre-shearing stage (top row) is close to homogenous with uniform and circular distri-
bution of fabric (i.e. contact normals) and contact normal forces in all directions, while the contact 
shear forces are very small. At failure state (middle row), the spatial distribution of the fabric 
exhibits some level of anisotropies. The maximum contact anisotropy come from the contacts 
with orientation close to the direction of the major principal stress, which is about 60° counter-
clockwise from the shear band direction. The normal contact force distribution exhibit stronger 
anisotropies with peanut shapes, and with the major axes parallel to the major principal stress 𝜎1-
direction and the minor axes parallel to the minor principal stress axes. The contact shear forces 
increases significantly when the sample is sheared and the distribution becomes rose-shaped with 
major axes along the 15, 105, 195 and 285° radial directions. At high shear strain level corre-
sponding to the residual state (bottom row), the anisotropies decreased and rotated slightly from 
the distributions at the peak state. 

Figure 7 shows a comparison of the polar plots of the fabric, contact normal force and contact 
shear force distributions at failure inside the shear band (top row), and outside the shear band 
(bottom row). As can be seen, both the magnitudes and orientations of the distributions are sig-
nificantly different outside and inside the shear band. The fabric distribution (left column) is more 
anisotropic inside than outside the shear band. The contact normal force distribution (middle col-
umn) is also more anisotropic inside the shear band, as can be seen by the thinner peanut-shape 
polar plot, than outside the shear band. Also, the major axes of the polar plot, which corresponds 
to the major principal stress directions, are oriented at a more acute angle outside the shear band 
than inside the shear band. Similar differences can be seen in the polar plots of the contact shear 
force distributions (right column) with increased anisotropies, as evidenced by the thinner polar 
plots inside than outside the shear band, and different orientations of the major axes of the polar 
plots inside and outside the shear band. 

 30 mm 

6
0

 m
m

 

=0 =0.2 =1

6
m

m

3 mm 3 mm 

321



Figure 6. Polar distributions of contact normals (left column), contact normal forces (middle column), and 
contact shear forces (right column) at different stages of shearing. Top row: Initial pre-shearing, Middle 
row: failure, and Bottom row: post-failure residual state. 

Figure 7. Polar distributions of contact normals (left column), contact normal forces (middle column), and 
contact shear forces (right column) outside the shear band (top row), and inside shear band (bottom row). 
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4 CONCLUSIONS 

The main micro-mechanical observations obtained from the DEM modeling of strain localization 
in biaxial loading of granular materials can be summarized as follows. 

1. Rolling resistance enhanced shear band formation in granular materials with more distinct
and fully localized zones for large values of the rolling resistance parameter  and more
diffused deformation and less clear shear bands for lower values of .

2. The configuration of force chain structures depended strongly on the magnitude of rolling
resistance. In the absence of rolling resistance, the force chains were oriented more uni-
formly and the average force chain direction was generally sub-parallel to the major princi-
pal stress direction. With increasing rolling resistance α: (a) the number of particle-to-
particle contact decreased, (b) larger contact forces appeared due to the reduced number of
contacts supporting the load, and (c) the average force chain direction within the shear band
deviated from the major principal stress direction.

3. Due to the deviation of the force chain directions from the major principal stress direction,
high rotational moments and stress gradients were produced within the shear band.
Instability and strain localization occurred due to the changes in configuration of the force
chains and the presence of rotational moments and stress gradients.

4. Due to the rotational resistance, columns of particles formed during loading of the granular
material. These columns increased the shear strength but increased instabilty due to the
tendency of the columns to buckle during loading depsite the application of confining
stresses at the lateral boundaries. In contrast, particles were free move and were unable to
form columns in the case of low or no rolling resistance. As a result, instability in the case
of high rolling resistance was accompanied by larger reduction in load carrying capacity
than in the case of low or no rolling resistance.

5. In the case of =0, particles rotated widely over the granular assembly at all stages of de-
formation. In comparison, in the case of  > 0, the particles showed only very small rota-
tions before the shear band was formed. Once deformations have localized, particle rotation
occurred extensively within the shear band while no significant rotations were observed for
the particles outside the shear band. As a result, the shear band formation was accompanied
by gradients in the magnitude of particle rotations. It appears that shear band formation is
more pronounced because the material is stiffer and shearing occurs at lower strain for >0.

6. Particle rotation within the shear band in the presence of rolling resistance was associated
with the formation of non-uniform void distribution within the shear band. Paradoxically,
large voids were created at the same time that the shear band width decreased as  increased.
The occurrence of areas of large voids in the case where particles have rolling resistance
was attributed to the fact that particles, in the presence of rotational moments, tended to
push each other apart. This caused the granular assembly to expand and increase the poros-
ity locally. In comparison, particles were free to move and accommodate each other, result-
ing in more uniform void distribution, in the case of low or no rolling resistance.

7. The evolution of the fabric (measured by the distribution of the contact normals), and the
distributions of contact normal and shear forces in the granular assembly can be summarized
as follow: (a) The distributions of contact normals, and contact normal and shear force ten-
sors rapidly become anisotropic during shearing; (b) The major directions of the contact
normals and contact normal force polar plots tend to align with the major principal stress
direction; (c) The major direction of the contact normal force tend to align with the most
predominant direction of the force chains; (d) Contact normals and contact normal force
anisotropies are stronger inside the shear band than outside; (e) Significant differences exist
in the major directions of the contact normal and contact force distributions inside and out-
side the band; and (g) For the same shear stress, less principal stress rotation is observed in
the shear band than outside.

All the above observations have to be considered in developing macroscopic models for the stress-
strain and strain localization behavior of granular soils in simple shear.  
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1 INTRODUCTION 

Currently, the description of the mechanical behavior of granular media at the particle level is an 
open research topic. 

In geotechnical engineering experimental information on the micro scale phenomena is difficult 
to obtain and numerical simulations offer a very attractive alternative. The discrete element 
method (DEM) is now widely accepted and used in the modeling of discontinuous media (O’Sul-
livan 2015) due to their capacity to represent the discrete nature of these materials. 

In this paper some characteristics of granular media constituted by monosized spheres observed 
at the scale of particles and their evolution during a triaxial test are analyzed. The aim is to con-
tribute to the interpretation of the overall behavior based on the phenomena occurring at the scale 
of the particles. 

2 DESCRIPTION OF GRANULAR MEDIA 

Traditionally, the structural characteristics of granular soils have been described through size dis-
tributions, shape of grains and porosity. A more complete description can be achieved incorporat-
ing generalized concepts (Auvinet 1986, 1988, Auvinet & Bouvard 1988b) accompanied by ex-
tensive use of probabilistic language as: coordination number, distribution of contacts, forces 
orientation, porosity, pore size distribution, etc. 

2.1 Porosity 
This is the fraction of the total volume of the medium occupied by empty spaces. To evaluate 
porosity (n) in the simulated specimens, random points in space are generated and the number of 
them that fall into pores was recorded. The porosity can be estimated as the ratio between the 
number of points falling in the voids and the total number of points generated. 

Evolution of the structure of monosized granular media in triaxial 
test 
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The number of points (Np) required to achieve a given estimation accuracy can be calculated 
by taking into account that the number of points found in the pores is a random variable with 
binomial distribution. Variance of the estimated porosity is then given by Equation 1. 

 

pN

nn 


12  (1) 

where: 2= estimated porosity variance; n= porosity; and Np= number of generated points. Anal-
yses were performed with 106 points, which corresponds to a confidence interval width (+/- ) of 
0.0005. 

 

2.2 Coordination number 

In materials science, the number of grains that are in direct contact with a reference particle is 
commonly called number of contacts per particle (Nc). This number provides information about 
local configuration, connectivity between particles, and possibility of power and heat transmis-
sion, among other things. 

In a granular medium of monosized spheres, Nc is a discrete random variable in the range [2, 
12]. The minimum value is required for the continuity of granular system and twelve is the largest 
number of spheres of equal size, without overlap, simultaneously touching another sphere (Musin 
& Tarasov 2012). Several researchers have found that the probability distribution of the number 
of contacts is approximately Gaussian. 

Frequently, the average number of contacts per particle in a granular medium is called coordi-
nation number. 

According to Bennett’s hypothesis (Isola 2008), a coordination number of 6 is a necessary re-
quirement for the stability of random packing of monosized frictionless spheres but it can be as 
low as 4 when friction can develop in the contacts. Usually, the coordination number is higher 
than the mentioned values because the granular media are highly hyperstatic. 

 

2.3 Distribution of contacts 

The geometric anisotropy of granular media can be studied by examining the distribution of con-
tacts on the grains surface. In a reference system with origin at the center of a spherical grain, the 
contact points are defined in spherical coordinates by latitude (), azimuth () and particle radius 
(r). The distribution of the orientation of normal vectors to the contact tangent planes can be rep-
resented by a function () satisfying: 

   1,  d  (2) 

where: d = elementary solid angle = sindd;  = sphere with unitary radius. 
()d represents the probability that a normal vector to tangential plane be found within 

elementary solid angle dFor structures of spheres deposited under gravity field, this function 
is independent of the  angle, so a simpler function () can be used to represent the contacts 
distribution with: 

  1cos
2/

2/
 




d  (3) 

For uniform distributions ()=1/4 y ()=1/2 and deviations from these values show a 
geometric anisotropy. The existence of an inherent concentration of contacts in the latitude, which 
depends on friction coefficient, has been observed by a number of authors (Auvinet 1998, Sánchez 
et al. 2015). 

Structural anisotropy can be also described using the fabric tensor (Eq. 4). The fabric tensor is 
obtained from the probability density of the normal unit vectors to the tangent planes at points of 
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contact (Nouguier-Lehon 2003, Cambou et al. 2009). The fabric tensor contains relevant direc-
tional information of the contact orientations. However, the intuitive meaning is not straightfor-
ward to grasp. 





M

k

jiij mm
M

H
1

1
(4) 

where: M = total number of contacts; m = unitary normal vector; i,j = Cartesian directions x,y,z. 

2.4 Contact forces 

In media with friction, a contact force vector forms an angle () with the normal vector to contact 
tangent plane. This angle is contained within the range [0, arc tan()], being  the friction coef-
ficient. If  reaches the maximum value, the force is located on the Coulomb cone surface and 
slipping can occur on the contact tangent plane. 

Another alternative for defining the orientation of the contact force is through angle (F) with 
the horizontal plane and azimuth (F) within this plane (Fig. 1). The orientation of the forces being 
uniform in azimuth, in the study of mechanical anisotropy attention will be given only to F angle. 
For convenience and forces parity, it is accepted that the force comes out of particle. 

Joint probability densities such as fF (a,b) (Eq. 5) can be used to describe both direction of 
contact force and contact position.  

   dbbbdaaaPdadbbaf FF
 1111, ,,  (5) 

where: P = probability; a1 and b1 = interval limits. 

Figure 1. Contact force orientation. 

3 SIMULATION PROCEDURE 

The triaxial test is one of the most widely used laboratory tests to study the shear strength of 
geotechnical materials. This test allows obtaining information about the stress-strain behavior of 
the soil in different controllable conditions at will. 

In discrete element modeling, different techniques can be used for applying compressive stress 
on a granular sample: by displacement of the confining walls, by increasing of particle size and 
by application of forces on the particles of the sample boundary. 
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In this research, simulation of triaxial test consists of the following steps. 
 The granular sample is generated by vertical placement of particles within an approximately 

cubic container (Auvinet 1972). The simulation of the structure formation consists of choos-
ing randomly the position of each particle, finding three supports on spheres previously 
placed in the container (including the container walls) and verifying the local static equilib-
rium. After checking that there is no intersection with other particles or with the container, 
the position of the new particle is accepted. These samples, where only local equilibrium is 
guaranteed, are submitted to the full effect of gravity using PFC3D (Itasca 2008). 

 Using again PFC3D, the isotropic confinement stress (1=2=3= 106 Pa) is applied by 
displacement of the walls towards the container center. The stresses are calculated as the 
forces sum divided by the corresponding wall area. 

 The deviator stress is applied specifying the displacement velocity of upper and lower walls. 
During the loading process, the confining stress is kept constant by adjusting the speed of 
the side walls according to a servomechanism algorithm proposed by Itasca (2008), which 
reduces the difference between the measured and required stress. 

 To perform unloading, the direction of movement of the upper and lower walls is reversed 
as required. 

 To reach an extension state, a vertical stress reduction to values lower than confinement 
pressure is allowed. Several cycles of loading and unloading in both compression and ex-
tension are considered. 

Displacement speed is small enough not to introduce additional dynamic effects in the granular 
medium. 

 

3.1 Simulation parameters 

Granular samples are constituted by 30,000 spherical particles of the same size. The simulation 
parameters used in this study are shown in Table 1. Figure 2 shows the results of triaxial tests in 
the stress-strain space. Hereafter, the notions outlined in Table 2 are considered to describe the 
different simulation steps. 
 

 
 

Table 1. Simulation parameters.  

Parameter Value 

Particle diameter, D (m)  0.0726 
Container dimensions, L (m × m × m) 2 × 2 × 2 
Density,  (kg / m3) 2 600 
Normal stiffness*, kn (N / m) 106 
Shear stiffness*, ks (N / m) 106 
Friction coefficient*, µ (dimensionless)  0.1, 0.3, 0.5 and 0.7 
Damping coefficient (dimensionless)  0.5 

* Parameters kn and ks also apply to container walls 

 
 
 

 
Figure 2. Stress strain graphs for simulated tests. 
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Table 2. Notation of triaxial test steps. 

Notation Step Notation Step 

Initial Initial state TX10 First extension loading 
TX3 First isotropic confinement TX11 Fourth unloading 
TX4 First compression loading TX12 Second extension loading 
TX5 First unloading TX13 Fifth unloading 
TX6 Second compression loading TX14 Third extension loading 

TX7 Second unloading TX15 Sixth unloading 
TX8 Third compression loading TX16 Final compression loading 
TX9 Third unloading 

4 RESULTS AND DISCUSSION 

During the mechanical simulation, only the core of the samples was examined to avoid boundary 
effects. Representativeness of the core sample was verified using the concept of geometrical scale 
effect (Auvinet & Bouvard 1988a). For a particle diameter equals to 0.0726 and box size equals 
to 1, the standard deviation of local medium porosity is less than 0.002 considering a porosity 
value of 0.40. 

4.1 Evolution of porosity 

In the initial state, the porosity is smaller for media with low friction coefficient (Fig. 3), because 
the contact forces induced by gravity exceed the friction resistance at the contacts and the particles 
adopt a denser configuration. 

With the implementation of the first isotropic confinement and compression stages, a gradual 
reduction of porosity is observed, that is to say, the materials exhibit a contracting behavior. The 
reduction of porosity obtained is about the same (5%) for all friction coefficients. 

During the extension stages, a very small increase of porosity (dilatancy) is observed (right part 
of Fig. 3). 

Figure 3. Evolution of porosity during triaxial tests. 

4.2 Evolution of coordination number 

Histograms of Figure 4 show some examples of the number of contacts per particle in different 
granular samples and at different stages of the triaxial test. The observed distribution is approxi-
mately normal with minimum values 2 or 3 and maximum between 10 and 11. The higher fre-
quency is observed between 4 and 8 contacts per particle. 

For  = 0.1, the histogram is shifted to right when the isotropic confinement is applied and it 
presents only small changes during the test. If  = 0.7, variations in the number of contacts is 
gradual due to the higher resistance conferred by . 

The average Nc is displayed on Figure 5 for different friction coefficients. The average number 
of contacts increases rapidly when applying the first isotropic confinement. During extension 
stages, a reduction of average Nc is observed. 
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Figure 4. Number of contacts per particle. 

 
 

  
Figure 5. Evolution of coordination number in triaxial test. 

 

4.3 Evolution of geometric anisotropy 

The distribution of contacts on the surface of the grains presents an initial anisotropy because the 
samples are deposited in the gravity field. Figure 6 shows a contact concentration between 30 and 
60° which is more evident for higher coefficients of friction. The application of isotropic confine-
ment TX3 leads to the creation of contacts near the equator. 

 

 
Figure 6. Distribution of contacts: initial state and first isotropic confinement. 
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The evolution of the distribution of contacts during the compression stages is presented in Fig-
ure 7. The increase of compression deviator stress causes an increase of the number of contacts 
close to the pole of particles and a reduction at the equator. The geometric anisotropy is stronger 
for higher coefficients of friction. 

The anisotropy analysis for extension stages (Fig. 8) starts from isotropic confinement step 
TX9. All samples experiment an increase in the proportion of contacts in equator because the 
principal stress is now horizontal. In step TX14, the number of contacts close to the pole of parti-
cles is minimal. 

 
 

 

 
Figure 7. Distribution of contacts: compression stages. 

 
 
 

 
Figure 8. Distribution of contacts: extension stages. 
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4.4 Evolution of contact forces orientation 

Figure 9 shows the joint probability density fF (a,b) obtained for a sample with  = 0.7 showing 
some aspects of the evolution of the forces orientation. 

Initially, according to Figure 6, contacts are concentrated between  = 30 and 50°. In these 
contacts, forces present an inclination angle F with values between 50 and 75°. For the isotropic 
confinement conditions the graph of fF (a,b) concentrates on the diagonal where  = F.  

The deviator stress in compression induces tilting of the contact forces towards the vertical 
direction. For example, for TX8 (Fig. 9) angle F is consistently larger than angle . In the iso-
tropic confinement condition (TX9), after removing the deviator stress, this trend tends to disap-
pear and contact forces orientation around the contacts present a wider range of values than for 
the initial confinement condition (TX3). 

When the lateral stress is greater than the vertical one (extension state), the contact forces take 
a horizontal orientation. It can be seen that the maximum values of fF (a,b) correspond to = 0 
and F = 0. 

Figure 9. Evolution of orientation of forces in triaxial test, friction coefficient  = 0.7. 
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It can be observed that contact forces orientation can change significantly although contacts 
position distribution remains approximately constant. The forces quickly respond to stress state 
changes but a residual effect induced by previous state is observed. 

4.5 Sliding of contacts 

Relative displacement between two particles in contact can occur when the frictional resistance 
on the contact point is exceeded. At this moment, the contact force is on the friction cone surface. 
Accepting the hypothesis that in this condition the contact point slides, the probability density of 
 angle (Fig. 1), can be used to assess the probability of contact sliding.

Results show that the general shape of the probability density of  angle is of a mixed (contin-
uous-discrete) type and remains similar during the triaxial test for a constant friction coefficient 
(Fig. 10). 

Figure 10. Probability density of  angle. 

The concentration of probability for  = arc tan() evolves at each stage of the mechanical 
simulation as shown in Figure 11. Sliding probability is higher for low friction coefficients. 

For the initial confinement condition (TX3) the probability of contact sliding decreases because 
the forces adopt an orientation close to the normal vector at contact points. The sliding probability 
grows with increasing deviator stress in compression (TX4, TX6 and TX8). The results show 
however that the proportion of sliding contacts tends to be constant for large strain. 

In the unloading stage (TX9), probability of slipping decreases, especially for high friction 
coefficient. When an extension condition is reached (TX10), the probability of contact slipping 
increases again (Bauschinger effect) and progressively reaches the maximum value observed in 
compression. 

Figure 11. Evolution of sliding probability of contact points in triaxial test. 
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5 CONCLUSIONS 

Behavior of granular media constituted by monosized spherical particles subjected to a triaxial 
test was reviewed using numerical simulation. During mechanical testing, compression an exten-
sion stress paths were explored. Different interparticle friction coefficients were considered. 

Porosity decreases gradually during the initial confinement and compression steps and this re-
duction is not completely reversible during the unloading and extension steps. 

The average of number of contacts per particle increases rapidly with the implementation of 
isotropic confinement but the subsequent changes are less significant.  

The geometric anisotropy observed through the distribution of contacts on grains surface is 
initially associated to the sedimentation process in the gravity field and presents contacts concen-
tration for latitude between 30 and 60°, especially for high coefficients of friction. Geometrical 
anisotropy decreases with isotropic confinement and increases when deviator stress increases. 

Joint probability densities such as fF (a,b) (density of angle  between the normal vector to 
the tangent plane in a contact and the horizontal plane and angle F between a contact force and 
the horizontal plane) can be used to describe simultaneously the geometrical and mechanical an-
isotropy.  

The maximum proportion of contacts where sliding may occur depends on friction coefficient; 
this proportion tends to attain the same value in compression and in extension conditions. 

The elements presented in this paper are being taken into account in the development of a sta-
tistical model of granular media behavior. 
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1 INTRODUCTION 

Helical anchors have been used widely as foundations for transmission lines to provide re-
sistance against uplift forces and overturning moments. This type of anchor is composed of one 
or more helical plates welded to a steel central shaft. As cited in Wang et al. (2013), the central 
shaft is used to transmit the torque during installation (applied by a hydraulic motor) and to 
transfer axial loads to the plates during loading.  

According to the embedment depth of the upper helix of this type of anchor, the failure sur-
face can be extended to the ground surface (shallow anchor). The current work deals with the 
behavior of deep helical anchors, in this case the failure surface does not reach the ground level. 

Frequent discrepancies between measured and predicted values of uplift capacity (calculated 
by theoretical methods) have been observed in the practice of helical foundations. This trend 
was also verified in many cases evaluated in the work of Hoyt & Clemence (1989). Among oth-
er factors, these differences occur because the theoretical methods do not consider properly the 
disturbance effect on the soil penetrated by the helices during anchor installation. The disturbed 
soil supports the tensile loads applied to the anchor. 

After the installation of the helices on the ground (by rotation) the parameters of the soil pen-
etrated are modified in comparison to the case of intact soil. Figure 1a presents a photograph of 
a helical anchor model in dense sand after installation in the centrifuge of IFSTTAR (Nantes). 
The disturbance within the cylindrical installation zone above the helix is clearly identified in 
this figure. In general, the installation effect varies with the type of soil, soil characteristics, 
number and geometry of the helices. Between other factors, the installation effect is responsible 
for the high degree of uncertainty in the estimation of the soil parameters used to predict the be-
havior of helical anchors. As mentioned in Mosquera (2015), the load-displacement behavior of 
helical anchors under uplift load depends on the Young’s modulus of the disturbed soil above 
the helical plate.  

Numerical and probabilistic analysis of the uplift behavior of 
helical anchors in sand 
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University of São Paulo, Brazil 
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This scenario of uncertainties mentioned above indicates that a probabilistic approach is ap-
propriate to investigate this challenging design problem. Therefore, a probabilistic analysis of 
the uplift behavior of single-helix anchors in sand, based in a Sparse Polynomial Chaos Expan-
sion was performed, and is presented in this paper. This method provides a model of the anchor 
uplift capacity given by an analytical polynomial expression that is a function of all random var-
iables involved in the problem. For this probabilistic evaluation, it was necessary to develop first 
a deterministic numerical model to simulate the load-displacement behavior of the helical an-
chor under tension loading. In the current investigation, a numerical simulation of the anchor 
load test was performed through the finite difference code FLAC3D (Itasca 2012). 

In a second step for the probabilistic analysis, the mean values of the disturbed sand proper-
ties (friction angle and Young’s modulus) were calculated through a parametric study. In this 
study, the influence of different values of coefficients of variation of the soil parameters on the 
anchor response was evaluated. Finally, a Global Sensitivity Analysis based in the calculation of 
the Sobol Indices for each random variable is presented. These results show the influence of 
each random variable of the problem on the anchor uplift response. 

2 NUMERICAL SIMULATION OF THE ANCHOR INSTALLATION EFFECT 

The uplift behavior of helical anchors is dependent on the effect of the disturbance on the soil 
mass above the helix caused by the anchor penetration, and the determination of stress-strain pa-
rameters for the disturbed soil is very complex (Mosquera 2015).  

Few studies have been published on the installation effect of helical anchors on soil parame-
ters. Kulhawy (1985) found that for single-helix anchors, the shear resistance along the interface 
between the cylinder penetrated by the helix and the undisturbed surrounding soil is controlled 
by the friction angle of the disturbed cylinder (above the helix). This author proposed that this 
effect can be approximated relating the properties of the disturbed soils with the in-situ proper-
ties (undisturbed) by means of the relationship δ⁄ϕ≈0.9, where δ is the interface friction angle 
along the disturbed cylinder surface (contact between disturbed and undisturbed soil) and ϕ is 
the friction angle of the undisturbed soil. 

George & Clemence (2013) commented that the downward progression of the helical anchors 
during installation loosens and displaces the soil, creating a column of disturbed soil above and 
between the helices of helical anchors. They found from model tests that the penetration of a 
helical anchor in clay reduces the Young’s modulus by 25–45% immediately after installation. 

As the use of natural and undisturbed soil parameters cannot represent the reality of the an-
chor behavior under tensile loading, and also because of the lack of experimental data of dis-
turbed soil parameters in dense sand, two different hypotheses were tested in the current study to 
simulate the anchor uplift response, including the installation effect numerically, using 
FLAC3D.  

For this study, a numerical simulation of the load–displacement curve of a tension load test, 
conducted on a helical anchor (model P4) in a centrifuge by Tsuha et al. (2012) was performed. 
The simulated prototype helical anchor had a 98-mm diameter pile shaft with a 326-mm helix 
diameter (D), installed at a depth of 4.4 m. This test was performed in dry Fontainebleau sand 
with a relative density of 85% and a soil unit weight equal to 16.3 kN/m3. 

Figure 1 presents the model geometry and configuration of the simulated helical anchor. In 
this case, to simulate the installation effect, the soil medium was separated into two groups: a 
cylindrical volume of soil above the helix (group 2) and the surrounding volume of intact soil 
(group 1).  

The values of intact soil parameters used for the disturbed soil (“group 1” shown in Table 1) 
were obtained from laboratory tests of Tsuha (2007) and Andria-Ntoanina et al. (2010). For this 
simulation, the elastic linear perfectly plastic constitutive model with a shear failure criteria of 
Mohr–Coulomb was used to model the soil behavior. A more detailed description of this numer-
ical study is showed in Mosquera (2015). 
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Figure 1. Illustration of the zones of intact and disturbed soil, and mesh geometry (Mosquera 2015). 

 
 

Table 1. Soil parameters used for numerical simulations.  

Simulations 
(with installation 
effect) 

Soil parameters for 
“group 1” (intact soil  
 around the anchor) 

Soil parameters for 
“group 2” 
(disturbed soil above the helix) 

 (º) E* (MPa)   (º) E(MPa) 

H1 0.3 41 40 0.3 41 8.4 (Edisturbed = 0.21 Etriaxial) 

H2 0.3 41 40 0.3 37** 8.4 (Edisturbed = 0.21 Etriaxial) 

H3 0.3 41 40 0.3 30 11.6 (Edisturbed = 0.29 Etriaxial) 

* Elasticity modulus of Fontainebleau Sand obtained from triaxial tests of Andria-Ntoanina et al. (2010) 
in sand samples with a relative density of 82%. 
** A reduction of 10% of the intact sand friction angle is proposed in Kulhawy (1985) to the shearing 
resistance in the disturbed soil above the helix. 

 

 
The modeled soil, illustrated in Figure 1b, is 8 m in all directions (x,y,z). The anchor helix 

and shaft were modeled using liners which are structural elements. The helix was modeled as a 
plate and the shaft as a hollow circular section. 

The interaction of these structural elements with the soil was made throughout the links that 
connect the liner nodes with the grid points representing the soil domain using a Coulomb law. 
The liner is a 0.013 m in thick; it has an elasticity modulus and Poisson’s ratio equal to 210x109 
Pa and 0.3, respectively. The shear and normal stiffness is equal to 1x10 Pa/m. The cohesion is 
equal zero and the friction angle is equal to 19.8° (interface friction angle measured by Tsuha 
2007 through direct shear test using Fontainebleau sand and plates made of the same steel of the 
helical pile). 

The prediction of the uplift capacity Qu was performed in a displacement control analysis, 
applying a prescribed velocity of 1x10-6 m/step and 1x10-5 m/step. Both velocities provide simi-
lar estimates of the uplift capacity (138.75 kN and 138.29 kN, i.e. differences about of 0.8 per-
cent). However, FLAC3D takes about 9 to 10 minutes in the calculation process when the sec-
ond velocity is used (lower time compared to the case of the velocity of 1x10-6 m/step). The 
calculation time is a very important parameter in the efficiency of the probabilistic analysis de-
veloped in next section of this paper. 

The three hypotheses (H1, H2, and H3) of sand friction angle to simulate the disturbed sand 
(group 2) penetrated by the helix, are described in Table 1. For these three cases, the Young’s 
modulus of the soil above the helix was reduced to provide the value of the anchor uplift capaci-
ty (failure criteria equal to 10%D) found in the tensile loading test performed in Tsuha et al. 
(2012). 
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Table 1 illustrates that for friction angle values of disturbed sand varying from 30° to 41° (in-
tact soil case), the Young’s modulus of the disturbed soil varies from 20% to 30% of the value 
obtained from triaxial tests. 

The load-displacement curves presented in Figure 2 show the difference between a simulation 
without installation effect (the soil parameters used to simulate the soil of group 2 are the same 
intact soil parameters of group 1) and the three simulations assuming the installation disturbance 
inside the cylindrical zone above the helix. This figure shows a better agreement with the meas-
ured results for the numerical simulation assuming installation effects. 

Figure 2 illustrates that although for displacements lower than 20 mm the convergence be-
tween the measured and the modeled curve is not very adequate. For displacements greater than 
20 mm a satisfactory agreement could be observed for the three hypotheses of installation effect. 
Therefore, as the probabilistic analysis presented in this paper is focused on the ultimate limit 
state (ULS evaluation), and the serviceability limit state is not evaluated in this case, the current 
numerical simulation of the helical anchor behavior (H1, H2, and H3) is suitable. To obtain a 
better agreement with the curve part before 20 mm, it will be necessary to take into account the 
non-linearities of the soil mass. 

For the next parts of the paper, the hypothesis H2 is used to illustrate the installation effects 
on the failure mechanism of the helical anchor, and also to the probabilistic study presented. 
This hypothesis was chosen because: (a) as shown in Table 1, the influence of the sand friction 
angle on the reduction of the Young modulus is not very significant; (b) Figure 1a proves that 
the soil above the helix is displaced and modified and as consequence the friction angle are 
modified, and in this case, the hypotheses H2 and H3 are more representative; (c) Tsuha (2012) 
showed that the sand disturbance can be even more pronounced if the dense sand mass is 
penetrated more times as occurs for multi-helix anchors, therefore the reduction of 10% of 
Hypothesis H2 seems to be reasonable; and (d) the authors have also investigated numerically 
and probabilistically other hypothesis to simulate the installation effects on the soil parameters, 
however the main aim of this paper is merely to present a single example (H2 in this case) to 
illustrate a numerical and probabilistic procedure used to improve the understanding of helical 
anchor behavior. 

Figure 2. Measured and predicted load–displacement curves. 
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3 FAILURE MECHANISMS 

Figure 3 presents the contours of displacement and stress in the vertical (z) direction for the 
simulation for two cases of numerical simulation: a) without installation effects and b) for the 
hypothesis H2 that assumes installation effects. 

These contours shown in Figure 3 illustrate the differences in the failure mechanism for both 
cases of simulations. When the effect of installation is applied to the numerical model, the verti-
cal length of the mobilized zone above the helix is smaller compared to case without installation 
effects. Also, for the simulation assuming installation effects, the failure surface is extended 
along the interface between the disturbed (group 2) and the undisturbed zones of soil (group 1). 
Therefore, the simulation of failure mechanism of helical anchors considering the installation ef-
fect is more representative of the uplift behavior of a helical anchor. 

Figure 3. Contours of displacement [m]and stress [Pa] in z direction: (a) simulation without installation 
effects (b) simulation of the hypothesis H2. 

4 PROBABILISTIC ANALYSIS USING SPARSE POLYNOMIAL CHAOS EXPANSION 
(SPCE) 

The deterministic approach presented above to assess the reduction on the friction angle and 
Young’s Modulus of the soil disturbed by the helix is limited. Even for foundations system 
where the effect of installation is not very influential, the perfect convergence between experi-
mental and numerical estimates is rare. 

The uncertainties in estimating intact soils properties are affected by: inherent soil variability, 
measurement error, and transformation uncertainty (Phoon & Kulhawy 1999). In addition to the 
inherent variability of the soil, the complex helix penetration effect makes even more problemat-
ic the assumption of soil parameters to lead to realistic predictions of the helical anchor behav-
ior. 

Probabilistic methods are a powerful tool to handle with the uncertainties in helical anchor 
design. In this case, the soil properties are assumed as random variables and not as deterministic 
values.  

0.163 m 

0.163 m 0.163 m 

0.163 m 
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In the current work, the Polynomial Chaos Expansion (PCE) method is used to evaluate the 
probabilistic response of the uplift capacity of a single-helix anchor in sand. In this case, the an-
chor response is dependent on the random variables distribution functions and coefficient of var-
iations that characterize the uncertainties of each input parameter on the numerical simulation.  

PCE is a useful method to represent the complex relationship between the input and output 
parameters of systems that do not have an explicit analytical expression (Blatman & Sudret 
2010b). Due to the installation effects, the complexity in the uplift response of helical anchors is 
an example of such systems. 

PCE allows to approximate model inputs (strength and stiffness parameters) and outputs (up-
lift capacity) in terms of random variables represented by distribution functions (Gaussian or not 
Gaussian) by using a polynomial chaos expansion of a suitable order 𝑝, and unknown coeffi-
cients are determined using a probabilistic collocation method. As mentioned in Li et al. (2011), 
the major advantage of the PCE is that it allows existing deterministic numerical codes, as 
FLAC3D for example, to be used as a “black box” within the method. 

As described in Ahmed & Soubra (2012), the system response 𝑌 involving 𝑀 random varia-
bles, it may be approximated by Yapp: 

𝑌 = ∑ 𝑎𝛽𝛹𝛽(𝜉)∞
𝛽=0  ≈ 𝑌𝑎𝑝𝑝 = ∑ 𝑎𝛽𝛹𝛽(𝜉)𝑃−1

𝛽=0 (1) 

where 𝑎𝛽 are the unknown coefficients, 𝑃 is the size of the expansion (number of PCE coeffi-
cients), 𝜉 is a vector of 𝑀 standard uncorrelated random variables, and 𝛹𝛽 are the multivariate
Hermite polynomials. These multivariate polynomials can be obtained from the product of the 
one-dimensional Hermite polynomials as follows (Al-Bittar & Soubra 2014): 

𝛹𝛽 = ∏ 𝐻𝛼𝑖
(𝜉)𝑀

𝑖=1 (2) 

where 𝛼𝑖 representing a sequence of 𝑀 non-negative integers, and 𝐻𝛼𝑖
(𝜉) is the 𝛼𝑖

𝑡ℎ one-

dimensional Hermite polynomials. Inside the classical truncation scheme in the series presented 

in Equation 1, only 𝑃 terms are retained, such that the first order norm (‖𝛼‖1 = ∑ 𝛼𝑖
𝑀
𝑖=1 ) will be

less than or equal to the order 𝑝 of the PCE. Thus 𝑃 is calculated as: 

𝑃 =
(𝑀+𝑝)!

𝑀!𝑝!
(3) 

A complete procedure to develop a polynomial chaos expansion is presented in Ahmed & 
Soubra (2012), Mollon et al. (2011), and Li et al. (2011). Typically, this procedure consists of 
the statistical characterization of the input random variables with a distribution function type 
and statistic parameters (mean, coefficient of variation and correlation). As the collocation 
points are combinations of the roots of the one-dimensional Hermite polynomials for each ran-
dom variable, given in the standard space, they must be transformed to the physical space using 
an iso-probabilistic transformation of the form 𝑋 = 𝐹𝑥(𝛷(𝜉)). 𝐹𝑥 is the Cumulative Density
Function (CDF) of the random variable 𝑋 in the physical space and 𝛷(𝜉) is the standard Gaussi-
an CDF. Realizations of the system response using the numerical model are calculated for each 
combination of roots of the one-dimensional Hermite polynomials in the collocation points. 
Then, unknown coefficients are determined using regression approach. The regression approach 
consists of the minimization of the mean square error of the response in the mean square sense 
(Blatman & Sudret 2010b). Finally the Probability Distribution Function (PDF) of the approxi-
mated system response as its statistical moments (mean, variance, kurtosis and skewness) are 
calculated by the application of Monte Carlo Simulation on the PCE determined previously. 

Blatman & Sudret (2008) indicated that the required number of model evaluations increases 
with the polynomial chaos size, which itself dramatically increases with the number of input 
variables when the common truncation scheme of the polynomial chaos expansion is applied. 
Therefore, an extension of PCE named Sparce Polynomial Chaos Expansion (SPCE) was pro-
posed by the same authors. According to Al-Bittar & Soubra (2014), the SPCE methodology is 
an efficient approach that deals with uncertainties propagation in the cases of problems involv-
ing a large number of random variables. For SPCE, the computational cost is significantly re-
duced because an alternative truncation scheme is used, different to the scheme applied in a 
classical full Polynomial Chaos Expansion (PCE) methodology. The hyperbolic truncation 
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scheme used here, suggests that the number of terms to be retained is such that the q-norm are 
less than or equal to the order 𝑝 of the PCE. The q-norm is given by: 

‖𝛼‖𝑞 = (∑ (𝛼𝑖)𝑞𝑀
𝑖=1  )

1
𝑞⁄

(4) 

𝑞 ranges from zero to 1. In this paper is employed a value of 𝑞 coefficients equal to 0.7 as sug-
gested by Al-Bittar & Soubra (2014). 

The adaptive algorithm suggested by Blatman & Sudret (2010a) to build up a SPCE is sum-
marized in Al-Bittar & Soubra (2014). The performance of the polynomial approximation is 
evaluated by the coefficients of determination 𝑅2 or Q2.

4.1 Global sensitivity analysis 

The meta-model built here using the SPCE methodology is an analytical alternative of the model 
response Y = ∑ aβΨβ(ξ)∞

β=0 . This meta-model is useful to method for uncertainty and sensitivi-
ty analysis at a negligible computational cost (Blatman & Sudret 2011). 

Based on the calculated coefficients aβ it is possible to estimate the statistical moments of the
approximated response (mean, variance, kurtosis and skewness), as well as the weight (sensitivi-
ty) of each random variable in the variability of the system response (in the current case, the up-
lift capacity of the helical anchor at a displacement of 0.1D). The sensitivity indexes of each 
variable, called Sobol indexes, are calculated as: 

𝑆(𝜉𝑖) =
∑ (𝛼𝛽)

2
𝐸[(𝛹𝛽)

2
]𝛽𝜖𝐼𝑖

∑ (𝛼𝛽)
2

𝐸[(𝛹𝛽)
2

]𝑃−1
𝛽=0

(5) 

where 𝐸[. ] is the expectation operator and 𝐸 [(𝛹𝛽)
2

] = ∏ 𝛼𝑖!𝑀
𝑖=1

𝐼𝑖 denotes the set of indices 𝛽 for which the corresponding 𝛹𝛽 terms are exclusive function of
the random variables ξi.

4.2 Results of the probabilistic representation 

Four random variables were used to investigate the probabilistic response of the single-helix an-
chor modeled in this paper using the hypothesis H2: undisturbed friction angle, disturbed fric-
tion angle, undisturbed Young’s Modulus, and disturbed Young’s modulus.  

The friction angle was described throughout a normal distribution. A lognormal distribution 
was used to describe he random behavior of the Young’s modulus. The mean values are the de-
terministic values shown in Table 1 for hypothesis H2.  

Sudret (2008) and Blatman & Sudret (2010a) stated that a polynomial chaos approximation of 
degree 𝑝 = 2 generally provides satisfactory results for analysis of statistical moments and sen-
sitivity analysis and, whereas a degree 𝑝 = 3 is frequently necessary to execute a reliability 
analysis. A total of 139 evaluations of the deterministic model were required to an expansion in 
SPCE of 𝑝 = 3 order. 

Nine different scenarios were evaluated for this probabilistic study. Table 2 illustrates the 
combinations adopted for the coefficients of variations of the random variables. The results of 
these cases are presented in Figures 5 and 6. 

As expected, Figure 4a shows that the mean value of the probabilistic representation of the 
uplift capacity can be well characterized when reductions are assumed to the soil properties in-
side the cylinder above the helix (H2) as also observed in Figure 2. In general, the mean values 
of the hypothesis H2 are closer to the measured value (137 kN). However, the values of uplift 
capacity are more distant from the measured value (smaller) when the coefficient of variation of 
the Young modulus is high (cases 6 to 9 of Table 2). 

Figure 4b illustrates that the coefficient of variation of the anchor response increases with the 
increase of the coefficient of variation applied to each random variable. From this figure it can 
be concluded that the undisturbed friction angle, the undisturbed Young’s modulus, and the dis-
turbed Young’s modulus are the random variables that have more effect over this statistical 
moment (cases 3, 7 and 9). 
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Table 2. Nine cases evaluated for the hypothesis H2 and for the case without installation effect. 

Random variable 
Case (CV %) 

1 2 3 4 5 6 7 8 9 

Undisturbed friction angle 

(for soil “group 1”) 
_unds 5 10 15 5 5 5 5 5 5 

Disturbed friction angle 

(for soil “group 2”) 
_dist 5 5 5 10 15 5 5 5 5 

Undisturbed modulus of elas-

ticity 

(for soil “group 1”) 

E_unds 25 25 25 25 25 50 100 25 25 

Disturbed modulus of elasticity 

(for soil “group 2”) 
E_dist 25 25 25 25 25 25 25 50 100 

(a)                                                                                 (b) 

Figure 4. (a) Mean value and (b) coefficient of variation, of the uplift capacity. 

The importance of the undisturbed properties and the disturbed Young’s modulus can also be 
observed in the Figure 5. For the hypothesis H2 evaluated, the weight of the intact friction angle 
(Fig. 5a) in the final uplift response is always higher than the one of the disturbed friction angle 
(i.e. natural friction angle has greater Sobol indexes).  

For all scenarios of coefficient of variation evaluated, Figure 5a shows that the undisturbed 
friction angle of the soil outside the cylinder is more influential on the anchor response com-
pared to the one of the disturbed friction angle inside the disturbed cylindrical volume. 

(a)                                                                                     (b) 

Figure 5. Sobol Index (Global Sensitivity Analysis) for: (a) friction angle, and (b) Young’s Modulus. 
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Figure 5b shows that the importance of the soil modulus of both zones (disturbed and undis-
turbed by installation) increases when its coefficient of variation increases. In this figure, the re-
sults of the cases 1 to 5 (same coefficient of variation for both modulus) show that the signifi-
cance of the elastic modulus of the soil zone around the cylinder penetrated by the helix on the 
anchor response is slightly greater compared to the modulus used for the disturbed cylindrical 
zone. 

The accuracy of the regression (measured by mean of the coefficient Q2) indicates high values 
of coefficient of determination greater (values of 0.95).  

5 CONCLUSIONS 

This paper presents a numerical simulation and a probabilistic evaluation of the uplift behavior 
of a helical anchor in dense sand tested in centrifuge. The simulation of the uplift anchor re-
sponse using intact soil properties (obtained in triaxial tests) overpredicted the uplift resistance. 
Therefore, a parametric study was carried out to quantify the effect of anchor installation on the 
properties of the soil above the helix. The results shows that the installation effects on the soil 
penetrated by the helix should be incorporated in the numerical predictions.  

Also in this study, a probabilistic analysis based on the results of the numerical simulation 
presented was performed. In this paper the probabilistic evaluation was carried out only for one 
of the numerical hypotheses assumed in this paper (H2) to simulate the installation effect on the 
soil parameters. For this part, the soil properties were considered as random variables, character-
ized by distribution functions and coefficients of variation, and not as deterministic values. This 
randomness is consequence of variations in shear strength and stiffness of the soil due to the in-
stallation effects, errors of measurement, inherent variability and other factors which increase 
the uncertainty in predicting the uplift capacity of a single helical anchor. 

The probabilistic study showed that if the disturbed sand friction angle of the soil penetrated 
by the helix has a coefficient of variation lower than 15%, almost no influence of this parameter 
on the anchor uplift response is observed. In contrast, the sand friction angle of the undisturbed 
soil is more significant. Also, the influence of the elastic modulus of the soil disturbed by the 
helix on the anchor response increases with the coefficient of variation. The disturbed modulus 
is very influential on anchor response when its coefficient of variation is greater than 50%. 
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1 INTRODUCTION 

Various types of mechanical excavators are driven to open underground openings and tunnels in 
mining and civil engineering. The performance of the excavator is taken into consideration for the 
cost analysis and planning the future of the tunneling activities. Advance rates or specific energy 
gives preliminary knowledge about its performance. Therefore, these parameters are predicted 
before selecting an excavator according to geological and environmental conditions. 

Linear cutting tests conducted in the laboratory basically lead to determine the cuttability of 
rocks and hence allow us to predict the performance of the machine. Cutter forces acting on the 
bit are measured and specific energy is calculated as a result of the test. These tests are important 
since any mistake may result in wrong estimation of costs (Bilgin et al. 2011).  

Mechanical properties of rocks also essential in terms of rock cuttability as well as empirical 
approaches proposed by different researchers (Nishimatsu 1972, Roxborough & Phillips 1975, 
Evans 1984, Goktan 1997).  

On the other hand, numerical simulation of rock cutting by discrete element or finite element 
modeling can also be implemented for the prediction of rock cuttability. The cutting forces acting 
on the cutter which are mounted on the cutterhead or drum of any mechanical excavator are esti-
mated from these simulations (Loui & Karanam 2005, Su et al. 2009, Su & Akcin 2011, Rojek et 
al. 2011). 

Furthermore, specific destruction energy (SDE) is an alternative way to identify the rock cut-
tability at present. It is defined as the energy released to break the rock. It also aims to understand 
better connection between cutting (or drilling) performance and the main mechanical rock char-
acteristics (Ersoy 2003). It is determined by conducting the uniaxial compressive strength test in 
the laboratory. Higher values of SDE indicate harder excavation conditions. Due to too much 
effort needed for this test in the laboratory, numerical models obviously became prevalent in this 
area. In this regard, uniaxial compressive test was modeled by discrete element method in order 
to investigate the effect of some rock parameters on the rock cuttability. 

Variation of specific destruction energy depending on particle and 
bond properties 

O. Su
Bulent Ecevit University, ZMYO, Department of Mining and Mineral Extraction, Zonguldak, Turkey

M. Geniş
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ABSTRACT: Specific destruction energy, which is calculated from stress-strain response of the 
uniaxial compressive strength test (UCS), gives an idea about the cuttability of a rock since it 
basically depends on the rock strength. Numerical models can assist in modeling of different tests. 
For this reason, UCS tests were simulated by changing the particle and bonding properties in 
PFC3D  and  detailed  parametric  studies  were  carried  out  to  evaluate  the  effect  of  micro-
parameters of rock on specific destruction energy (SDE). The results indicated that variation of 
particle radius did not significantly influence the SDE. However, bond radius is a key parameter 
affecting the energy. Bond strength partially influenced SDE. On the other hand, the specimens 
having a low value of Young modulus exhibited higher value of SDE. The results of modeling 
studies conducted in this study showed that the bonds (cement) installed between the particles are 
very dominant than particles during excavation of rocks.  
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2 SPECIFIC DESTRUCTION ENERGY 

Cuttability of rocks depends on some of the basic rock properties. However, mineral composition, 
rock strength, grain size and grain shape have dominant effects on the performance of any me-
chanical excavator. Most of the time grain size and grain shape are neglected since they have 
minor importance on the tool wear (Plinninger et al. 2002). In contrast, it is more important when 
the rock consists of abrasive minerals since they cause main tool wear on the cutters.  

Uniaxial compressive strength (UCS) test is the widely applied and quoted rock engineering 
parameter in rock mechanics. It basically lets us describe the behavior of rock under different 
stress conditions (Fig. 1). Besides, integration of the stress–strain curve in this test is taken into 
account to evaluate the elastic deformation energy and toughness index in rock engineering.  

In this study, specific destruction energy, which is calculated in the same manner by UCS test, 
was considered to give an idea about the rock cuttability by the equation given below. 

𝑆𝐷𝐸 = ∫ 𝜎 𝑑𝜀   (1) 

where SDE = specific destruction energy (MJ/m3) and σ = axial stress (MPa). 

 
 
 

Figure 1. The uniaxial compressive strength test and the stress-strain curve. 

Eq. 1 is solved according to axial stress- strain curves, which are plotted in the course of the UCS 
tests. The area under the curve is defined as the specific destruction energy. It is calculated by 
taking into consideration pre and post-failure of the rock material (Thuro & Spaun 1996). Elastic 
properties such as Young modulus and Poisson ratio can also be determined from linear part of 
the curve. 

Depending on the rock composition and loading conditions, rock can behave in brittle or ductile 
manner. When low destruction energy is released, rock is accepted to be failed in brittle mode 
compared to ductile mode. Besides, residual strength can be obtained when the rock exceeds the 
peak strength and still have some load-carrying capacity.  

3 MODELING STUDIES 

3.1 Specimen generation 

UCS tests were simulated on the artificially modeled cylindrical specimens in NX core size, which 

is 54108 mm in dimensions. The specimens were generated in line with ISRM (2007) where the 

diameter of the specimen is related to the size of the largest grain which has a ratio of at least 10:1. 

In this respect, they were classified into three groups as fine, medium, and coarse grained (Fig. 

2).  

The ratio of maximum particle radius to minimum radius was chosen to be 1.2. Thus, the radi-

uses of the particles (Rp) in fine grained sample were ranged from 1.3 mm to 1.56 mm. For me-

dium grained sample, the particles were generated between 1.56 and 1.87 mm in radius. It was 
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also chosen between 1.87 and 2.25 mm for coarse grains. They were randomly distributed within 

the specimen. Increasing the particle radius decreased the number of particles. Particle density, 

sample porosity and inter-particle friction were kept as 2630 gr/cm3, 35%, and 0.5 in these speci-

mens, respectively.  

Rp=1.3-1.56 mm Rp =1.56-1.87 mm Rp =1.87-2.25 mm 

Figure 2. Fine, medium, and coarse grained cylindrical specimens. 

The whole specimens were assumed to be homogenous and isotropic and no joints were consid-
ered. They were composed of parallel bonds which are created within a circular cross-section area 
lying on the contact points between spherical particles in PFC3D (Particle Flow Code, Itasca 
2004). Regardless of the particle properties, they are defined by five micro-parameters such as 
normal and shear stiffness, normal and shear strength and bond radius. When the strength of the 
bond is exceeded, it is broken and a micro-crack is formed between particles.  

Bonding properties were kept constant for all samples in which 60 MPa of bonding strength 
was assigned. In addition, the Young moduli at each particle contact point and on parallel bonds 
were selected to be 4 GPa. Besides, the bonding radiuses were set to be 1.0.  

3.2 Effect of particle radius on SDE 

Particle radius (Rp) is a key factor which significantly affects the efficiency of excavation. The 
picks mounted on the cutterhead of a mechanical excavator may exhibit different behavior on fine 
and coarse grained rocks. Since it is not easy to measure its effect during cutting, it was examined 
by modeling of UCS tests on three specimens having the same micro-parameters.  

During the course of the modeling studies, the stress-strain curves were plotted and the areas 
under the curves were determined to calculate the specific destruction energy (Fig. 3). For this 
purpose, these areas were derived from MATLAB (2008) by transferring the data from PFC3D. 
The results are summarized in Table 1. 

Table 1. The results of modeling studies on different types of specimens. 

Specimen 
type 

Particle 
size (mm) 

Peak 
strength 
(MPa) 

Young 
modulus 
(GPa) 

Poisson 
ratio 

Crack initia-
tion stress 
(MPa) 

Specific de-
struction en-
ergy (MJ/m3) 

Fine grained 1.30-1.56 90.6 4.30 0.20 61.2 1.20 
Medium grained 1.56-1.87 89.1 4.22 0.21 61.3 1.16 
Coarse grained 1.87-2.25 81.7 4.08 0.21 59.2 1.18 
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As shown in Table 1, particle radius does not have a considerable effect on the specific destruction 
energy and thus it can be assumed that it is almost constant. Peak strength is the only macro-
property that varied as a result of modeling studies. It should be noted that these results are valid 
for the selected particle sizes. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. The variation of particle radius on the SDE. 

 

 

From the data in Figure 3, it is apparent that the particle radius relatively influences the rock 

strength and the variation is about 10 MPa. If the particle radius is kept to be increased, it is clear 

that the peak strength would decrease. Potyondy & Cundall (2004) also discussed the same evi-

dence and they reported that unconfined compressive strength exhibited a clear dependence on 

particle size. 
Moreover, the slope of the linear part on the curve is nearly same for all specimens. Therefore, 

it can be stated that no significant effect of elastic rock properties is observed unless the Young 
modulus of the bond is changed. It is also explained by Potyondy & Cundall (2004) that Young 
modulus exhibits a minor size effect and Poisson’s ratio has no effect as found in this study. 

On the other hand, it was demonstrated that the post-peak behavior of the rock is also partially 
affected the particle size. However, it can be neglected in terms of specific destruction energy. 

 

3.3 Effect of bond strength on SDE 

In order to examine the effect of bond strength (BS) on the SDE, medium grained particles were 

employed. Without changing the resolution and the elastic properties, the bonds having 30, 60, 

and 90 MPa of normal and shear strengths were set. Accordingly, the tests were implemented and 

the results are presented in Table 2.  

 
 
Table 2. The results of modeling studies by using medium grained specimen. 

Bond strength 
(MPa) 

Peak strength 
(MPa) 

Young 
modulus  

(GPa) 

Poisson 
ratio 

Crack 
initiation stress 

(MPa) 

Specific destruc-
tion energy 

(MJ/m3) 

30 43.2 4.19 0.20 28.7 0.34 
60 89.1 4.22 0.21 61.3 1.16 
90 137.4 4.26 0.21 92.7 2.59 
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As Table 2 shows, it can be seen that bond strength is closely connected to the peak strength. On 
the other hand, there is a clear variation on the SDE for the medium grained specimen as expected. 
The reason is that the peak strength of the specimen had an upward trend.  

After the modeling of the UCS tests, axial stress-axial strain curves were plotted as depicted in 
Figure 4. The area under the curves was calculated by integrating Eq. 1 and the results are given 
above. 

Figure 4. The effect of bond strength on different specimens. 

According to Figure 4, it is apparent that the peak stress was significantly affected by the change 
in the bond strength. Lower values of bond strengths indicated relatively small strains. The stress‐
strain curves showed approximately linear elastic behavior for all tests. As clearly seen, specific 
destruction energy increases as the bond strength of the particles is increased. The same results 
were obtained for both fine and coarse grained particle assembly as well. Obermayr et al. (2013) 
also stated that the peak stress mainly depends on the strength of the bonds and the number of 
initially bonded particles in the material. 

It can be concluded that excavation would be difficult for those particle assemblies connected 
by higher values of bond strengths.  

3.4 Effect of bond radius on SDE 

In addition to bond strength, the cement content in the rock, i.e. the amount of bond, dominate the 
mechanical characteristics and cuttability of rocks. It can be characterized by bond radius (Rb) in 
PFC3D. If the radius shown in Figure 5 is increased, more cement will be introduced between the 
particles. However, it is a fact that particle size distribution within the specimen can be affected 
by the bond radius.  

Figure 5. A general view of bond radius (Rb) of a parallel bond and particle radius (Rp). 

0

20

40

60

80

100

120

140

160

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

A
xi

al
 S

tr
es

s 
(M

P
a)

Axial Strain

BS=30 MPa BS=60 MPa BS=90 MPa

349



The bond radius was set to be 1.0 for all specimens in the previous models. In this regard, the 
relative radiuses of bonds within a medium grained specimen (1.56-1.87 mm) were assigned to 
be 0.5 and 1.5 and UCS tests were simulated again. The results are reported in Table 3. 

Table 3. The results of uniaxial compressive strength test at various bond radiuses. 

Bond 
radius 

Peak 
strength 
(MPa) 

Young 
modulus 

(GPa) 

Poisson 
ratio 

Crack 
initiation stress 

(MPa) 

Specific destruc-
tion energy 

(MJ/m3) 

0.5 22.4 1.96 0.41 15.5 0.21 
1.0 89.1 4.22 0.21 61.3 1.16 
1.5 189.9 6.91 0.15 135.0 3.21 

According to Table 3, it is interesting to note that the bond radius influenced the overall mechan-
ical properties of rocks. The results of peak strength, Young modulus, and Poisson’s ratio totally 
changed. The main reason of such a behavior is due to the variation in the bond stiffness. Fat-
tahpour et al. (2014) studied the effect of grain characteristics of artificial sandstones. They 
pointed out that there is direct relation between UCS and cement content. Bell (1992) also reported 
that increasing cement content increases the strength of sandstones. 

Besides, a dramatic increase in the SDE was detected as in the UCS. Particles are rigid and 
non-deformable in PFC3D. Therefore, the cement between the grains leads to fundamental vari-
ation of the rock behavior as shown in Figure 6. The specific destruction energy entirely increased 
with increasing cement content. Thus, it is concluded that increasing the bond radius designate 
the difficulty of the rock cuttability since rock is getting harder.  

Figure 6. Axial stress-axial strain curves as a result of changing the bond radius. 

Figure 6 also provides the post-peak behavior of the specimens. Lower values of bond radius 
exhibit a similar plot of ductile behavior although it is not exactly monitored. In contrast, increas-
ing bond radius represented brittle failure more clearly. However, this finding would be better 
monitored in modeling of triaxial test.  

3.5 Effect of Young’s modulus on SDE 

The Young’s modulus, the slope of the axial stress-strain curve, is a micro-parameter which was 

set as 4 GPa both at each particle-particle contact and at each parallel bond within the medium 

grained specimen. In this section, without changing the resolution of the specimen, the Young’s 

modulus of the bonds and contacts were varied while keeping the bond strength to be 60 MPa. 

Then, the Young’s moduli of the new specimens were calibrated as 8 and 12 GPa and modeling 

studies were conducted again. The results are summarized in Table 4.  
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As the data in Table 4 shows, three types of artificial specimens, which have same peak 
strengths at about 80-90 MPa and different Young’s modulus, demonstrated that SDE decreases 
as the Young’s modulus increases. The variation can also be seen from Figure 7.  

 
Table 4. Effect of Young’s modulus on the specific destruction energy in medium grained specimen. 

Young 
Modulus 
(GPa)* 

Peak 
strength 
(MPa) 

Young 
modulus 

(GPa) 

Poisson 
ratio 

Crack 
initiation stress 

(MPa) 

Specific destruction 
energy (MJ/m3) 

4 89.1 4.22 0.21 61.3 1.16 
8 82.3 8.18 0.22 55.3 0.61 

12 85.5 12.2 0.20 57.8 0.42 

* Young’s modulus of parallel bonds and particle contact points. 
 

 

 
Figure 7. Axial stress-axial strain curves as a result of changing the Young’s modulus. 

 

According to Figure 7, the amount of specific destruction energy released during the loading in-

creases as the Young’s modulus of the rock decreases. It means that the rocks having lower 

Young’s modulus are able to store more energy within their structure and hence they would be 

deformed more than the others. However, we consider that it is harder to excavate this type of 

rock than the rocks having higher values of Young modulus. This is due to their rock structure 

and low stiffness value. It should also be noted that this condition is valid when the rocks have 

the same peak strengths and exhibit brittle behavior.  

As a result, it is difficult to make a general evaluation of Young’s modulus in terms of rock 

cuttability since the rocks having the same peak strengths and different Young’s modulus are not 

often encountered. 

4 CONCLUSIONS 

The micro-properties of particles and bonds, i.e. cement between grains, in PFC3D are essential 
and closely related to the efficiency of excavation process. In order to examine their effects on the 
specific destruction energy, a number of UCS tests were numerically modeled in PFC3D. These 
tests gave some insights into the evaluation of rock cuttability. Based on the results of this study 
following conclusions were drawn: 

The particle radius influenced neither elastic properties nor SDE. However, it significantly af-
fects the peak strength. The strength of the cement (bond) showed considerable effects on the 
peak strength and SDE.  
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On the other hand, it was determined that the bond radius is the most significant parameter. 
Because, the bond radius varied the mechanical properties of rocks completely as well as SDE. 
Moreover, it was observed that an increase in SDE occurred due to getting larger strains and 
higher UCS values. Therefore, it can be claimed that when the rock is mostly cemented, it gets 
more difficult to excavate regardless of the porosity. 

The variation of the Young’s modulus at each particle-particle contact and each parallel bond 
also showed that SDE depends mainly on the elastic parameters when the peak strength is assumed 
to be constant.  

Among these findings, it was found out that the bond radius is the most important parameter 
that should be considered during modeling. In addition, the bond strength and Young modulus 
have partially influenced SDE. Nevertheless, particle radius is the least important parameter that 
does not control SDE. It should be kept in mind that those results are valid for the particle sizes 
considered in the numerical analysis.

Accordingly, it is concluded that cement in rock structure is very dominant during excavation 
of rocks. If less cement is installed, then it is expected that the rock would fail earlier since the 
cohesion decreases.  

REFERENCES 

Bell, F.G. 1978. Some petrographic factors relating to porosity and permeability in the Fell sandstones of 
Northumberland. Qaert. J. of Eng. Geol & Hydro. 11:113–26.  

Bilgin, N., Copur, H. & Balci, C. 2014. Mechanical excavation in mining and civil industries. 1st ed. CRC 
Press, New York. 

Ersoy, A. 2003. Automatic drilling control based on minimum drilling specific energy using PDC and WC 
bits. Mining Technology 112(2):89-96. 

Evans, I. 1984. A theory of the cutting force for point-attack picks. Geotechnical and Geological Engineer-
ing 2(1):63-71.  

Fattahpour, V., Baudet, B.A., Moosavi, M., Mehranpour, M. & Ashkezari, A., 2014. Effect of grain 
characteristics and cement content on the unconfined compressive strength of artificial sandstones. Int. 
J. of Rock Mech. and Min. Sci.72:109-116.

Göktan, R.M. 1997. A suggested improvement on Evans’ cutting theory for conical bits. Fourth Int. Symp. 
on Mine Mechanisation and Automation, Queensland, Australia, 1: A4/57-61. 

ISRM 2007. The Complete ISRM Suggested Methods for Rock Characterization, Testing and Monitoring: 
1974-2006. Ulusay, R. & Hudson, J.A. (Eds), ISRM Turkish National Grp, Kozan Ofset, Ankara, 628 p. 

Itasca 2004. PFC3D User’s Manual. Itasca Consulting Group, Minneapolis, USA. 
Loui, J.P. & Karanam, U.M.R. 2005. Heat transfer simulation in drag-pick cutting of rocks. Tunnell & 

Undergr. Spa. Tech. 20:263-270. 
MATLAB 2008. Statistics toolbox for use with MATLAB, User’s guide. 
Nishimatsu, Y. 1972. The mechanics of rock cutting. Int. J. of Rock Mech. and Min. Sci. 9(2): 261-270. 
Plinninger, R.J., Spaun, G. & Thuro, K. 2002. Prediction and classification of tool wear in drill and blast 

tunneling. Proc. of 9th Congress of the Int. Assoc. for Engineering Geology and the Environment. (eds 
J.L. van Rooy & C.A. Jermy), Durban, South Africa.

Potyondy, D.O. & Cundall, P.A. 2004. A bonded-particle model for rock. Int. J. of Rock Mech. and Min. 
Sci. 41:1329-1364. 

Rojek, J., Onate, E., Labra, C. & Kargl, H. 2011. Discrete element simulation of rock cutting. Int. J. of Rock 
Mech. and Min. Sci. 48: 996-1010. 

Roxborough, F.F. & Phillips, H.R. 1975. Rock excavation by disk cutter. Int. J. of Rock Mech. and Min. 
Sci. Geomech. Abstr. 12(12): 361-366. 

Su, O., Akcin, N.A. & te Kamp, L. 2009. Prediction of cutting forces acting on a conical pick. Proc. of the 
second int. conf. on computing methods and tunnelling, Bochum, Germany.  

Su, O. & Akcin, N.A. 2011.Numerical simulation of rock cutting using the discrete element method. Int. J. 
of Rock Mech. and Min. Sci. 48:432-442. 

Thuro, K. & Spaun, G. (1996) Introducing `destruction work´ as a new rock property of toughness referring 
to drillability in conventional drill and blast tunnelling. In: Eurock ´96. Prediction and performance in 
rock mechanics and rock engineering, vol. 2. Balkema, Rotterdam, pp 707-713 

Obermayr, M., Dressler, K., Vrettos, C. & Eberhard, P. 2013. A bonded-particle model for cemented sand. 
Computers and Geotechnics 49:299-313. 

352

http://www.springerlink.com/content/100171/?p=935a423bdbaf47b984bcc2ef349faca7&pi=0
http://www.springerlink.com/content/100171/?p=935a423bdbaf47b984bcc2ef349faca7&pi=0
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609
http://www.sciencedirect.com/science/journal/13651609


1 INTRODUCTION 

In recent years, with the increasing exploitation of unconventional shale gas/oil reservoirs using 
deviated drilling, a number of borehole instability problems were experienced in field (Okland & 
Cook 1998). Stress-induced borehole breakouts cause major problems during and after drilling. 
The integrity of wellbore is influenced by several factors, e.g., the in-situ stress state, anisotropy 
of rock deformability and strength, the applied mud weight, and drilling direction (Zhang 2013). 
Moreover, horizontal drilling has been extensively used in anisotropic shale formations, which 
are more sensitive to the effect of rock anisotropy (Ong & Roegiers 1993). Therefore, understand-
ing the underlying mechanisms for borehole breakout mechanisms associated with anisotropic 
formations is essential in optimizing well production.  

Numerical and analytical analyses have been extensively adopted to evaluate and predict the 
failure of borehole in anisotropic rock formations for several decades. Most rock mechanics anal-
ysis on stability of openings in rock formations should involve two key steps, first, the calculation 
of borehole stress distribution for rocks, and second, a stress-related failure criteria (Gaede et al. 

DEM simulation of stress-induced borehole breakouts in 
anisotropic rock formations 
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ABSTRACT: The nucleation and propagation of stress-induced borehole breakouts in anisotropic 
rock formations is investigated in this study with the use of PFC2D at reduced scale. In the simu-
lated rock sample, the rock matrix is represented as bonded particle model and the intrinsic anisot-
ropy is imposed by replacing any parallel bonds dipping within a certain angle range with smooth-
joint contacts. Micro parameters of the parallel bond and smooth joint are calibrated to match the 
mechanical properties of Mancos shale. Square samples (50 mm×50 mm) with a 10 mm borehole 
in the center are loaded until the formation of breakouts. The isotropic bonded particle model is 
adopted to represent the case when borehole drilled perpendicular to weak layers while the inclined 
anisotropic model (β=45°) is considered for the borehole orientated parallel with weak layers. The 
effects of rock anisotropy and far-field stress anisotropy are examined in detail. Under isotropic 
stress condition, the critical pressure at breakout initiation decreases from 78.6 MPa when borehole 
orientated normal to bedding to 58.3 MPa when borehole orientated parallel to bedding. For the 
former case, cracks are symmetrically distributed, which results in relatively rounded borehole 
breakouts. For the latter case, failure of weak layer is found particular prominent. The fractures 
concentrate in two regions that extend from the borehole in the direction normal to bedding. The 
far-field stress anisotropy significantly alters the orientation of borehole breakouts. For the iso-
tropic model, the stress-induced breakouts propagate align with the direction of minimum principal 
stress. Obvious deviation of major fracture to minimum principal stress direction can be observed 
for the parallel case. The fracture patterns and mechanisms agree well with those observed in la-
boratory and in field. 
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2012). Among the numerous proposed models in the literature, a linear elastic and isotropic con-
stitutive model, in conjunction with a linear failure criterion, is perhaps the most common ap-
proach. However, shale is known to exhibit anisotropic properties not only for their elastic behav-
ior but also for their strength due to their laminated structure. The analytical solution of the near-
wellbore stress distribution in anisotropic formations was developed by (Amadei et al. 1983). The 
determined stress field is then used to evaluate the damage of the formation in the borehole vicin-
ity. Moreover, stress redistribution after the creation of fractures is a dynamic process which can-
not be captured by constitutive modeling. These uncertainties make it difficult to predict and con-
trol failure around underground openings.  

In laboratory, a series of tests have been conducted at reduced scale to elucidate the mechanisms 
and process of stress-induced borehole breakouts (Labiouse et al. 2014, Meier et al. 2014, Meier 
et al. 2013). Several aspects of the problem have been investigated including the influence of 
bedding angle (Meier et al. 2014), borehole diameter (Meier et al. 2013), and time-dependent 
behavior (Kupferschmied et al. 2015). The angle between the bedding and borehole axis plays an 
important role on the stability of wellbore. The risk of borehole instability increases dramatically 
when the wellbore is drilled sub-parallel with weak layers. When drilled parallel with weak layers, 
the failure zone forms by a process of progressive spalling in which thin slabs of rock successively 
detach from the hole wall, progressing deeper into the surrounding rock. It is not completely clear 
in what direction the fractures grow to create a spalled piece and in what mode the failure occurs 
and whether failure occurs first in intact or weak layer (Labiouse & Vietor 2014). Further analyses 
are necessary to reveal the fracture process and underlying mechanisms dominate the borehole 
breakouts under different drilling direction and stress conditions. 

In this study, two-dimensional DEM simulations are conducted to investigate the nucleation 
and propagation of stress-induced borehole breakouts at reduced-scale. The effect of rock anisot-
ropy and far-field stress anisotropy are evaluated and validated by comparing with the results 
obtained in laboratory and field.  

 
 

2 DISCRETE ELEMENT METHOD 

The discrete element method (DEM) is a promising approach to investigate the fracture process 
of rock as fractures can initiate and develop in terms of bond breakage and coalescence (Potyondy 
& Cundall 20014, Duan et al 2015). In this study, the Particle Flow Code (PFC2D) developed by 
Itasca Consulting Group is used (Itasca 2010). In the DEM model, isotropic rock is represented 
as an assembly of rigid discs bonded at their contacts. The smooth joint contact model is proposed 
to represent the existence of fractures normally encountered in jointed rock mass (Ivars et al. 
2011). 

 

2.1 Inherently anisotropic model 

The anisotropic properties of sedimentary rocks, e.g., shale, are caused by the orientation distri-
bution of minerals and organic matter. Shale is known to exhibit anisotropic properties not only 
for their elastic behavior but also for their strength due to their laminated structure. Different from 
the induced anisotropy normally found in fractured rock mass, the discontinuities of intrinsic an-
isotropy is not necessarily continuous or straight. In order to represent the microstructure of this 
type of rock, a novel numerical approach has been proposed by the authors based on the bonded 
particle model and the smooth joint contact model as illustrated in Figure 1 (Duan & Kwok 
2015a,b). In the proposed DEM model, the rock matrix is first generated by bonding a series of 
rigid discs. Any parallel bonds dipping within a certain angle range will be replaced by a smooth 
joint model. This orientation can be adjusted to represent rocks with different anisotropy angles 
(β).  
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(a)              (b) 
Figure. 1 Generation of DEM model for inherently anisotropic rock. (a) Smooth joint contact model; (b) 
inherently anisotropic model when β = 0o (red lines represent the smooth joint contacts). 

2.2 Calibration 

Systematic parametric studies have been conducted to evaluate the effect of parameters of smooth 
joint model on the macroscopic behaviors of the proposed anisotropic DEM model under both 
uniaxial compression test and Brazilian test conditions (Duan & Kwok 2015a; 2015b). In addition, 
a step-by-step calibration procedure has been proposed based on the parametric study results. The 
numerical model is calibrated to represent the Mancos shale under uniaxial compression test (Fjær 
& Nes 2014). The comparison between simulated and experimental results is given in Figure 2 
and the related micro parameters can be found in Duan & Kwok (2015a). It can be concluded 
from Figure 2 that the DEM model can capture both the uniaxial compression strength (UCS) and 
Young’s modulus with various loading directions. In this study, the numerical tests of stress-in-
duced borehole breakouts are conducted on the calibrated Mancos shale model. 

(a) (b) 

Figure 2. Comparison between experimental (with error bars showing the range of results) and DEM results 
on Mancos shale. (a) Variation of UCS; and (b) Young’s modulus. 

3 NUMERICAL MODEL AND LOADING PATH 

The schematic of the numerical model and loading path adopted in this study are shown in Figure 
3a and b, respectively. Numerical tests are performed on square samples (50 mm × 50 mm) with 
a hole in the center (D =10 mm). The minimum particle radius used in this study (Rmin) is 0.2 mm 
with the ratio Rmax/Rmin=1.66. There are about 20 particles cross the borehole diameter. During 
each test, the loading is applied by moving the vertical walls with constant rate which is slow 
enough to ensure quasi-static response. The ratio between the vertical principal stress (𝜎1) and
horizontal principal stress (𝜎2) is defined as K0 (K0=𝜎2 𝜎1⁄ ) which can be adjusted to investigate
the effect of far-field stress anisotropy. 𝜎2 is controlled by adjusting the location of two lateral
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walls by servo-mechanism to maintain constant K0. Tests are conducted until the formation of 
borehole breakouts. During each test, stresses acting on the platens are recorded and strains can 
be calculated from the displacement of corresponding platens.  

(a) (b) 

Figure. 3 (a) Schematic of the numerical model; and (b) The loading path. 

Various previous studies have revealed that the difference between isotropic and transverse 
isotropic rocks is negligible when the wellbore is drilled perpendicular with beddings (Meier et 
al. 2014) (Meier et al. 2014). Thus, in this study, the isotropic model without weak layers is 
adopted to simulate the condition when wellbore axis is perpendicular to weak layers as illustrated 
in Figure 4a and β = 45° is adopted to represent the case when the borehole orientated parallel 
with beddings (Fig. 4b).  

(a)             (b) 
Figure 4. (a) Numerical model when wellbore drilled perpendicular to weak layers and (b) parallel with 
weak layers (blue lines represent the smooth joint contacts). 

4 SIMULATION RESULTS AND DISCUSSIONS 

4.1 Failure process of isotropic model 

Test under hydrostatic stress condition (𝐾0 = 1) is first conducted on the isotropic model. As can
be noted from Figure 5, the stress-strain curve follows linear elastic at the initial stage and no 
cracks can be found until the axial stress reaches crack initiation stress (P*) of 78.6 MPa, which 
corresponds to the stress at which level the linear elasticity ends (Meier et al. 2013). After that, 
with the increase of hydrostatic stress, more cracks appear and the stress-strain curve deviates 
from linear. For the micro-cracks, the tensile failure of parallel bond takes about 2/3 of the total 
number. 
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More insights on the process and mechanisms of borehole breakout can be gained by examining 
the spatial distribution of micro cracks at different strain stages as shown in Figure 6. At the 
critical hydrostatic stress stage (𝜀1=0.2%), cracks randomly distribute around the borehole cir-
cumference. With the increase of far-field stress, more cracks develop gradually and symmetri-
cally ((𝜀1=0.24% and 0.3%)) which ultimately results in relatively rounded borehole breakouts as
can be observed when 𝜀1=0.36%. This process and patterns generally capture the breakout modes
obtained in laboratory by Meier et al. (2014) from thick walled hollow cylinder test on Posidonia 
shale. 

Figure. 5 Stress-strain curve and increment of micro cracks for test conducted on isotropic model. 

0.2% 0.24% 

0.3% 0.36% 

Figure 6. Fracture patterns of isotropic model at different stages. Black lines: tensile failure of parallel 
bonds; red lines: shear failure of parallel bonds.  

The diameter of wellbore is found to play an important role on the breakout of borehole in 
laboratory under thick-walled hollow cylinder tests on isotropic rocks and anisotropic rocks when 
drilled perpendicular with bedding (Lee & Haimson 1993, Meier et al. 2013). In this study, a 
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series of tests with various diameters (D = 4, 6, 8, 10, 12, 14 and 16 mm) are conducted and the 
breakout initiation stresses are obtained from the increment of micro-cracks and stress-strain 
curves. Significant effect of borehole diameter can be noted from Figure 7a in which critical hy-
drostatic pressure reduces exponentially with the increasing of borehole diameter. The critical 
tangential stress at the borehole wall calculated from critical hydrostatic pressure is normalized 
with the uniaxial compression strength, and plotted in Figure 7b. The DEM results show a similar 
trend with experimental results obtained from various types of rocks (Meier et al. 2013). 

(a)                  (b)  
Figure 7. (a) Variation of critical hydrostatic pressure with borehole diameter; (b) Variation of normalized 
critical tangential stress (Meier et al. 2013).  

4.2 Failure process of anisotropic model 

For the anisotropic case, the stress-strain curve also exhibits linear elastic at the initial stage under 
hydrostatic stress as can be observed in Figure 8. However, shear failure of smooth joint can be 
noted when ε1  exceeds 0.1%, notwithstanding the stress-strain remains linear until the axial
strain reaches 0.2%. After that, tensile failure of parallel bond starts to form and the stress-strain 
curve deviates from linear elastic. Later on, shear failure of smooth joint increases in a steady way 
while more cracks occur in terms of failure of parallel bonds. The critical pressure (P*) decreases 
to 58.3 MPa when borehole orientated parallel with beddings, which is about 74% of the value 
when borehole is drilled perpendicular with weak layers. This result is consistent with the results 
in laboratory conducted by Meier et al. (2014) on Posidal shale, and provides numerical evidence 
for the field observation that borehole instability problems were experienced when drilling paral-
lel or with small angle between bedding direction in which the breakout initiation is lower (Okland 
& Cook 1998).  

Figure 8. Stress-strain relationship and increment of micro cracks for test conducted on anisotropic model 
with β=45o. 
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0.16% 0.22% 

0.28% 0.34% 

Figure 9. Fracture patterns of isotropic model at different stages. Black lines represent the failure of paral-

lel bond; red lines represent the failure of smooth joint. 

The initial failure is related to slip along weak layers as revealed by Figure 9a, which are ran-
domly distributed. These individual cracks around the borehole serve as a starting point for more 
severe breakouts forming as bulking failure in the left upper region with loading beyond breakout 
initiation stress (when 𝜀1=0.22%). Later on, tensile fracture of rock matrix emerges at the lower
side of borehole (when 𝜀1=0.28%). Finally, the fracture concentrates in two regions that extend
from the borehole in the direction normal to bedding with width close to the borehole diameter 
(when 𝜀1=0.34%). Similar failure patterns have been observed in laboratory on thick-walled hol-
low cylinder test on shale (Meier et al. 2014) and small scale in-situ tests (Labiouse & Vietor 
2014). 

4.3 Effect of far-field stress anisotropy 

In order to investigate the influence of far-field stress anisotropy on the breakout pattern of well-
bore, tests with different K0 (K0=0.8, 1.0 and 1.25) are conducted on both the isotropic and aniso-
tropic model. The percentage of micro cracks (P) at failure stage within different orientations is 
plotted in Figure 10a and b for the isotropic and anisotropic model, respectively. Significant effect 
of the far-field stress anisotropy on the breakout modes can be identified. For the isotropic model, 
the orientation distribution of micro-crack is relative rounded as have been discussed in Figure 6 
and the red line in Figure 10a. The stress-induced borehole breakout pattern aligns with the direc-
tion of minimum principal stress (blue and black lines in Fig. 10a), which is in good agreement 
with the observations in laboratory. Therefore, the borehole breakout shape and size can be 
adopted to determine the direction and magnitude of in-situ stress. For the anisotropic rock for-
mation, the shape and direction of breakouts are controlled by not only the far field stresses but 
also rock anisotropy. With anisotropic far-field stress, slight deviation can be observed in terms 
of concentration of micro-cracks, which rotates to the direction of minimum principal stress.   
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(a)                   (b) 
Figure 10. Orientation distribution of micro-cracks at failure stage with different K0. (a) Isotropic model; 
(b) anisotropic model.

5 CONCLUSIONS 

The initiation and propagation of stress-induced borehole breakouts in sedimentary rock with an-
isotropic properties are investigated. DEM simulations following the laboratory set-up of stress-
induced thick-wall hollow cylinder test were conducted. In the simulated rock sample, the rock 
matrix is represented as bonded particle model and the intrinsic anisotropy is imposed by replac-
ing any parallel bonds dipping within a certain angle range with smooth-joint contacts. Different 
failure modes are observed on isotropic and anisotropic models. Fractures develop symmetrically 
when loading applied perpendicular with weak layers. The critical hydrostatic pressure reduces 
with the increasing of borehole diameter. Failure of smooth joint is found particularly prominent 
when the borehole axis is orientated parallel with bedding direction. Ultimate fractures concen-
trate in two regions which extend from the borehole in the direction normal to beddings. Far field 
stress anisotropy also influence the borehole breakout shape. The stress-induced borehole 
breakout pattern aligns with the direction of minimum principal stress. The fracture patterns and 
mechanisms agree well with those observed in laboratory and in field. The proposed numerical 
model can capture the development of stress induced borehole breakout in anisotropic rock for-
mation in laboratory scale and thus provide an avenue to the further study of borehole stability 
problems in field and under more realistic conditions. 
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Prediction of cohesive soil response to sweep impact using 
discrete element modeling 
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1 INTRODUCTION 

Predictions of dynamical behavior of granular media, such as agricultural soils, are of a great 
interest to engineers and researchers. This is due to continuous demand of precise predictions of 
working conditions (stress loads, draft forces etc.) for agricultural tools during the process of their 
design. 

Tool-induced dynamical behavior of a soil is complex in nature and can be characterized by 
multiple phenomena, some of which are: friction and cohesive forces within a soil-tool interface, 
soil stresses and strains. Measurements, as well as overall empirical studies, of such phenomena 
are not just a time consuming but also, sometimes, are difficult to achieve. In this context, 
modeling has been found to serve as a useful approach in studies of tool-induced soil dynamical 
behavior. 

Analytical methods which based on the passive soil failure theory are commonly used for 
predictions of soil disturbance and soil cutting forces (Hettiaratchi et al. 1966, Godwin & Spoor 
1977, McKyes & Ali 1977, McKyes 1985). Though these models have proven to be simple to use 
and fairly accurate in predicting soil cutting forces, its application is limited to a simple blades 
and assumed soil failure pattern. Furthermore, it is not always suitable for tool rake angles larger 
than 20º. In (Godwin & O’Dogherty 2007) the analytical theory has been extended to more 
complex tools like disc and moldboard plough, however, the assumption of soil failure pattern 
and the range of rake angles remain as the limitations. In addition, the common limitation of the 
analytical approach is that it cannot consider soil behavior at a microscale (particle-scale) level. 

Another modeling approach, the Finite Element Method (FEM), has been extensively used to 
study soil-tool interactions (Shen 1998, Plouffe et al. 1999, Abo-Elnor et al. 2004). As compared 
with the analytical methods, the FEMs have advantages of modeling complicated tool shapes 
without the considered above limitations. However, FEM approach considers a soil as a 
continuum media whereas it is in fact a discontinuous granular media that assumes large soil 
fractures and particles displacements (structure disorder) during a field operation. Due to such 

ABSTRACT: Whereas the existing studies in dynamical behavior of agricultural soils is focused 
on simulation and prediction of physical conditions within the soil-tool interface, the dynamical 
soil response, such as soil volume deformation and its spatial displacement, has not attract 
sufficient attention. Prediction of such characteristic soil-tool response is a necessary step in 
engineering design process which allows one to estimate the efficiency of chosen design 
parameters. In this context, a discrete element model for the simulation of cohesive soil response 
to sweep impact is presented. The model involves the parallel bond model. To calibrate the model 
parameters two mechanical tests, vane shear test and torsional shear ring test, were performed on 
a field and then numerically simulated. Soil deformation and the spatial displacement data were 
collected during the field experiment. Simulation using PFC3D shows good agreement to the 
field measured soil deformation and displacement data. 
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nonconformity between FEM assumptions and real soil properties, the application of FEM cannot 
cover the cases where the accurate prediction of soil deformation is important, moreover, in some 
cases, numerical convergence problems can occurs (Abo-Elnor et al. 2004).  

To model and adequately simulate the discontinuous granular materials, like agricultural soils, 
the Discrete Element Method (DEM) has been introduced by (Cundall & Strack 1979). In DEM, 
soil is treated as an assembly of individual particles and each particle interacts with its neighboring 
particles under external forces, such as the tillage action. As a result, forces arise at the contact 
between particles and cause stress and strain distribution in soil body. The magnitude of the stress 
is determined by the particle stiffness and the overlap between particles in contact. The motion of 
particle obeys the principles of classical mechanics. 

The number of studies have been conducted up to date in the field of soil-tool interaction using 
DEM: considering general earth moving machines (Momozu et al. 2003, Franco et al. 2007, 
Shmulevich et al. 2007) and considering agricultural machines (Asaf et al. 2007). The general 
concept of the DEM and numerical modeling of soil-tool interaction have been discussed in 
(Shmulevich 2010). In (Asaf et al. 2007) DEM has been used to model the dynamic interaction in 
soil tillage process with the focus on calibrations of model parameters. In that study, soil particles 
were modeled by clumps of two disks and soil was cohesionless. Calibrations were based on in-
situ field sinkage tests using different penetration tools. The calibrated model parameters and 
similar particle shape were used by (Shmulevich et al. 2007) in simulation of interaction between 
soil and a wide cutting blade using DEM. 

These studies demonstrate that DEM is an extensively used numerical approach which allows 
one to correctly simulate the granular media materials. Application of this approach to soil-tool 
interaction leads to accurate predictions of soil behavior and allows one to improve design of soil 
engaging tools. However, the major challenge remains to be the calibration of model particle 
properties so that they represent the real soil to be simulated. A DEM model has several 
parameters which cannot be all calibrated and some of them have to be determined with 
knowledge, experience, and logics (Potyondy & Cundall 2004).  

In this work, we develop an approach to study a soil-tool dynamical interaction in terms of soil 
deformation and overall spatial displacement. In this regard, the experimental study and the 
discrete element model for cohesive soil are presented.  

2 MATERIALS AND METHODS 

2.1 The model 

In the following, we shell assume the soil particles are of a spherical shape and consider the force-

displacement law, which relates the soft-contact interactions (particle-particle, particle-wall) to 

the resultant contact force, according to the linear parallel bond model (Potyondy & Cundall 

2004). The equilibrium conditions for a particular particle within a granular assembly are 

expressed by: 

𝑚
𝑑

𝑑𝑡
𝒗 = 𝑭𝑙 + 𝑭𝑑 + 𝑭𝑏 + 𝑚𝒈 (1) 

𝐼
𝑑

𝑑𝑡
𝝎 = 𝑴𝑙 + 𝑴𝑏 (2) 

where 𝑚 is a total mass of the particle; 𝒗 is a particle’s velocity; 𝑡 is time; 𝑭𝑖, 𝑖 = 𝑙, 𝑑, 𝑏 are
resultant forces which are, respectively, the linear force (𝑙), the dashpot force (𝑑) and the parallel-
bond force (𝑏); 𝒈 is gravity loading; 𝐼 is a moment of inertia; 𝝎 is an angular velocity of the 
particle; 𝑴𝑖, 𝑖 = 𝑙, 𝑏 are resultant contact moments which are, respectively, the linear interface
moment (𝑙) and parallel-bond interface moment (𝑏). 

The linear parallel bond model assumes an existence of two coupled interfaces within the 
particle’s assembly: (i) a linear elastic (and) frictional interface which is characterized by forces 
𝑭𝑙, 𝑭𝑑, the moment is assumed 𝑴𝑙 ≡ 0; and (ii) a bonded interface with the characteristic contact
force and moment 𝑭𝑏, 𝑴𝑏 ≠ 0. The linear and the dashpot components of contact forces (for the
one particular contact interface) are expressed as follows: 

l n n s sk k  F (3) 
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d n s

d d

dt dt

 
  F  (4) 

where 𝑘𝑛 is a normal stiffness of a linear spring between two interacting particles; 𝛿𝑛 is an overlap 

between the contacted particles at the angle normal to the contact surface; 𝑘𝑠 is a shear stiffness 

of a linear spring; 𝛿𝑠  is an adjusted relative shear displacement; 𝛾𝑛 = 𝑓(𝛽𝑛, 𝑘𝑛) is a normal 

damping coefficient, here 𝛽𝑛 is a normal critical damping ratio; 𝛾𝑠 = 𝑓(𝛽𝑠, 𝑘𝑠) is a shear damping 

coefficient, here 𝛽𝑠 is a shear critical damping ratio. 

The contact force and moment of the bonded interface are the following: 

* * * *( )b n n s sA k k   F  (5) 

* * * * *

bend twistb n sk I k J   M  (6) 

where 𝐴 is a cross-section area of the bond; 𝑘𝑛
∗  is a normal stiffness of the bond; 𝑘𝑠

∗ is a shear 

stiffness of the bond; 𝛿𝑛
∗  is a relative normal displacement; 𝛿𝑠

∗ is a relative shear displacement; 𝐼∗ 

is a moment of inertia of the bond cross-section; 𝐽 is a polar moment of inertia of the bond cross-

section; 𝜃bend
∗  is a relative bend rotation; 𝜃twist

∗  is a relative twist rotation. The parallel bond 

breaks if the one of the following conditions is satisfied: 𝜎max
∗ ≥ 𝜎∗, 𝜏max

∗ ≥ 𝜏∗, where 𝜎max
∗  is 

maximum and 𝜎∗ is a current tensile strength, 𝜏max
∗  is maximum and 𝜏∗ is a current shear stress. 

The particle’s and the bond’s microproperties of the assembly (such as 𝑘𝑛, 𝑘𝑠, 𝑘𝑛
∗ , 𝑘𝑠

∗) assumed 

to be variable and are related to the corresponding Young’s moduli of particles (𝐸𝑝) and bonds 

(𝐸𝑏) as 

 

𝑘𝑛 = 𝜋𝑟2𝐸𝑝 (𝑟𝑖 + 𝑟𝑗)⁄ , 

𝑘𝑛
∗ = 𝐸𝑏 (𝑟𝑖 + 𝑟𝑗)⁄ , 

𝑘𝑠 = 𝑘𝑛 𝑘rat⁄ ,  

2.2 Model calibration 

2.2.1 Field mechanical tests 
In-situ the shear strength was measured using a torsional shear box according to (Payne & 
Fountaine 1952). Before the measurement, the top 0-25 mm soil layer was removed; then the ring 
was pushed into the soil at a depth of 75 mm below the original soil surface. A predetermined 
normal load was applied. Torque was manually applied to the ring using the handle and readings 
were taken from the torque head. Five different normal loads, in the range 7.3 - 32.3 kPa, have 
been applied during the test. 

Additionally, the Pilcon in-situ Vane Tester (Pilcon Engineering Ltd., Huddersfield, HD3 3RW 

England) was used to measure the soil shear strength. The vanes had a diameter of 33 mm and 

length of 50 mm. Its rated capacity was 0-28 kPa of shear strength. For the measurement, the Vane 

tester was inserted into the soil at 75 mm depth, so that the vanes were positioned in the middle 

of the tillage layer. 

2.2.2 Numerical simulation of the mechanical tests 
In order to calibrate the model we provide the numerical simulation of the field mechanical tests. 
The required model parameters are estimated based on a best fit of simulated shear strength of a 
model soil sample to the experimentally measured values. 

In order to account a soil structure in the model the experimentally measured soil fraction 
distribution has been analyzed (Fig. 1a). The frequency analysis (Fig. 1a) demonstrates that the 
soil fractions above 15 mm have significantly low frequencies compare to the rest of the fractions. 
Based on such analysis and accounting the necessity of scaling-up of soil particles (due to 
computational reasons), we assume that the low-frequency fractions can be removed from the 
modeled soil structure. A cumulative density function (CDF) of a model soil used during the 
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simulations is depicted in Figure 1b. To build the modeling CDF the Gaussian distribution with 
standard deviation value σ = 0.45 has been used. 

Figure 1. Volume fraction distribution of tested soil. (a) Real soil; inset plot depicts frequency of particle 
size in log scale. (b) Modeling soil; inset plot depicts the dependency of CDF shape on different values of 
standard deviation. Here, CDF is the cumulative density function; 𝜎 is the standard deviation; Vc is the 
volume fraction (cumulative); d is the particle diameter. 

For the simulation of the mechanical tests the accepted dimensions of particle domain are 0.24 
m wide, 0.24 m long and 0.15 m high box. First, the domain box is filled by particles, which 
distributed accordingly to CDF depicted in Figure 1b, then relaxed and bonded. Next, the 
simulation follows the same mechanical test steps as for the real experimental procedure described 
above. During the simulation the forces on the vane and the shear ring are recorded and further 
used to calculate the shear strength. Then, the simulated values of shear strength were compared 
to the measured ones. The model domains for the vane and the shear ring tests are depicted in 
Figure 2. 

Figure 2. The model domains for the vane (a) and the shear ring (b) tests. Red arrows indicate the applied 
forces. 

To reduce the number of model parameters, following assumptions were made: 𝑘𝑛
∗ = 𝑘𝑠

∗ ,

𝑘𝑛 = 𝑘𝑠s, and 𝑟𝑚 =  0.5 as in most cases in the literature (Asaf et al. 2007). Parameters, 𝑘𝑛
∗ , 𝑘𝑠

∗

were set as 5  107 Pa/m calibrated by (Mak et al. 2012) for both coarse and fine soils. Other 

model parameters were interpreted with soil fundamental properties; this is an important approach 
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discussed in (Shmulevich 2010). Particle porosity was derived from the measured soil bulk 

densities and a particle density of 2.65 g/cm3 for all soils. Other model inputs required are normal 

and shear stiffness of the virtual sweep, and they are assumed as the stuffiness of steel (1109 

N/m), and friction coefficient between particles and the virtual sweep was 0.41 (Godwin 2007, 

Godwin & O’Dogherty 2007). Values of kn calibrated in this study for different soils as well as 

other model parameters are summarized in Table 1. 

Table 1. Inputs for simulations using the soil-tool interaction model. 
__________________________________________________________________________________________________________ 

Parameters Coarse sand Loamy sand Sandy loam 
__________________________________________________________________________________________________________ 

Working depth, (m) 0.112 0.111 0.103 
Range of particle size, (m) 0.006 – 0.016 0.006 – 0.016 0.006 – 0.016 
Porosity of particle assembly 0.47 0.50 0.47 
Particle friction 0.51 0.67 0.63 
Bond shear and normal stiffness, (Pa/m) 9120 15200 21680 
Bond shear and normal strength, (Pa) 5 ∙  107 5 ∙  107 5 ∙  107

Particle shear and normal stiffness, (N/m) 0.75 ∙  103 2.75 ∙  103 6.00 ∙  103
__________________________________________________________________________________________________________ 

2.3 Soil disturbance experiment 

The dynamical soil – sweep response was studied empirically during the large-scale semi-field 
experiment. The soil cutting forces, soil disturbance, and the overall soil body deformation for the 
three different types of soils were investigated. 

2.3.1 Experimental setup 
During the semi-field tests an agricultural sweep has been used, the 3D model of which is depicted 
in Figure 3c. The sweep, which possesses the following geometrical parameters: width - 180 mm 
and sweep angle - 80°, together with a 46 mm wide shank were mounted on a toolbar at a rake 
angle of 15. The toolbar, which has a special design aimed for testing soil engaging tools, is 
shown in Figure 3a. To measure the soil cutting forces of the sweep, a force transducer (Fig. 3b) 
was installed between the shank and the toolbar.  

Figure 3. Equipment for tests and semi-field research facility. (a) Toolbar. (b) Force transducer. (c) Sweep. 
(d) Soil bins and roofing system. (e) The scheme of three plots in one soil bin.
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The experiments were conducted within the semi-field facility located at the central Jutland in 
Denmark. The facility (Fig. 3d) appears as a set of four outdoor soil bins (Fig. 3e) consisting three 
different soils (Table 2): (1) coarse sand soil from Jyndevad; (2) loamy sand soil (two bins) from 
Foulum, where only one of the two bins was used in this study; and (3) sandy loam soil from 
Rønhave. All three bins had barley stubble (height 60-70 mm) harvested a month at the time of 
the experiment. The soil bins are 40 m long, 2.7 m wide and 1.5 m deep. For the past 13 years, 
the soil was cultivated with conventional tillage and cropped with mainly cereal crops. The 
automatic open-close roof allowed controlling the amount of rain which the soils were receiving. 

Table 2. Measured material properties of the tested soils. 
__________________________________________________________________________________________________________ 

Soil property Coarse sand Loamy sand Sandy loam 
__________________________________________________________________________________________________________ 

Dry bulk density (kg/m3) 1.41 1.33 1.41 
Moisture content (d.b.) (%) 8.98 14.84 18.20 
Internal friction coefficient 0.51 0.67 0.63 
Vane shear strength (kPa) 9.12 15.22 21.68 

__________________________________________________________________________________________________________ 

Each soil bin is divided into three plots (in order to avoid interactions between consecutive 
experimental runs) with a particular plot size 0.7 m, Figure 3e. The sweep was operated at a 100 
mm working depth and a constant tractor travel velocity 3.2 m/sec, which was the same for all 
plots and bins. During the run, tractor wheels travelled inside the bins, giving a precise control of 
the sweep path within the each plot.  

The empirical measurements were organized as follows. Soil cutting forces (draught and 
vertical forces) were measured using an extended octagonal ring (EOR) transducer, Figure 3b. 
The rated capacity of the transducer was 62 kN for the draught force and 85.2 kN for a vertical 
force. The operating velocity was monitored by radar mounted on the toolbar. The forces and the 
velocity were recorded using a MGCplus data logger (Hottinger Baldwin Messtechnik) at a 
sampling rate of 0.6 kHz. 

The local soil cross-section disturbance was measured using a 390-mm wide profile meter 
consisting of 130 free-dropping wooden pins (Fig. 4). The pins automatically adjusted their 
vertical positions following the contour of soil profile. The soil cross-section measurement 
includes following steps: 1) excavating loose soil in a furrow, 2) placing the profile meter across 
the furrow (Fig. 4a and 3) tracing the profile of the pins on a paper (Fig. 4b). The obtained profiles 
(Fig. 4b inset) were used to analyze the characteristics of local soil disturbance.  

Figure 4. Soil disturbance measurement and the soil plot preparation for displacement tests. (a) The profile 
meter placed in an excavated furrow. (b) Tracing the profile on a paper. Inset to (b) is a particular profile of 
soil cross-section cut of the sweep and its characterization. Here, A - cross-sectional area; ws - opening 
width at the soil surface; d - depth. (c) Tracers. (d) Soil bin track and a T-ruler. (e) Schematic representation 
of a soil cross-section with a tracer grid. 
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Soil spatial displacement (a global soil disturbance) measurements were performed at every 
plot within each tested bin (see Fig. 3e). To account the soil particles displacement, special tracers 
were employed. The tracers (Fig. 4c), which appear as 15  15 mm aluminum colored cubes (33 
in total), were inserted into the soil body in a grid fashion (Fig. 4e). In a lateral direction 
(perpendicular to the tractor travel direction), the tracers were situated up to 250 mm away from 
the center line of the sweep path; and in a vertical direction - down to the tillage depth (up to 100 
mm). The position (coordinates) of each tracer was recorded (before and after the sweep passage) 
relative to a fixed origin formed by the soil bin track and a T-ruler, (Fig. 4d). The tracer 
displacement is defined from the equation y = x + u(x,t), where 𝒚 is a new position vector of the 
tracer; x is an initial position vector of the tracer; u(x,t) is a displacement vector of the tracer; t is 
time. 

2.3.2 Numerical simulation of soil-sweep interaction 
For the simulation of soil-sweep interaction the accepted dimensions of particle domain are 0.6 m 
wide, 0.6 m long and 0.2 m high box. First, the domain box is filled by particles, which distributed 
accordingly to CDF depicted in Figure 1b, then relaxed and bonded. Next, the sweep positioned 
inside the simulation domain according to the experimental conditions of working depth and the 
rake angle (Fig. 5a). Velocity of the sweep displacement is 0.89 m/s. 

Figure 5. The sweep positioned inside the simulation domain. (a) Initial position of the sweep at the 
simulation domain. (b)-(c) Different stage of simulation. 

3 RESULTS AND DISCUSSION 

3.1 Soil cutting forces and disturbed cross-section 

The recorded tractor travel speed was 0.89 m/s averaged over all tests. As shown in Figure 6, soil 
cutting forces fluctuated over time due to the heterogeneous nature of soil. The mean draught 
force of the coarse sand soil was the lowest and that of the sandy loam soil was the highest (Table 
3). These trends were correlated with the vane shear strengths, indicating that higher soil shear 
strength resulted in greater soil resistance to the sweep in both upwards and forwards directions. 
Interestingly, higher soil shear strength also caused more fluctuation of the soil cutting forces, as 
indicated by the values of standard deviation. 

Figure 6. The set of data from the force transducer and speed radar recorded during the semi-field 
experiment. The data is recorded for the sandy loam soil. The data points between 0 and 3 seconds were 
taken as offsets which were subtracted. Data points (21,000 data points) for the draught force, vertical 
forces, and speed were taken from 10 to 45 s. 
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Table 3. Soil cutting forces and soil disturbance characteristics measured in the semi-field tests. 
__________________________________________________________________________________________________________ 

Measured variable Coarse sand Loamy sand Sandy loam 

 Mean SD Mean SD Mean SD 
__________________________________________________________________________________________________________ 

Draught force (kN) 0.292 0.031 0.430 0.054 0.585 0.080 

Vertical force (kN) -0.101 0.026 -0.152 0.037 -0.178 0.053 

Soil cross-sectional area        

Area, A (cm2) 246 17 263 28 254 24 

Width, ws (mm) 339 23 359 17 358 15 

Depth, d (mm) 112 7 111 10 103 8 

Index (dimensionless) 1.23 0.05 1.32 0.07 1.37 0.04 
__________________________________________________________________________________________________________ 

 
Similarity in soil disturbance (values A and ws) was observed for all three soils (Table 3). 

Although the intention was to use the same target working depth for all soils, the actual working 
depth, d ended up with significantly different depths, as expected. Thus, the soil disturbance index 
(Table 3) was more informative to quantify the effects of soil type on the soil disturbance. The 
values of disturbance index indicated that the sweep disturbed soil at the greatest extent in the 
sandy loam, followed by the loamy sand and the coarse sand soils. The simulation also shows a 
good agreement between measured soil disturbance (Fig. 4b) and simulated (Fig. 7d). 

3.2 Soil displacement 

Soil forward movement was demonstrated by the movement of tracers at different lateral positions 
under each of three different vertical positions (Fig. 7a) over all positions, soil forward movement 
was within a range of 0 to 180 mm. Regardless of soils and vertical positions, the lateral 
distribution of soil forward movement had a “bell” shape, showing the peak forward movement 
being at the 0 mm lateral position. This indicated that the peak forward movement occurred at the 
tip of the sweep and rapidly descended to zero. This trend was consistent with that reported by 
(Rahman et al. 2005) for wide sweeps in a sandy soil. At lateral positions further away from the 
center, the soil forward movement was being reduced and reached to zero at the lateral position 
between 150 and 200 mm. This was consistent with the sweep width, 180 mm. This also implied 
that soil in the lateral positions beyond the sweep width was not likely moved forward. It was also 
observed that the peak forward movement inversely proportional to the depth.  
 

 

 
Figure 7. Experimentally measured soil displacement. (a) Forward displacement. (b) Outward displacement. 
(c) Upward displacement. (d) Simulated soil disturbance. 
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The majority of soil lateral movement was outward movement, indicated by the positive 
movement in Figure 7b. Some soil inward movement, indicated by het negative movement in the 
same figure, was observed. When compared to the forward movement, lateral movement was 
much smaller. Values of soil lateral movement were within a range -20 to 60 mm, which was 
smaller than those of soil forward movement. The peak outward movement was approximately 
one third of the forward movement. The distribution of the lateral movement over all tracer 
positions was irregular, due to the non-homogenous nature of the soil. The “camel humps” shape 
of the soil lateral movement at the soil surface seemed to be coincident with those observed by 
(Rahman et al. 2005). It is believe that this special shape was due to the differences in the 
directions of soil failure lines across the sweep surface. Soil movement was observed beyond the 
width of the sweep as influenced by the soil cutting. Larger soil lateral movement was observed 
at shallower depth.  

Soil upward movement (Fig. 7c) occurred over the sweep surface and decreased from the center 
of the sweep to the edge of the sweep. No upward movement occurred beyond the width of the 
sweep (180 mm). Most soil upward movement was within a range of 0-30 mm which was the 
smallest as compared to soil movements in other directions. In general, upward movement was 
smallest at the depth of 100 mm, possibly attributing to the higher vertical soil pressure at greater 
depths. 

The simulations of soil displacement (Fig. 8) demonstrate the similarity in shape and magnitude 
of tracer’s displacement with experimentally observed cases discussed above. 

Figure 8. Simulated soil displacement. (a) Tracers grid and the sweep orientation in relation to the grid. (b) 
3D view of particles (tracers) displacement, to a large degree in forward direction. Here, colored tubes show 
pathways of different tracer’s movement. 

4 CONCLUSIONS 

In this study, the approach to study soil deformations due to tools impact which based on field 
experiment and the discrete element model for cohesive soil is presented. The numerical 
simulations, using PFC3D software (Itasca 2014), show that draft forces, soil volume deformation 
and overall soil movement can be reproduced by the discrete element model. 
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Underground Construction





1 INTRODUCTION 

The US$927-million Regional Connector Transit Corridor (RCTC) project involves the construc-
tion of a 3.1-km long light-rail (LRT) line to improve mobility within Los Angeles County by 
linking multiple existing lines. The design-build contract was awarded by Metro in 2014 to Re-
gional Connector Constructors (RCC), a joint venture of Skanska and Traylor Brothers. Mott 
MacDonald (MM) is RCC’s principal designer. Currently, the project is nearing the 100% design 
phase, and the expected construction completion is in 2020.  

The project consists of 1.6 km of twin bored tunnels, 1.1 km of cut-and-cover tunnels, three 
cut-and-cover stations, 0.3 km of at-grade alignment, and a crossover cavern just east of the pro-
posed 2nd/Broadway Station. The crossover cavern will be tunneled using the sequential excava-
tion method (SEM) and will run approximately 15 m below 2nd Street for a length of 88 m. The 
excavated dimensions of the cavern will be 17.1 m wide by 11.0 m tall. Overlying structures 
include a 3×3 m horse-shoe shaped concrete storm drain located 6.7 m above the cavern crown, 
and three adjacent buildings with basement levels. The final cross-section of the cavern will in-
clude rail infrastructure as well as an overhead plenum for ventilation purposes. A typical cross-
section showing the finished cavern geometry and surrounding infrastructure is shown in Figure 
1. 

The design of the SEM cavern required a detailed simulation of the excavation sequence and 
an understanding of the response of the ground, initial lining and existing structures. Specifically, 
Metro required limiting settlements of overlying structures to 13 mm and angular distortions to 
1/600, and demonstration of compliance was a primary design objective. A hybrid approach, uti-
lizing numerical models generated in FLAC3D (Version 5.01, Itasca 2013) and FLAC (Version 
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Transit Corridor (RCTC), to connect the existing Gold, Blue and Expo Lines. The most techni-
cally complex aspect of the project is a proposed 17.1-m-wide by 11.0-m-tall track crossover 
cavern, to be constructed using Sequential Excavation Methods (SEM). When complete, the cav-
ern will be the largest tunneled excavation in the City of Los Angeles. The cavern is located 
approximately 15 m below grade, in ground conditions comprising of extremely to very weak 
clayey siltstone under groundwater. The design is further complicated by the proximity of major 
overlying utilities and historic and culturally significant buildings. This paper presents the exten-
sive numerical modeling effort, performed using FLAC and FLAC3D, to demonstrate the perfor-
mance of the proposed cavern excavation sequence, inform the initial lining design, and satisfy 
contractually mandated settlement criteria.  
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7.0, Itasca 2011), was selected to meet the demands of this complex challenge. The FLAC3D 

model investigated the three-dimensional ground relaxation in relation to the excavation and sup-

port sequence, while assessing the effectiveness of pre-excavation support methods and tunnel 

face stability. The two-dimensional FLAC model provided input for the structural design of the 

shotcrete initial lining as well as the settlement analysis. The two-dimensional FLAC model also 

provided greater efficiency to perform model sensitivity studies. Where applicable, findings of 

numerical models were verified with empirical methods. 

Figure 1. Location Map (Left). Vertical cross-section (Right). 

2 GEOLOGIC AND HYDROGEOLOGIC CONDITIONS 

The proposed LRT alignment lies in the northern portion of the Los Angeles Basin, a major de-
pression that has a thick accumulation of sediments dating back to the middle-Miocene Epoch 
(The Connector Partnership 2013a). Locally, the cavern will be below Holocene alluvial deposits 
of the Los Angeles River, now overlain by dense urbanization and pocketed by underground in-
frastructure. Anticipated bedrock material consists of Pliocene-Series sedimentary rocks of the 
Fernando Formation (The Connector Partnership 2013a). 

Geotechnical site explorations encountered a massive clayey siltstone that is grouped under the 
Fernando Formation. Bedding in the cavern vicinity is generally indistinct; however, localized 
lithologic variations may be present during excavations. The formation underlies approximately 
6 m of soils including 3 to 5 m of coarse-grained alluvial deposits and 2 to 3 m of artificial fill. 
The general weathering pattern of the siltstone is a moderately to highly weathering grade that 
transitions to a slightly weathered to fresh grade at a depth of 12 m. Unconfined compressive 
strength (UCS) of the siltstone ranges from extremely weak to very weak. Descriptors are con-
sistent with International Society for Rock Mechanics (ISRM) terminology. 

The groundwater regime consists of a perched groundwater table encountered at a depth of 
approximately 4 m and a regional groundwater table at a depth of approximately 7 m. The clayey 
siltstone has hydraulic conductivities in the range of 4×10-7 to 2×10-4 cm/sec, with an average 
value of 10-6 cm/sec. Expected groundwater infiltrations during excavation are limited to seeps, 
originating primarily from discontinuities. Anticipated total water inflows during excavation are 
minimal, with unrestricted sustained inflows not expected to exceed 5 liters/sec (The Connector 
Partnership 2013b). 
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3 GEOTECHNICAL PROPERTIES 

The geologic cross-section was separated into four homogeneous horizontal layers: artificial fill 
(Af), alluvium (Qal2), weathered clayey siltstone (Tf-1), and slightly weathered to fresh clayey 
siltstone (Tf-2). The cavern is expected to lie entirely within the Tf-2 layer. The Mohr-Coulomb 
failure criterion was selected for design due to the predominantly massive siltstone structure and 
granular soils. Deformational behavior of the ground was established as linear elastic-perfectly 
plastic and parameters were defined for a reference axial strain of 0.1%. The design, however, 
also studied non-linear deformational behavior (See Section 8.1). Undrained ground behavior, 
absent of hydrostatic groundwater pressures, was assumed for the design of the cavern’s initial 
support system. Table 1 provides the geotechnical parameters used for the design.  

Table 1. Geotechnical design parameters. 
__________________________________________________________________________________________________________ 

Unit Description   Young’s   k0  Unit          Undrained parameters 
Modulus, E weight Cohesion   Friction Poisson’s 
   (MPa) (kN/m3)   (kPa) angle (deg)    ratio 

__________________________________________________________________________________________________________ 

Af Artificial Fill 29 0.50 18.9 0 34 0.35 
Qal2 Alluvium  58 0.50 18.5 10 38 0.35 
Tf-1 Fernando (weathered) 120 to 191* 0.60 18.9 382 0 0.49 
Tf-2 Fernando (fresh) 191 to 287* 0.65 19.3 478 0 0.49 

__________________________________________________________________________________________________________ 

*Young's modulus of Fernando Formation varies linearly with depth between values indicated.

4 EXCAVATION SEQUENCE 

The selected cavern geometry and excavation sequence was a joint collaboration between RCC 
and MM. Critical components of the SEM design included meeting the contractually mandated 
settlement limits, as well as the intended construction means and methods of RCC, which included 
spatial requirements for proposed equipment and productivity goals to meet the contractually 
agreed construction schedule. Prior to SEM mining, the construction sequence anticipated the 
completion of the left-track bored tunnel, followed by cavern portal work at the invert of the 
shored-and-braced 2nd/Broadway Station, where a steel pipe-canopy would be installed. 

The proposed SEM configuration is provided in Figure 2 and consists of a right sidewall drift 
(I/II) and a left drift (III/IV). The sequence begins with a mined top heading of the right drift (I) 
for the full length of the cavern. This process includes the installation of a temporary invert and 
the upper half of a temporary mid-cavern wall. Next, the bench of the right drift (II) is mined for 
the length of the cavern, with the installation of the final shotcrete invert and the remaining portion 
of the temporary wall. The left-track bored tunnel segments would then be partially backfilled 
with low-strength concrete to maintain stability of the right invert, and to provide a working plat-
form for equipment in the top heading (III). A similar SEM process is continued for the left drift 
in conjunction with the removal of the left-track segmental ring. The simulated advance lengths 
of the top headings and benches are 0.9 m and 1.8 m, respectively (Fig. 2). The relatively short 
advance length is another mechanism to help minimize ground movement and surface settlements. 

Figure 2. Drift configuration and excavation sequence of the cavern. 
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5 PRE-SUPPORT AND INITIAL SUPPORT ELEMENTS 

Excavation pre-support is a common tunneling technique used to mitigate caving or loosening 
ground at, or ahead of, the excavation face prior to the installation of the initial lining. This is 
generally accomplished by the installation of grouted steel bars, pipes, or channels along the pe-
rimeter at shallow lookout angles and at lengths sufficient to perform several mining cycles. Sys-
tematic pre-support is not required for the cavern; however, a steel pipe canopy consisting of 140 
mm outside diameter (OD) by 13-mm-thick 240 MPa grouted pipes at 0.3 m spacing will reinforce 
a 90-degree rock arch centered above the cavern crown for the first 18 m of the excavation. For 
modeling purposes, young’s modulus of the steel was assumed to be 200 GPa. 

The initial support system of the excavation will principally consist of shotcrete and lattice 
girders. The initial support perimeter and temporary inverts will receive a uniform application of 
30.5 cm of 34.5 MPa steel-fiber reinforced shotcrete (SFRS), with shape control provided by 3-
bar lattice girders at 90 cm centers. The temporary wall will consist of a 41-cm-thick shotcrete 
layer reinforced with 4×32 mm-bar lattice girders measuring 220 mm tall. Localized steel bar 
reinforcement will be required in locations of peak bending moments at the temporary wall con-
nections with the crown and invert of the initial support, and at the interfaces with the top heading 
temporary inverts. Young’s modulus for shotcrete was assumed to be 28 GPa at 28 days. 

6 GENERAL MODEL CONSIDERATIONS 

The analysis location was established at the most challenging location in terms of meeting the 
Metro-mandated settlement limits: where the building structures have the deepest basements. The 
critical structure along the right side of the cavern is the Higgins building, a historical 10-story 
building built in 1910 with two levels of basements. The critical structure on the left side of the 
cavern is the 10-story Los Angeles Police Department (LAPD) headquarters, built with one un-
derground parking level along the cavern alignment in 2009. 

The FLAC and FLAC3D models were respectively dimensioned at 120-m and 91-m-wide, cre-
ating approximately three-cavern-diameters of clearance between the cavern envelope and the 
vertical boundaries. The 2D and 3D models extended to depths of 50 and 58 m, respectively, 
meeting approximately two-cavern-diameters of clearance to the bottom boundary. The top 
boundaries of the models represent the street surface or a basement foundation, as applicable. 
Vertical boundaries were restrained in the x-directions and the bottom boundary was restrained in 
both the x and y-directions. 

Each model was initialized using in-situ stresses and then modified to reflect the construction 
of the existing infrastructure. Basement excavations perpendicular to the cavern axis were repre-
sented by nulling zones, and loading was imposed using equivalent building pressures acting di-
rectly on the grid points. Neither model incorporated the building structures explicitly. 

The storm drain structure was modeled with a simplified approach that allowed a 50% relaxa-
tion of the surrounding ground prior to the installation of an elastically-modeled concrete lining. 
The left bored tunnel was modeled similarly, where ground relaxation was based on results from 
a separate 3D-numerical model for the bored tunnels. Reduced lining stiffness due to the segmen-
tal liner joints used the inertia formulation provided by Muir Wood (1975). 

6.1 Shotcrete hardening 

The 2D and 3D models were incrementally staged so that shotcrete hardness increased with 
ground relaxation. Equation 1 describes shotcrete hardening, which is a modified time-dependent 
relationship originally developed by Chang (Thomas 2009). The FLAC and FLAC3D models used 
Equations 2 and 3 for consideration of time-dependent Young’s moduli and yield strengths, re-
spectively. 

𝑓𝑠 = 1.602 ∙ 𝑒
−0.446

𝑡0.6 (1) 

𝐸 = 𝑓𝑠 ∙ 𝐸28 (2) 

𝜎 = 𝑓𝑠 ∙ 𝜎28 (3) 
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where: ƒs = shotcrete hardening factor; t is the shotcrete age in days; E28 = 28-day Young's mod-
ulus of SFRS; and σ28 = 28-day reduced yield stress of SFRS (not applicable to elastic liner ele-
ments). 

The interdependence of ground relaxation and shotcrete hardening was primarily studied with 
expected advance rates and, consequentially, the results obtained from the FLAC3D model. The 
results were presented as longitudinal displacement profiles (LDP), which described the progres-
sion of ground relaxation as a function of the distance from the excavation face. This is further 
discussed in Section 7.1. 

7 FLAC3D MODEL 

The FLAC3D model had a total length of 82 m, which allowed the longitudinal settlement profile 
of the cavern to be fully developed. The longitudinal lengths of the zones (i.e. areas defined by 
gridpoint spacing) were set at 0.9 m to match the assumed minimum advance length of the se-
quential excavation. A separate 3D model simulated an additional 27 m of the alignment, with 
1.8-m-long zones, to incorporate the stress-redistribution effects of the adjacent 2nd/Broadway 
station excavation. Figure 3 indicates the overall geometry of the two models. Perpendicular to 
the cavern axis, gridpoint spacing ranged from 60 cm around the cavern envelope to a maximum 
of 3 m further away from the excavation.  

 
 

 
Figure 3. FLAC3D model geometries. 

7.1 Ground relaxation study 

The FLAC3D model captured ground deformation due to the SEM process with step-by-step sim-
ulation of the excavation sequence, as demonstrated in Figure 4. LDPs at various monitoring 
points were generated with ground deformation data provided by the FLAC3D model. Monitoring 
points were identified as key performance indicators (KPI), which were chosen at perimeter loca-
tions demonstrating maximum ground deformations. These locations generally consisted of the 
upper quarter arches, sidewalls, and mid-inverts per heading. Locations of the KPIs and their 
corresponding LDPs for various excavation stages are shown below in Figure 5. 
 
 

 
a) Right drift top heading b) Right drift bench c) Left drift top heading d) Left drift bench  

Figure 4. FLAC3D model excavation sequence. 
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Figure 5. KPI locations (Left) and longitudinal displacement profiles (Right). 

The amount of ground relaxation for a given advance length was incorporated into the two-di-
mensional FLAC model, thereby making this a critical step in the hybrid modeling method. Sim-
plified closed-form solutions, such as that provided by Vlachopoulos & Diederichs (2009), con-
servatively suggested larger initial ground relaxations at the excavation face than those 
demonstrated by the FLAC3D model. Correspondingly, the benefit of the 3D-modeling was a 
higher degree of certainty in the ground deformations associated with the SEM process. 

7.2 Excavation pre-support study 

The FLAC3D model allowed the evaluation of different configurations of steel pipe canopies and 
their effectiveness to limit initial ground deformations. The pipes were modeled as a collection of 
straight, two-node, pile structural elements with ODs consisting of 114 mm and 203 mm. 

The 3D model considered systematic installations of a pipe canopy for the full length of the 
cavern, using 18-m-long pipes and two possible overlaps lengths: 3 m and 3.7 m. Modeling results 
suggested that the installation of the steel pipe canopy only yielded a 15% reduction in ground 
deformations at the heading face. This relative inefficiency of the pipe canopy was attributed to a 
relatively small difference in stiffness between the steel pipes and the siltstone, coupled with the 
relatively flat geometry of the cavern crown. The resulting longitudinal and transverse settlement 
profiles at locations above the cavern crown during the excavation of the right drift top heading 
are provided in Figure 6. 

These results confirm studies by Volkmann and Schubert (2007), where pipe canopies can re-
duce displacements near the heading face through engagement of the pipes in resistive bending, 
however, their effectiveness is dramatically reduced as the excavation proceeds. The FLAC3D 
model, however, shows even a lesser effect of resistive bending, where the pipes were observed 
deform with the ground. Due to these findings, a pipe canopy was only specified for the first 18 
m of cavern alignment, primarily to control the excavation line and provide additional reinforce-
ment of rock that may be loosened during the initial excavation at the portal. 

Figure 6. Longitudinal and transverse settlement profiles from the pre-support study. 
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7.3 Face stability evaluation 

Face stability of the top headings was evaluated to determine a factor of safety (FoS) against 
global shear failure. The FoS was obtained by incrementally reducing ground strength parameters 
of a stable heading face until the onset of model instability. 

The strength reduction was applied to material located within 30 m (or approximately 2.5 cav-
ern diameters) ahead, and to the sides of the cavern excavation limits, and 8 m below the cavern 
invert. The 50 mm layer of flashcrete (shotcrete) that will be applied to all exposed ground sur-
faces immediately following excavation was conservatively neglected in the analysis. 

The face stability analysis considered a FoS range of 1.0 to 5.0, evaluated in 0.1 unit increments. 
Following each incremental reduction in ground strength, the model was brought to equilibrium 
and grid points in the model were checked for instability. A grid point was deemed unstable if its 
velocity did not converge to less than 1.5×10-7 m per calculation step. Results were plotted to 
show last stable FoS value obtained for unstable grid points, see Figure 7. The results of the anal-
ysis showed a minimum FoS of 2.9 against a global shear failure for the SEM excavation (shown 
in yellow in Fig. 7). 

Figure 7. Factor of safety against global failure in left drift top heading. 

8 FLAC MODEL 

The two-dimensional FLAC model was dimensioned to contain 46,860 zones that vary in area 
from 0.1 to 0.8 m2. Zone size was selected to be smallest in areas principally influenced by the 
cavern excavation, including foundations of overlying structures. Figure 8 provides the general 
initial layout of the two-dimensional model prior to the cavern excavation. 

Figure 8. Analysis section with grid spacing, structural elements, fixities, and basement loading. 
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Following model initialization, each heading was nulled and relaxed corresponding to the amount 
of initial deformation observed at each KPI point of the FLAC3D model. This process followed 
the following steps for each KPI: a) definition of target deformation observed in FLAC3D; b) 
generation of a ground reaction curve (GRC) in FLAC; c) determination of the internal stabiliza-
tion force ratio (pi/po) that would allow the FLAC3D deformation to occur; and d) implementation 
of the pi/po during FLAC model cycling for each respective heading. As a note, a GRC is a defor-
mation history, generated by nulling a heading region and incrementally reducing pi/po to zero. 
The result of this process was a FLAC model that was repeatedly calibrated to match initial ground 
deformations that were observed in FLAC3D. 

 

 
  

Figure 9. Ground Reaction Curve at a KPI with FLAC3D observed displacement (Left). Calibrated internal 
stabilization forces applied to excavation boundary prior to shotcrete lining installation (Right). 

 
 

Once initial relaxation was allowed, the excavation boundary was supported with shotcrete liner 
elements. Elements within 60 cm of corners were modeled with an increased thickness to capture 
the corner rounding during shotcrete application. The shotcrete initial lining consisted of elastic 
or elastic-plastic structural liner elements and interfaces that permitted bond shear failure (i.e. 
slip). An elastic behavior was modeled where the lining exhibited excessive shear stresses, or the 
rotation magnitude or quantity of plastic hinges showed risk of a collapse mechanism. This was 
generally observed to be required in areas of high loading, such as the temporary wall, and abrupt 
corners such as intersections with the temporary wall and heading slabs. These elements were 
reviewed for reinforcement requirements during lining structural detailing. Steel reinforcement, 
including lattice girders were not explicitly modeled.  

Elastic-plastic shotcrete behavior was considered for SFRS material, which accounted for in-
creased bending ductility generally observed in preconstruction testing and tunnel applications. 
This modeled behavior allowed for design-efficient stress redistribution with the formation of 
plastic hinges. Each elastic-plastic element was reviewed in terms of the reduced (ϕ) shotcrete 
capacity according to provisions in the American Concrete Institute 318 Building Code Require-
ments for Structural Concrete (ACI 2014). Rotational strains at structural nodes were limited to 
0.003 less the peak axial strain, which is based upon the onset of concrete crushing (ACI 2014).  

The FLAC model was run during various phases of the analysis in either small-strain or large-
strain-mode. Small-strain-mode, where grid and node locations are not updated during model cy-
cling, was used beginning from model initialization through the excavation of heading II (see Fig. 
2). The contrary, large-strain-mode, was used for the excavations of IIIa/IIIb and IV. This analysis 
mode evaluated the stability of the freestanding temporary wall, which was subject to significant 
moments and P-∆ effects (see Fig. 10). 

Removal of the temporary wall was the final stage of the SEM cavern initial lining model. This 
was performed by reducing elastic and geometric parameters of the wall elements over an incre-
mental series of 10 solve-runs. Loads were migrated to the lining elements at the cavern crown as 
the wall was slowly minimized from providing mid-cavern support. Final deformation vectors 
and ground plasticity in the cavern proximity are shown in Figure 10. 
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Evaluation of the lining capacity was performed through moment-thrust interaction diagrams 
and shear capacity formulations according to the provisions of ACI 318 (2014), Metro structural 
design criteria, as well as TR 63 (The Concrete Society 2007). Calculations considered lattice 
girders only for temporary wall, where structural detailing ensured that bending moments could 
transfer though joint plate connections.  

Figure 10. Moment distribution following the excavation and support of the left drift top heading (left). 
Ground deformation and plasticity following the removal of the temporary wall (right). 

8.1 Sensitivity studies 

A key benefit of using the FLAC model was the ability to perform sensitivity studies to evaluate 
model response of the initial lining and, in particular, the propagation of excavation-induced set-
tlements. Particular attention was directed towards understanding ground deformational charac-
teristics. A study evaluated the effects of updating the ground stiffness every 100 steps as a func-
tion of zone shear strain. This however showed a negligible difference in deformations near the 
cavern and critical locations of the surrounding structures, where ground strain generally met the 
assumed reference strain of 0.1% (as previously discussed in Section 3). Additional sensitivity 
studies included reviewing the effects of initial assumptions such as: the Qal2 depth, in-situ hori-
zontal to vertical stress ratios (ko), excavation with two-middle walls, shotcrete thickness, drift 
geometry, pi/po, and modeling the stiffness of the overlying building and foundation system with 
suggested methods by Potts and Addenbrooke (1997). As demonstrated in Figure 11, these studies 
were conducted in an iterative and refining process, all while maintaining coordination with the 
constructability and sequencing goals of RCC. Final settlement results showed that the first col-
umns of both buildings lie within Metro’s acceptable settlement limits, however the storm drain 
only complies with angular distortion limits. The results were presented to Metro and RCC when 
the sensitivity studies showed that they were realistic expectations. 

Figure 11. Progression of cavern crown displacement during sensitivity studies (Left). Final free field ex-
cavation-induced settlements along overlying structures (Right). 
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9 CONCLUSIONS 

An underground excavation of this size, constructed in an urban setting, within deformable ex-
tremely weak to weak rock, and an excavation method consisting of multiple advance drifts pre-
sents significant construction risk. Accordingly, the hybrid numerical modeling approach has pro-
vided a comprehensive understanding of three-dimensional ground relaxation effects while using 
the efficiency advantages of a two-dimensional model. The calibration of the FLAC model defor-
mations with those obtained from the FLAC3D model provided a high degree of confidence in 
expected ground deformations, reducing the inherent uncertainty associated when numerical 
methods solely consist of two-dimensional plain-strain models with initial relaxation assumptions. 
FLAC3D has also provided a beneficial understanding of the ground response to pre-excavation 
support and the face stability, both of which are not realistically possible in two-dimensional mod-
els.  

The implemented modeling approach has allowed Metro, Stakeholders, RCC, and MM to ade-
quately understand the potential risks to overlying infrastructure and verify the tunneling-induced 
displacements and their relation to acceptable limits. The analysis also provided an efficient anal-
ysis of the initial lining system. Complimentary to the extensive modeling effort, the true ground 
and support behavior will be reviewed with caution during construction, supplemented with the 
use of extensive instrumentation and monitoring. The performance will be a meaningful qualifi-
cation of the design assumptions presented herein. 
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1 INTRODUCTION 

Line 3 of the Metro de Santiago Project considers construction of an underground subway span 
with 18 new stations over a distance of approximately 22 km. This new line will connect with the 
future Line 6 and with existing lines. One sector of Line 3 crosses Santiago’s old downtown area, 
where there are historically important structures which are vulnerable to structural damage. 

This article presents results of the calibration of numerical modeling of the Cap Yield (CY Soil) 
constitutive model for the alluvial soil unit referred to as Gravas de Santiago, associated with 
deposits of the Mapocho River which crosses the city of Santiago from east to west. We then 
present an example with application of the Cap Yield constitutive model in numerical modeling 
of the future Universidad de Chile Station of Line 3, characterized by complex geometry and 
construction sequences, and by interference with existing structures.  The results obtained by 
means of FLAC3D software turned out to be satisfactory both for design of the tunnels and for 
estimating subsidence occurring both at the surface and in existing tunnels. They are consistent 
with the monitoring data obtained during construction of the works. 

2 GEOTECHNICAL CHARACTERISTICS OF SANTIAGO GRAVEL 

The layout of Line 3 of Metro de Santiago traverses a variable soil typology (Arcadis 2015). This 
article addresses numerical modeling undertaken for works emplaced in the soil unit consisting 
of alluvial gravel of the Mapocho River, referred to commonly as Santiago Gravel (Gravas de 
Santiago). The material of this unit consists mainly of 20% to 30% oversized particles (>3”) and 
exhibits a high degree of compactness. The fraction under 3” is usually classified as GP and GM-
GC, based on the USCS classification system. This unit has been widely studied by various au-
thors, among whom the work of Kort (1979) and Ortigosa et al. (1982) stands out. Figure 1 shows 
the grain size distribution curves of this unit. 

The unit typically exhibits two deposits associated with different geological ages and differen-
tiated as 1st Deposit and 2nd Deposit of the Santiago Gravel. The two deposits vary mainly in 
terms of plastic characteristics of fine fraction. We describe the main characteristics of this unit 
below. 

Line 3 of Santiago’s Subway (Metro de Santiago): Application of 
the Cap Yield constitutive model in tunnels and underground works 

D. Solans, B. Rojas, J. Sotomayor & R. León
ARCADIS Chile, S.A., Santiago, Chile

ABSTRACT: We present use and calibration of the Cap Yield (CY Soil) constitutive model in 
the alluvial soil unit known as Santiago Gravel (Gravas de Santiago) and its application in design 
of tunnels for Line 3 of Santiago’s Subway System. Numerical modeling makes it possible to 
determine stresses in tunnel linings and surface settlements. These results have been compared 
with monitoring measurements, showing a good fit of the constitutive model with results obtained. 
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2.1 Santiago Gravel, 2nd deposit 

This is the surface deposit of the Mapocho River. The fraction under 3” consists of sandy gravel 
with scarce presence of non-plastic fines. It exhibits rounded particles and abundant presence of 
3” cobbles, has a high degree of compactness and mechanical binding ability that confer cohesion 
to the material.  This unit extends normally down to a depth of 6.0 to 9.0 m. 

2.2 Santiago Gravel, 1st deposit 

This is a fluvial deposit underlying the second deposit. The fraction under 3” consists of sandy 
gravel with clayey fines of medium plasticity. Rounded particles are present, together with abun-
dant cobbles larger than 3”. Compactness and mechanical binding ability are very high, and co-
hesion is better than in the second deposit. Normally, this deposit underlies the second deposit of 
the Mapocho River. 

Figure 1. Grain size distribution curves of Santiago Gravel (Rodriguez-Roa 2002). 

We have used a value of 0.8 for in-situ coefficient of earth pressure at rest K0. This value has 
been established based on retro-analysis of settlements measurements in tunnels of other Metro 
lines for depths of up to 20 m (Braga et al. 2006). Table 1 shows the summary of geotechnical 
properties of the soil units. 

Table 1. Santiago Gravel properties. 
 

Properties Santiago Gravel 2nd deposit Santiago Gravel 1st deposit 

Natural Density, t [kN/m3] 23 23 
Friction Angle,  [°] 45 45 
Cohesion, c [kPa] 20 35 
Deformation Modulus, E [kPa] 46,000 (Z)0.5 65,000 (Z)0.5 
Poisson Ratio,  [-] 0.25 0.25 
In-situ Coefficient of Earth Pressure at rest K0 [-] 0.8 0.8 

Where Z = depth measured from the surface (m) 

3 CONSTITUTIVE CAP YIELD MODEL 

The constitutive law used in modeling of finite differences is the Cap Yield model (CY Soil) 
(Itasca 2009), which is implemented in FLAC3D software. CY Soil is a plastic constitutive model 
which approximates a hyperbolic law to the tension – deformation behavior obtained in triaxial 
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tests and uses a Mohr-Coulomb failure criterion. The model exhibits the following particularities, 
among others: rigidity is dependent on the tension state; it generates plastic deformations in pri-
mary isotropic compressions and considers elastic discharge and recharge stress paths. This con-
stitutive model has been successfully used in Rome´s Subway (Lucarelli 2011). In the particular 
case of Santiago Gravel, hyperbolic constitutive models have been used successfully in under-
ground works (Rodriguez-Roa 2002, Bard et al. 2007). For more detail on implementation and 
description of the Cap-Yield constitutive model, see the FLAC3D Theory and Background Man-
ual (Itasca 2009). 

Choice of the Cap Yield model parameters has been established so as to achieve an adequate 
representation of the value of the deformation modulus in depth, and using the shear strength 
parameters obtained at large deformations indicated in Table 1. Figure 2 shows variation of the 
deformation modulus in depth, based on the information available via measurements of load plates 
and pressure measuring tests conducted in various underground works and deep excavation pro-
jects (Petrus 2006). Based on the above, Table 2 shows the parameter values of the Cap Yield 
constitutive model for the Santiago Gravel unit. 

 

 
Figure 2. Modulus for in-depth deformation (Petrus Modified 2006). 

Table 2. Geotechnical parameters for the Cap Yield model, Santiago Gravel. 

Parameter Santiago Gravel 2nd deposit Santiago Gravel 1st deposit 

Unit Weight, t [kN/m3] 23 23 
Friction Angle,  [°] 45 45 
Cohesion, c [kPa] 20 35 
Ref. Elastic Shear Modulus, Ge

ref [kPa] 166,667 250,000 
Ref. Elastic Volumetric Modulus, Kiso

ref [kPa] 111,111 166,667 
Thickness, m [-] 0.57 0.57 
Poisson Ratio,  [-] 0.2 0.2 
Reference Pressure, pref [kPa] 100 100 
Failure Ratio, Rf [-] 0.9 0.9 
Calibration Factor,  [-] 0.25 0.25 
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4 NUMERICAL MODELING 

The construction method used to build the tunnels and stations of Line 3 of Santiago’s subway, 
that construction being currently underway, has been developed using the NATM method (New 
Austrian Tunneling Method). This method works by achieving progress in small increments, con-
trolling soil deformations, compartmentalizing tunnel sections, advancing by short spans without 
reinforcements, and using lining with metal profiles or frames and shotcrete in sustaining and 
lining stages. Figure 3 shows an example of construction of a tunnel using the NATM method and 
the construction method adopted for the Universidad de Chile station tunnel. 

This station crosses the existing Line 1 station of the same name, and is parallel to it under the 
Bandera vehicle pass (Fig. 4). Various historically important structures which are susceptible to 
damage caused by differential settlement of the soil are emplaced in that sector. Based on the 
above, modeling carried out must be capable of adequately representing the response of those 
structures in terms of deformations. 

Figure 3. A) Construction of NATM tunnel. B) Construction method. 

Figure 4. Ground plan of the Universidad de Chile Station and tri-dimensional model prepared. 

Using the Cap Yield constitutive method, and in line with what was indicated in the previous 
chapter, we have modeled construction of the Universidad de Chile Line 3 Station using FLAC3D 
software and carrying out geometry using the Rhino (Robert McNeel 2010) and KUBRIX (Itasca 
2012) programs. 

For preparation of the meshes of finite differences, we have used the integrated Rhino / 
KUBRIX software platform, which enables development of complex geometries by means of 

A
)

B
)
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graphic tools such as CAD. During project development, preparation of meshes has considered 
construction sequences, crossings of tunnels and galleries, interaction with existing works and 
surface structures. Figure 5 presents geometry of the mesh of finite differences prepared for the 
model of the Universidad de Chile Station. 

Figure 5. Geometries and mesh of finite differences, Universidad de Chile Station. 

Modeling considered the following stages: 
 Stage 1: Initiation of the tension state.
 Stage 2: Excavation of the Bandera pedestrian pass
 Stage 3: Construction of the existing tunnel for Line 1 – Universidad de Chile Station (Cut

and Cover method)
 Stage 4: Construction of Line 3 tunnel,  Universidad de Chile station (NATM method)

(Fig. 6)
 Stage 5: Construction of Access Galleries (NATM method)
Numerical modeling considers excavation of the station tunnel from the ends towards the cen-

ter, advancing by sections and subsections, with time lags between advancing fronts, as shown in 
Figure 6. 

The linings were modeled as structural shell elements with an elastic linear tension-deformation 
behavior. The properties assigned are for reinforced concrete, with variable thicknesses, depend-
ing on the section analyzed. No interface between soil and structure was considered. 

Figure 6. Construction sequence and detail of the mesh of finite differences for the station tunnel. 

5 GEOTECHNICAL MONITORING 

Geotechnical monitoring during construction of the Project has been carried out using leveling 
and trigonometric instruments.  The leveling instruments provide information on vertical displace-
ments (settlements), and trigonometric instruments provide measurements in the three dimen-
sions. Leveling points materialize via injection of a bolt with a round head into the point to be 
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measured, which may be the soil or walls of buildings. This makes permanent maintenance of 
said points crucial. 

The present article will only address leveling results obtained on surface points and on the 
existing Line 1 station. Finally, monitoring data will be compared with the results of numerical 
modeling described above. Figure 7 shows location of the monitoring sections on a ground plan. 

Figure 7. Ground plan of monitoring sections. 

6 RESULTS 

Figure 8 below shows a ground plan view of the contours of vertical displacements (settlements) 
for the last construction stage, based on the numerical model and monitoring measurements. 

Figure 8. Results of surface settlements obtained from the numerical model and monitoring measurements. 

Values in mm 
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As of the date of preparation of this article, we have completed the totality of tunnel excavation 
work and part of the gallery excavations. Figure 9 shows the comparison between surface settling 
measured along the longitudinal axis of the tunnel and the values determined via the numerical 
model. Figure 10 shows results for the transversal axis of the station tunnel. A good fit between 
the monitoring data and estimation arrived at via numerical modeling can be observed in both 
cases. 

We must point out that the construction method and progress sequences were modified with 
respect to initial modeling in the field. There, the construction sequence includes excavation from 
PK 11,440 to PK 11,340 approximately, and then excavation is initiated in the opposite direction. 

Figure 11 shows the results of numerical modeling in contrast with the geotechnical monitoring 
record of displacements induced at the base of the existing Line 1 structure. 

Figure 9. Longitudinal Settling along the Axis of Universidad de Chile Station, Line 3. 

Figure 10. Transversal Settling, Universidad de Chile Station section, Line 3. 

Figure 11. Settlements at Universidad de Chile Station, Line 1, as a result of excavation of Line 3. 

391



Both surface subsidence and settlement observed in Line 1 show a good response fit, with minor 
variations. We must highlight the fact that monitoring results shown are measurements that have 
stabilized in time. 

7 CONCLUSIONS 

We present the Cap Yield application of the constitutive law of soils in the numerical tridimen-
sional model of Universidad de Chile Station for Line 3 of Santiago’s Subway System (Metro de 
Santiago), where the foundation soil is part of the geotechnical unit referred to as Gravas de San-
tiago. 

The model, developed through use of FLAC3D software, contemplates complex geometries 
and construction sequences, as well as close interference with the existing Line 1 tunnel and sur-
face construction. 

Shear resistance parameters and in-depth variation of the deformation modulus were adopted 
based on traditional practice, consisting fundamentally of large size triaxial tests conducted in situ 
and load plate tests conducted at various depths. The Cap Yield model parameters that define 
tension - deformation behavior were calibrated for in-depth adjustment of the deformation mod-
ulus to the theoretical expression. 

Comparison of measurement of subsidence events with the results obtained from the numerical 
model indicates a good fit, both at the surface as well as in displacements induced on the base of 
the existing Line 1 tunnel. 
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1 INTRODUCTION 

The conventional Mohr-Coulomb (MC) model is widely used in civil engineering, especially for 
the prediction of failure phenomena such as slope engineering using the so-called strength reduc-
tion method. The MC model uses a constant stiffness for both loading and unloading. If the stiff-
ness is adopted by the initial slope from a stress-strain lab test curve, it will underestimate the 
deformation before failure. If the stiffness is taken as some averaged stiffness before failure, the 
unloading-reloading stiffness will not be realistic, which could predict some unrealistic lifting 
behind the retaining wall after excavation. The plastic hardening (PH) model is based on the work 
of Schanz et al. (1999), which extends the hyperbolic Duncan-Chang non-linear elastic model 
(Duncan & Chang 1970) to an elastoplastic counterpart to provide better pre-failure stress-strain 
relation. Different stiffness values are introduced for primary loading and unloading/reloading in 
the PH model. The yield surface of the PH model is not fixed in the principal stress space, but it 
can expand due to the increase of the plastic strain, which is termed as plastic hardening.  
    We present herein a calibration procedure based on a series of lab tests; and a simulation ex-
ample showing the validation of the model. The formulation and implementation in FLAC3D 
(Itasca 2012) can be found in a related paper (Cheng & Detournay 2016) and the calibration pro-
cedure based on the in-situ tests and a design application can be found in Lucarelli & Cheng 2016. 

2 CALIBRATION FROM TRIAXIAL COMPRESSION TESTS 

The shear strength of the soil may be determined by performing different laboratory tests such as 
a direct shear test, ASTM D3080, unconfined compression test, ASTM D2166, and triaxial com-
pression test (ASTM D2850) or in-situ tests (standard penetration test, ASTM D1586, corn pen-
etration test, ASTM D3441, van shear test, ASTM D2573 (Coduto 2015)). This section presents 
how most material parameters can be readily calibrated from the conventional geotechnical labor-
atory tests.  

The calibration example uses the original test results obtained from the triaxial compression 
tests of Monterey sand (Lade 1972). The triaxial test consisted of loading the specimen, followed 
by unloading-reloading regimes. The data are based on three sets of triaxial compression tests 

Plastic hardening model II: Calibration and validation 

Z. Cheng & A. Lucarelli
Itasca Consulting Group, Inc., Minneapolis, MN, USA

ABSTRACT:  The shear strength and other material parameters of the soil using the plastic 
hardening model can be determined from geotechnical test data. A calibration procedure for the 
plastic hardening model based on a set of triaxial lab tests on Monterey sand is demonstrated and 
discussed. A validation example presents a case study of tunnel excavation where the numerical 
simulation is compared with the measured data.  
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with confining pressures of 1.2, 0.6, and 0.3 kgf/cm2 (follow the same pressure unit as the original 
data). The initial void ratios are 0.783, 0.786, and 0.781, respectively.  

2.1 Calibration of friction angle ϕ and cohesion ϲ 

The procedure is quite standard, which analyzes deviatoric stress q vs. normal stress p using tri-
axial compression test lab data. The procedure uses a trend line to fit the Mohr-Coulomb envelope, 
and the slope of the line = 6 sin 𝜙 /(3 − sin 𝜙), which determines the friction angle 𝜙. The in-
tercept of the line = 6𝑐 ∙ cos 𝜙 /(3 − sin 𝜙), which determines cohesion c, as the friction angle 𝜙, 
is already known. The slope of the trend line of the Mohr-Coulomb envelope presented in Figure 
1 is 1.403. Based on this, the friction angle is calculated to be 34.65°. The intercept is zero, which 
implies that the cohesion is zero. 

Figure 1. Determination of the friction angle and cohesion from three sets of triaxial compression tests with 
three different confining stresses. 

2.2 Calibration of 𝑹𝒇, 𝒎 and 𝑬𝟓𝟎
𝒓𝒆𝒇

The procedure to determine these three parameters includes plotting the curve of 1/q vs. 1/qf 

using the triaxial compression test lab data and using a trend line to fit the data. The slope of the 

line is Rf and the intercept is 1/Ei. Three sets of triaxial compression tests with three different 

confining pressures can be used to produce three pairs of Rf, E50. The final Rf is the averaged one 

and the pairs of Ei, 3 will determine m and 𝐸50
𝑟𝑒𝑓

. Figure 2 plots the curves of 1 / q versus1 / qf 

using triaxial compression test lab data of the Monterey sand with confining pressures 1.2, 0.6, 

and 0.3 kgf/cm2. The slopes of these lines are Rf, and the intercepts are 100/Ei (as strain is given 

in %). This figure determines three pairs of Rf, E50, which are summarized in Table 1. The average 

Rf is 0.957. Parameter pref needs no calibration (its value is assumed to be 0.1 kgf/cm2). Finally, 

plot parameters ln ( 3/p
ref) versus ln (E50), as shown in Figure 3 (remember that cohesion c = 0). 

The slope of the trend line in Figure 2 determines m = 0.707 and the intercept determines 𝐸50
𝑟𝑒𝑓

=

exp(4.63) = 102.5 kgf/cm2. 

Table 1. Determination of 𝑹𝒇, 𝒎 and 𝑬𝟓𝟎
𝒓𝒆𝒇

.
__________________________________________________________________________________________________________ 

𝜎3 𝑅𝑓 1/𝐸𝑖 𝐸𝑖 𝐸50 ln (𝐸50) ln (
𝑐∙cot𝜙−𝜎3

𝑐∙cot𝜙+𝑝𝑟𝑒𝑓) 
__________________________________________________________________________________________________________ 

-0.3 0.9558 0.002459 406.7 212.3 5.358 1.099 
-0.6 0.9678 0.001286 777.6 401.3 5.995 1.792 
-1.2 0.9476 0.00093 1075.3 565.8 6.338 2.485 
__________________________________________________________________________________________________________ 

y = 1.403x
R² = 0.9999

0 1 2 3

q

p
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Figure 2. Determination of 𝑹𝒇 and 𝑬𝒊 from three sets of triaxial compression tests with three different con-
fining stresses. 

 

 
Figure 3. Determination 𝒎 and 𝑬𝟓𝟎

𝒓𝒆𝒇
from three sets of triaxial compression tests with three different con-

fining stresses. 

 

2.3 Calibration of 𝑬𝒖𝒓
𝒓𝒆𝒇

 

After the calibration of parameter m, 𝐸𝑢𝑟
𝑟𝑒𝑓

 is calibrated using the unloading-reloading moduli 

𝐸𝑢𝑟 obtained from the original 𝑞 versus 𝜀1 data in the triaxial compression test. The final value of 

𝐸𝑢𝑟
𝑟𝑒𝑓

 can be the averaged using data for different confining pressures. For the Monterey sand 

example, 𝐸𝑢𝑟
𝑟𝑒𝑓

 is determined to be 320 kgf/cm2. If the unloading-reloading moduli are not avail-

able, a value in the range of (3 − 5) × 𝐸50
𝑟𝑒𝑓

 can be used for most soils. The PH model uses a 

default value of 4 ∙ 𝐸50
𝑟𝑒𝑓

 if no input is provided for 𝐸𝑢𝑟
𝑟𝑒𝑓

. 

2.4 Calibration of dilation angle 𝝍 

The dilation angle can be calibrated from the 𝜀𝑣 − 𝜀1 data of the triaxial compression tests. The 
maximum dilation slope of the 𝜀𝑣 − 𝜀1 curve is approximately 2 sin 𝜓 /(1 − sin 𝜓). For Monte-
rey sand, the dilation angles are 6–7°. The values are summarized in Table 2. 
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Table 2. Calibrated material parameters for loose Monterey sand. 
__________________________________________________________________________________________________________ 

Material Parameters S3 = 1.2 kgf/cm2 S2 = 0.6 kgf/cm2 S3 = 0.3 kgf/cm2 
__________________________________________________________________________________________________________ 

𝐸50
𝑟𝑒𝑓

 (kgf/cm2) 102.5 

𝐸𝑢𝑟
𝑟𝑒𝑓

 (kgf/cm2) 320 

m 0.707 
Rf 0.957 
pref (kgf/cm2) 0.1 
Poisson ’s ratio (, -) 0.3 
Friction angle (, °) 34.65 
Cohesion (c, kgf/cm2) 0.0 
Max void ratio (𝑒𝑚𝑎𝑥) 0.803 
__________________________________________________________________________________________________________ 

sig1, sig2, sig3 1.2 0.6 0.3 
ocr (kgf/cm2) 1.0 2.0 4.0 
Initial void ratio (𝑒𝑖𝑛𝑖) 0.783 0.786 0.781 
Dilation angle (, °) 6.1 6.4 7.0 
__________________________________________________________________________________________________________ 

All other default values 
__________________________________________________________________________________________________________ 

2.5 Calibration of 𝑲𝒏𝒄 and 𝑬𝒐𝒆𝒅
𝒓𝒆𝒇

These two parameters can be calibrated from the oedometer tests. The ultimate value of  3/ 1 

from the oedometer test is Knc. For the case of  1 = pref, the tangent modulus of  1   1 curve is 

Eoed. 𝐸𝑜𝑒𝑑
𝑟𝑒𝑓

 can be determined using Eoed and values of m and cohesion determined previously. If 

the data of oedometer tests are not available, the PH model uses the default values of Knc = 1sin 

(Kulhawy & Mayne 1990), 𝐸𝑜𝑒𝑑
𝑟𝑒𝑓

= 𝐸50
𝑟𝑒𝑓

. For most soils, values for Knc are in the range 0.50.7. 

For this example, the oedometer test data are not available, so the default values are used. 

2.6 Calibration of elastic Poisson’s ratio 

Elastic Poisson’s ratio can be estimated from the unloading-reloading slope of the 𝜀𝑣 − 𝜀1  curve.
Experience shows that results are not very sensitive to changes in Poisson’s ratio, and therefore 
Poisson’s ratio in the range of 0.15 to 0.40 is typically used. In this example, Poisson’s ratio is 
assumed to be 0.3. 

2.7 Calibration of void_max 

The material parameter of void_max is needed if the dilation smoothing technique is required. 
The value of void_max can be determined by conducting standard laboratory tests (ASTM 
D4254). If the standard ASTM D4254 laboratory test data are not available, its value can be esti-
mated through a trial-and-error method based on the curves of the volumetric strain versus axial 
strain of the triaxial compression tests. In this example, its value is estimated to be 0.803. The 
default value is 999.0, which implies that the dilation smoothing technique will not be activated.  

2.8 Calibration of other parameters 

Such material parameters as sig1, sig2, sig3, void_ini, and ocr are known initial parameters (need 
no calibration) and should be consistent with the initial conditions. 

Summary of all material properties determined for the Monterey sand is provided in Table 2. 
The triaxial compression tests can be reproduced by the PH model using these parameters. The 
results are presented in Figure 4 and Figure 5 and reveal close match between the simulated results 
and lab test data. 
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Figure 4. Deviatoric stress vs. axial strain for consolidated drained triaxial compression tests on fine Mon-
terey sand. 

Figure 5. Volumetric strain vs. axial strain for consolidated drained triaxial compressor tests on fine Mon-
terey sand. 

3 SOUTH TOULON TUNNEL: NUMERICAL BACK-ANALYSIS 

Full-face excavation with ground reinforcement has become a common technique to build large 
tunnels in different soil/rock conditions. Full-face excavation brings many advantages in terms of 
logistics and production, but it remains a difficult task to assess the performance/effectiveness of 
the reinforcement and support at the design phase. The face itself behaves as a temporary support 
for the cavity and the level of confinement provided by reinforcement elements becomes an im-
portant variable for the stability and settlement evaluation. The observational method is a crucial 
aspect of the design since it allows for data collection in real time and optimizing/modifying the 
excavation/support system. In this particular case, a monitoring section has been installed during 
the construction of the tunnel, which has provided good quality data for a back analysis. A 
FLAC3D model has been set-up using the plastic hardening model recently developed. All the 
data concerning the geology and geometry has been obtained from the papers by Janin et al. (2012 
& 2013).  

3.1 Geotechnical conditions and instrumentation 

Borehole investigations show a fairly horizontal stratigraphy with a high degree of alteration of 
the bedrock. Figure 6 shows the local stratigraphy along with the instrumentation installed in the 
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monitoring section. The instrumentation is composed of two inclinometers on both sides of the 
tunnel, one vertical extensometer on the tunnel axis and three target prisms. In addition, four radial 
extensometers, six vibrating wire strain gauges on the steel rib, five pressure cells, and conver-
gence targets were installed from inside the tunnel. 

3.2 FLAC3D numerical model 

A three-dimensional model has been set up to analyze the tunnel excavation process using 
FLAC3D version 5 (Itasca 2012). The model takes advantage of the symmetry of the problem. 
The cross-section of the excavation has an area of about 120 m2 and has been generated using the 
FLAC3D built-in extruder tool that can generate a 2D mesh and then extrude it to a 3D mesh. The 
extension of the model in the transversal direction is of 150 m in order to mitigate boundary ef-
fects. The depth of the crown of the tunnel is about 25 m. The grid has been densified (using the 
command densify multiple times) around the region of interest. Figure 7 shows the geometry of 
the model. 

Figure 6. Stratigraphy and instrumentation (after Janin et al. 2013). 

Figure 7. Geometry of the model. 
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3.3 Constitutive model’s parameters and simulation of the excavation process 

The soil is modeled as nonlinear elasto-plastic material using a plastic hardening model imple-
mented in Itasca’s continuum codes, FLAC (Itasca 2011) and FLAC3D (Itasca 2012). The PH 
model is particularly useful for excavation problems and has demonstrated that it provides a more 
realistic description of the problem than the Mohr-Coulomb model. Table 3 summarizes the pa-
rameters adopted. The  parameter that describes the shape of the volumetric cap is calculated 
internally by the program (Cheng & Detournay 2016).  

Table 3. Material parameters used for numerical simulation. 
__________________________________________________________________________________________________________ 

Parameter Fill Colluvium Bedrock Unit 
__________________________________________________________________________________________________________ 

Depth 0.0 to 3.5 3.5 to 5.9 Below 5.9 [m] 
 19.0 20.8 24.2 [kN/m3] 

𝐸50
𝑟𝑒𝑓

= 𝐸𝑜𝑒𝑑
𝑟𝑒𝑓

 1600 40000 240000 [kPa] 

𝐸𝑢𝑟
𝑟𝑒𝑓

= 3 ∙ 𝐸50
𝑟𝑒𝑓

4800 120000 720000 [kPa] 

𝑝_𝑟𝑒𝑓 100 100 100 [kPa] 
𝑚 0.5 0.5 0.5 
𝑂𝐶𝑅 1.0 1.0 1.0 
𝑐’ 2 10 40 [kPa] 
𝜑’ 20 30 25 [º] 
𝜓 0 0 0 [º] 
𝜐  0.2 0.2 
Rf 0.9 0.9 0.9 
__________________________________________________________________________________________________________ 

3.4 Structural elements, reinforcement and support 

The face reinforcement (fiberglass elements) and the forepoling are modeled with embedded pile 
elements. Figure 8 shows the geometry. 

Figure 8. Structural elements layout. 
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3.5 Excavation sequence 

The excavation is carried out in 1.5-m steps. Every 9 m the face reinforcement and roof forepoling 
are renewed. Each step is relaxed gradually before being nulled and so are the structural elements 
at the face. After equilibrium is reached, the liner is activated to support the free span. Figure 9 
shows the excavation sequence. The whole process is managed via FISH and can easily be para-
metrized in order to test quickly different hypothesis. 

3.6 Main results 

The main results in terms of displacements are presented in Figures 10-12. The longitudinal (Fig. 
10), transversal (Fig. 11) and horizontal displacement at the inclinometer (Fig. 12). The results 
are in good agreement with the measurements and the model is capable of capturing the main 
feature observed in the field. As far as the longitudinal displacement is concerned, the model 
seems to provide a “stiffer” response behind the face. This is mainly due to some simplification 
adopted to model the face reinforcement due to lack of information. Otherwise the development 
of the displacement as the face moves forward is captured with satisfactory agreement.  

Figure 9. Excavation sequence. 

Figure 10. Vertical displacement at ground level long the tunnel axis (dots are upper- and lower-bound 
measured data, and the solid line is the simulated result). 
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Figure 11. Vertical displacement at ground level in the transversal direction (dots are measured data, and 
the solid line is the simulated result). 

Figure 12. Horizontal displacement at the inclinometer’s position (dots are measured data, and the solid line 
is the simulated result). 

4 SUMMARY 

The plastic hardening model is a flexible and user-friendly constitutive model that accommodates 
the most important features of the non-linear behavior of soils. It is easy and straightforward to 
calibrate the material parameters from the laboratory tests. This tunnel excavation case study val-
idates the implemented model by a good match between the simulated results and the measured 
data.  
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1 INTRODUCTION 

The plastic hardening (PH) model is a shear and volumetric hardening constitutive model for the 
simulation of soil behavior. When subjected to deviatoric loading, e.g. during a conventional 
drained triaxial test, soils usually exhibit a decrease in stiffness accompanied by irreversible de-
formation. In most cases, the plot of deviatoric stress versus axial strain obtained in a drained 
triaxial test may be approximated by a hyperbola. This feature was discussed by Duncan & Chang 
(1970) in their well-known hyperbolic-soil model, which is formulated as a non-linear elastic 
model. The PH model is formulated within the framework of hardening plasticity (Schanz et al. 
1999), allowing it to remove the main drawbacks of the original non-linear model formulation 
(e.g. detection of loading/unloading pattern, nonphysical bulk modulus). The main features of the 
new PH model are: hyperbolic stress strain relationship in axial drained compression; plastic strain 
in mobilizing friction (shear hardening); plastic strain in primary compression (volumetric hard-
ening); stress-dependent stiffness according to a power law; elastic unloading/reloading compared 
to virgin loading; memory of pre-consolidation stress; and Mohr-Coulomb failure criterion. The 
model is easy and straightforward to calibrate using in-situ as well as the laboratory tests.  

The formulation and implementation can be found in Cheng & Detournay 2016 and the cali-
bration procedure from laboratory tests and a validation example are presented in Cheng & Lu-
carelli 2016.  

A design application is demonstrated including the material parameter estimation procedure 
from the in-situ tests including the cone penetration test (CPT) data and shear wave velocity data. 
Numerical analyses are presented including the soil-structure interaction using the PH soil model 
with the calibrated material parameters.  

2 LAKE LIVINGSTON POWER PLAN PROJECT 

The Trinity River Authority and the city of Houston have approved the construction of a new 
hydro-power generation facility located on the Pole County side of the Lake Livingston Dam 
along the Trinity River. The facility is currently under construction, and expected to begin deliv-
ering power in 2018. Stanley Consultants tasked Itasca Consulting Group with carrying out the 

Plastic hardening model III: Design application 

A. Lucarelli & Z. Cheng
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ABSTRACT: This paper presents a design application using the plastic hardening model recently 
implemented in FLAC3D. We estimate material parameters from in-situ test data, including cone 
penetration tests and shear wave velocity tests, from a recent earth retaining system in a dam 
project. The numerical analyses including the soil-structure interaction using the calibrated mate-
rial parameters for this project are summarized.  

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 06-04
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0

403



numerical modeling of the earth retaining systems implemented in the project. Figure 1 gives an 
overview of the project. 

The main components of the power plant are the headrace/intake where the water is derived 
from the lake, the penstock, a long cut and cover concrete tunnel that brings the water in the 
powerhouse where the turbine are located, and finally the tailrace that gives back the water to the 
downstream river. The two most important structures are the intake and the powerhouse. Figure 
2 shows the layout of the two structures. Both are cylindrical excavations supported by sheet pile 
walls and several levels of concrete rings. Figure 3 shows the configuration of the structures. 

Figure 1. Overview of the project. 

(a)

(b)

Figure 2. (a) Intake layout. (b) Powerhouse layout. 
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Figure 3. Typological configuration of the support system. 

2.1 Geotechnical conditions 

The general geotechnical conditions were already fairly well known due to the dam construction. 
The intake and a significant part of the penstock show the following layers: top clay from ground 
level down to about 6-m depth; sand (medium to dense) from about 6-m depth down to 17- to 18-
m depth; and over-consolidated Miocene clay with slickenside features. 

The powerhouse area shows the same formation but with a much thinner layer of sand (about 
2 m) below the top clay. A significant volume of material will be pre-excavated to reach the 
working platform, making the Miocene clay the only relevant unit for the powerhouse support 
design. 

Nonetheless, a new soil investigation campaign focused on in-situ deformability and strength. 
For each main area of the project, several vertical profiles were investigated. Each investigation 
is composed of different tests in order to be able to correlate results and have redundancy. Figure 
4 shows the location and type of soil investigations carried out. Figure 5 shows a summary of the 
main results obtained. 

Figure 4. Soil investigation location. 
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Figure 5. Soil investigation results. 
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The test results have confirmed the suspected high horizontal stress due to the stress history. 
The Miocene clay show K0 in the range 1.3-2.0 decreasing with depth. A series of triaxial tests 
were also performed in the Miocene clay with the intention of measuring peak, fully remolded 
and residual strength. Figure 6 shows the shear strength envelope obtained. The nonlinear strength 
envelope has been considered in the numerical analysis updating the tangent equivalent cohesion 
and friction with the current level of stress. 

 
 
 

 

  

Figure 6. Nonlinear strength envelope for the Miocene clay. 

 
 

2.2 Plastic hardening parameters from in-situ tests 

In many circumstances soil characterization is carried out using in-situ testing procedures. From 
a design perspective, in-situ tests offer several advantages over lab tests. They provide information 
on a larger, more representative scale about the volume of soil interacting with the project at hand.  

Shear wave velocity is usually measured directly with specific tests such as cross-hole or down-
hole, or can be correlated to other standard in-situ tests such as cone penetrometer and standard 
penetration test, among many others. The shear wave velocity can determine the elastic modulus 
at small strain (Emax or Gmax) easily knowing the soil density. 

Once the Emax is known, the PH deformability parameters, E50 and Eur, can be estimated as a 
fraction of  Eur = Emax /div1 (div1 = 2–5 most common value 3) and E50=Eur/div2 (div2 = 2–5 
most common value 3). Finally, Eeod = E50 · mul1 (mul1 = 0.8–1.2 most common value 1). Figure 
7 shows how to obtain the PH parameters once the stress has been initialized. 
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Figure 7. Deformability parameters from in-situ test. 

2.3 Numerical modeling approach 

Every component of the project has been modeled separately. The main features that were neces-
sary to implement include non-linear strength envelope for the clay material; deformability pa-
rameters, initial horizontal stress, OCR as a function of depth according to results of in-situ tests; 
orthotropic shell elements for the sheet pile wall (SPW); concrete rings and other repartition struc-
ture modeled as beam elements considering the axis offset; and global stability analysis adopting 
the strength reduction method (SRM). 

A general FISH routine has been written to update the strength parameter as a function of the 
current level of stress following the logic illustrated in Figure 6. The shear strength is expressed 
by  𝜏 = 𝑎 ∙ 𝑝𝑎 ∙ (𝜎 𝑃𝑎⁄ )𝑏, where a and b are material parameters obtained from the lab triaxial test
(Fig. 10), pa is the atmospheric pressure. The values for a and b include a = 0.50 and b = 0.77 for 
peak strength; a = 0.35-0.40 and b = 0.7-0.80 for fully softened strength; and a = 0.20 and b = 
0.75 for residual strength. 

The parameters that are depth dependent were input using tables or using a geometry entity 
(representing the ground surface) to calculate the depth of each zone and then the specific prop-
erties for each zone were interpolated. 

As far as the structural behavior is concerned, the SPW is composed of many elements con-
nected to each other via cylindrical hinges. Therefore, the horizontal bending moment cannot be 
transferred from one element to the other. Moreover, the hoop stress reaction is very limited. Each 
element of the SPW behaves closer to a simple vertical beam rather than a continuous shell. The 
shell orthotropic formulation inside FLAC3D (Itasca 2012) makes it possible to accommodate 
such behavior easily. Considering the SPW as an isotropic shell would grossly underestimate the 
load on the rings.  

The evaluation of the safety factor for a complex support system is not trivial. The limit equi-
librium method (LEM) is not capable of capturing the soil-structure interaction, detecting the pos-
sibility for multiple mechanisms, or observing the progressive increments of stress on the struc-
tural component. The potential failure mechanism is influenced by the structural reaction that is a 
function of the local relative displacement determining a complex interaction that cannot be ade-
quately addressed using the LEM, which can only assume a wished-in-placed structural reaction. 
On the other hand, the SRM (gradual reduction of the soil strength) captures this feedback mech-
anism (between the structure and the soil mass) allowing for the detection of potential failure on 
the soil side or on the structural side. It usually is desirable to have enough structural reaction 
from the structural components to guide the potential failure on the soil side. 

2.4 Headrace excavation analysis 

The headrace support is composed by SPW with three levels of pre-stressed anchors. Figure 8 
shows the geometry layout on the right while initial stress is shown on the left (imposing the K0 
obtained from the in-situ stress measurement). The longitudinal dimension of the model is equal 
to the longitudinal spacing of the anchors (2.3 m).  
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The PH deformability parameters (Eur and E50) and the strength parameter associated with the 
initial stress are shown in Figure 9. During the analysis, the strength parameters are updated as a 
function of the current stress level. 

(a) 

 (b) 

Figure 8. (a) Geometry layout and (b) K0. 

Figure 9. Deformability and strength parameters. 
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The excavation is carried out in small steps and each step is relaxed gradually in order to avoid 
a large swing in the unbalanced force. The anchor is activated and pre-stressed at the proper ele-
vation before moving forward. Figure 10 shows the excavation steps. Finally, Figure 11 shows 
the main results in terms of expected displacements and load on the structural elements. The hor-
izontal displacements of the wall is expected to be around 75 mm. The bending moment of SPW 
is about 135 kNm/m and the maximum axial force on the anchors is about 750 kN. A monitoring 
system will be installed on site to monitor the behavior of the structure and provide information 
to control the design assumptions. 

After the phase construction analysis, the stability analysis is carried out adopting a strength 
reduction method (SRM). The concepts and results are illustrated in Figure 12. The system tends 
to develop a global mechanism failure surface that goes behind the anchors. From the displace-
ment plot the progressive failure tends to manifest for SRF greater than 1.3, where the displace-
ments’ gradient tend to increase significantly. On the other hand, the load on anchors tends to stay 
relatively constant due to the position of the failure surface. 

 

 
Figure 10. Excavation steps. 

 

(a)  
 

(b)  

Figure 11. (a) Displacement field and (b) structural load. 
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Figure 12. Stability analysis. 

2.5 Powerhouse analysis 

Similarly to the headrace, the powerhouse model and results are briefly presented. It is a circular 
excavation with a diameter of about 56-m and 12-m depth (from the working platform, Fig. 13). 
Figure 14 shows the initial at rest coefficient with depth and shear strength distribution as function 
of stress. The support is composed with SPW and six levels of concrete rings. The local ground 
level has a downward sloping configuration toward the river. This feature generates a non-uniform 
thrust distribution on the rings causing a bending moment. The sand underneath the Miocene clay 
is in artesian condition requiring a dewatering system in order to reduce the uplift pressure on the 
residual thickness of clay that would otherwise not be stable.  

The excavation volume has been divided in 12 slices, 1 m thick. Each slice is excavated in 
undrained condition followed by a dissipation phase (Fig. 15). 

Figure 13. Powerhouse model layout. 
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Figure 14. K0 and initial strength. 

Figure 15. Excavation steps. 

Figure 16 shows the pore pressure distribution and the displacement field without dewatering. 
It is evident that without reducing the pore pressure under the Miocene clay, the bottom becomes 
unstable. Therefore, a dewatering system composed by several wells has been designed and cali-
brated considering in-situ pump tests. The wells are modeled imposing a discharge rate to the grid 
points located at the wells’ screen elevation. Figure 17 shows the stationary pore pressure distri-
bution with the wells active and the final bottom displacements. 

Figure 18 shows the main results in terms of displacements and stress resultants on the struc-
tural elements. The liner displacement is about 55 mm on the uphill side and about 35 mm on 
downhill side. The maximum bending moment in the SPW is about 135 kNm/m. The axial force 
and bending moment on the rings are represented.  

Figure 19 shows the orthotropic shell behavior. The horizontal bending moment and the hoop 
stress are zero in order to maximize the load on the rings. 

Finally it is interesting to show the stability analysis and the evolution of the potential mecha-
nism (Fig. 20). Also, the load evolution on the ring is presented showing the critical importance 
of the bottom ring. The limiting factor in this case is the structural capacity of the bottom ring. 
The SPW reaches its yielding moment for SRF of about 1.7, while the bottom ring reaches its 
maximum capacity for SRF about 1.4 (Fig. 21). 
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Figure 16. Pore pressure and displacement without dewatering: bottom instability. 

Figure 17. Dewatering system. 

Figure 18. Liner’s displacement and bending moment; ring’s axial force and bending moment. 

Figure 19. SPW orthotropic shell: horizontal bending moment and hoop stress. 
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Figure 20. Potential failure mechanism. 

Figure 21. Structural load evolution during stability analysis. 

3 SUMMARY 

The plastic hardening constitutive model is flexible and user-friendly and accommodates the most 
important features of the non-linear behavior of soil. The material parameters are easily estimated 
from the in-situ tests. It is well known and widely adopted by the geotechnical community to 
analyze a vast category of problems involving soil and soil-structure interaction.  
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1 INTRODUCTION 

The increasing number of accidents related to underground excavations has triggered the for-
mation of regulatory groups devoted to standardize the tunneling practice from the point of view 
of risks (British Tunnelling Society 2003, Eskesen et al. 2004, International Tunnelling Insurance 
Group 2006). The quantification of the reliability of an underground project is the first step to 
reach an objective measure of the risk involved in this type of work. Commonly, the Monte Carlo 
simulation MCS has been used to perform estimations of probabilistic responses because of its 
generality. However, the use of large numerical models turns the use of MCS unfeasible because 
of the large computational effort involved to obtain satisfactory results (Hoek et al. 1998). The 
latter is a good example of situations where approximation methods gain importance because of 
the small number of evaluations (i.e. calls) necessary to perform accurate approximations of the 
probability of failure of geotechnical problems. Napa-Garcia (2015) used direct coupling DC and 
quadratic polynomials QP to successfully perform approximations of the probability of failure of 
some common failure modes in underground structures using numerical models and analytical 
solutions. 

The approximations techniques used here require multiple calls of the mechanical response of 
the numerical model under study. Additionally, the values of the random variables RV of the 
problem vary between realizations in an iterative mode. Hence, their values need to be estimated 
internally and evaluated in an automated way. Most of the commercial codes do not permit this 
type of calculation. On the other hand, the command-driven mode of Itasca’s codes makes them 
an ideal option to perform automated and adaptive calculations such as those necessary for relia-
bility analyses in a simple way without the use of interface programs. Also, the FISH language 
plays a key role in the automation of the reliability routines. 

Thus, this paper aims to present a brief description of the use of the Itasca codes to perform 
accurate and efficient approximations of the probability of failures of underground structures. 

Efficient reliability quantification in underground excavations 
using Itasca codes 

G.F. Napa-García 
SimWorx Engenharia P&D, Campinas-SP, Brazil 

A.T. Beck 
Department of Structural Engineering, São Carlos Engineering School, University of São Paulo, Brazil 

T.B. Celestino 
Department of Geotechnical Engineering, São Carlos Engineering School, University of São Paulo, Brazil 
and Themag Engenharia Ltda., São Paulo, Brazil 

ABSTRACT: The efficient reliability and risk quantification of underground excavations is an 
active research field and it is also demanded by some current standards, e.g. ITIG, BTS, and ITA. 
However, large numerical models spend much computational time in calculating accurate proba-
bilistic responses. The most accurate technique to estimate the probability of failure of any prob-
lem is the Monte Carlo Simulation. Yet, this technique is computationally prohibitive for large 
models. Thus, new efficient approximations must be used to overcome this limitation. This paper 
presents some efficient approximation techniques for the quantification of the probability of fail-
ure of an underground excavation. The results of the different techniques are compared in terms 
of computational time and precision. The FORM approximation showed to be the more accurate 
and time saving method balancing speed and precision for the study cases presented. 
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2 RELIABILITY PROBLEM 

The reliability problem can be stated mathematically as follows. Let us group the random or un-
certain parameters of the problem in the vector X of random variables RV, e.g. friction angle, 
cohesion or others. The performance of a specific failure mode is described by its performance 
function g (X) which divides the sampling space in: 

  
  

| 0 safety domain

| 0 failure domain

s

f

g

g

  

  

X X

X X
(1) 

A performance function is the mathematical expression which describes the behavior of a safety 
judging element in terms of the variables involved in the problem, e.g. the Terzagui’s bearing 
capacity equation is an explicit mathematical function of the RV of the problem X  (e.g. 
X=[c,ϕ,γ…]T) for the estimation of the maximum load ( )rP X  supported by a foundation element. 
In this example, the performance function can be stated as the difference between the ( )rP X  and 
the load demand given by the action a structure sP ,  

( ) ( )r sg P P X X (2) 

Verify that ( )g X  is positive when the bearing capacity is greater than the load demand (safety) 
and negative otherwise. When using numerical models the performance function cannot be ex-
pressed in explicitly and hence the performance function is implicitly expressed in terms of local 
or global model responses, e.g. wall displacements, factor of safety or other(s). It worth noting 
that more than one safety elements may be judged at the same time and this problem is addressed 
through the statement of the corresponding performance function to each safety element, e.g. a 
foundation design must satisfy a bearing capacity requirement and also present a settlement below 
a certain limit. 

When the performance function is null, i.e. g (X) = 0, it is called the limit state surface LSS. 
Hence, the probability of failure Pf is the quantification of the chance of X to adopt values inside 
 f . Mathematically:

 d
f

fP f x x


  X (3) 

where fX (x) is the joint probability density function of X. 
The above integral is not always feasible to be calculated in closed-form and then numerical 

techniques are necessary to estimate the value of the probability of failure, e.g. Monte Carlo sim-
ulation. One time-saving option is perform an approximation of the probability of failure using 
few calls. The latter are called approximation methods and the most import ones (first and second 
order approximations, FORM and SORM) are described following. 

2.1 First Order Reliability Method – FORM Approximation 

The first order reliability method FORM is the most used reliability method in structural safety. 
It consists of basically two tasks: performing a search for the design point DP and approximating 
the probability of failure around this point by a hyperplane. The design point is the most probable 
vector included in  f. The search for the DP is usually performed in the Gaussian space Y, i.e., 
the space where all RV are uncorrelated and normally distributed. In that space, the DP is y* and 
it is found by means of the solution of the following constrained problem: 

 

*

find:

which minimizes: .

subjected to: 0

T

y

y y

g y

 



(4) 

where  is the reliability index of the analyzed failure mode. The reliability index  is a geomet-
rical representation of the degree of safety of an engineering system. In the Gaussian space, the 
DP is the most probable vector which yields failure and hence it is the nearest to the origin. The 
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distance from DP to the origin is a direct measure of safety and then it is called the reliability 
index . The larger the reliability index, the greater the safety or reliability of the structure because 
it represents a smaller probability of the occurrence of the failure event. 

This problem can be solved using optimization algorithms such as the Hasofer-Lind-Rackwitz-
Fiessler HLRF (Hasofer & Lind 1974, Rackwitz & Fiessler 1978) or its improved version iHLRF 
(Liu & Der Kiureghian 1986). Once the DP is found, the first order approximation is determined 
as: 

 f FORMP   
(5) 

where (.) is the Gaussian univariate cumulative probability density function. 

2.1.1 Linear optimization algorithm (DP search) 
The HLRF optimization algorithm is based on a first order Taylor series expansion of the perfor-
mance function around the trial design point yk. The following expression derived from Taylor’s 
expansion is helpful when performing iterative searching, 
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where g(yk) is the gradient of the performance function at yk and ak is the direction cosine vector 

of the gradient of g(yk). This is: 
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(7) 

The iterative procedure is stopped when a convergence tolerance is satisfied. Convergence tol-
erance is stated in terms of the reliability index, orthogonality, variation in X space, variation in 
Y space and/or null value of the performance function. Usually, more than one criterion is used 
to guarantee convergence evaluation. 

2.1.2 Nonlinear optimization algorithm (DP search) 
Any numerical optimization technique can be used to solve the optimization problem stated in Eq. 
(3). The most common technique in structural reliability is the HLRF or the iHLRF. It is well-
known that gradient-based optimization techniques may present some limitation when used to 
evaluate performance functions with complex behavior. In these cases, nonlinear optimization can 
be used. For example, Low & Tang (1997) used the Microsoft Excel function Solver to address 
the reliability problem of the deflection of a steel beam using the analytical expression of its per-
formance function. 

2.2 Second Order Reliability Method – SORM Approximation 

The second order reliability method SORM works essentially in the same way as FORM up to 
finding the DP. The difference lies in the approximation of the failure domain at the DP. The 
SORM approximation is made by means of an approximation of the failure domain using a quad-
ratic hypersurface. This quadratic approximation was formerly suggested by Breitung (1984) and 
then improved by Tvedt (1983), Koyluoglu & Nielsen (1994), Cai & Elishakoff (1994) and Zha 
& Ono (1999), among others.  

The second order approximation of the probability proposed by Breitung (1984) is, 

 
1

1

1

1

n
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 (8) 

where ki is the ith principal curvature of the second order hypersurface approximation of 
the limit state; n is the number of RV of the problem; and  is the reliability index in the 
design point.
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3 RELIABILITY TECHNIQUES 

3.1 Direct coupling 

The direct coupling approach DC consists in using the discrete response of a numerical model to 
approximate the gradient of the performance function to perform the search process of the DP 
through some gradient based optimization algorithm like HLRF. The gradient can be approxi-
mated in X space and later transformed to Y space by means of a Nataf´s transformation (Nataf 
1962A forward finite differences scheme can be used to approximate each component of the gra-
dient as follows: 

   1 2, ,..., ,...,i i n

i i

g h gg

h

 




X X X X X

X
(9) 

where hi is the ith step size component. The step size can be adopted as a constant value or an 
adaptive quantity. 

 Here, a fraction h of the vector of standard deviation of the RV (such that hi = h.Xi) was 
used as an initial step size. For example, if a step size fraction of 1/10 were used, the step size of 
every RV would be 1/10 times the standard deviation of the corresponding RV. 

The efficiency of the direct coupling arises from the small number of calls necessary to obtain 
accurate approximations of the probability of failure. The number of calls depends on the number 
of iterations NI necessary to find the DP and also on the number of random variables NRV con-
sidered in the problem. For example, a FORM approximation needs NI (NRV + 1) model calls. A 
SORM approximation needs NRV 2 + NRV additional callings. 

3.2 Quadratic polynomials 

Quadratic or second-order polynomials have been used as metamodels (also known as surrogate 
models) in structural reliability. The basic idea consists in approximating the overall response of 
the performance function using a quadratic polynomial with cross terms g (y). The above referred 
polynomial writes: 

     T

0

2

1 1 1

     
n n n n

i i i n i ij i j

i i i i j

g g a a y a yy a y

   

        y y V y a (10) 

where yi  represent the RV in the Gaussian space and n is the number of RV of the problem. 
The coefficients of the response surface a = a0 ; ai ; aii ; aijT are determined using responses 

of the performance function evaluated at sample points located in the vicinity of a central point. 
The form of the function demands (n + 1)(n + 2) / 2 calls to perform one approximation of the 
performance function. Given that the problem of approximating the probability of failure is a tail 
problem, the choice of a central point far from the DP can be responsible for large errors when 
using a single response surface. To overcome this limitation Rajashekhar & Ellingwood (1993) 
suggested the use of iterative response surfaces changing the central point for the trial design point 
found in the previous approximation. An initial trial point is necessary and it is usually taken as 
the median or the mean vector. Thus, this response surface method may be understood as an op-
timization algorithm based on quadratic approximations of the performance function instead of 
first-order approximations like the direct coupling. 

4 PRACTICAL EXAMPLES 

4.1 Tunnel wall convergence 

Lu et al. (2011) performed the quantification of the reliability of a deep circular tunnel in a rock 
mass previously characterized by Hoek (1998) using the analytical formulation and a response 
surface approach. Hoek (1998) presented the probabilistic characterization of the equivalent con-
tinuous parameters of a severely fractured rock mass. Here, we took the same problem addressed 
by Lu et al. (2011) and performed the quantification of the reliability of an opening in similar 
condition using the direct coupling approach. 
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The mechanical problem consists in a deep 2 m radius tunnel embedded in an elastic-plastic 
material with non-associated flow rule under 3 MPa hydrostatic in-situ stress field. The tunnel is 
subjected to a constant internal pressure of 0.5 MPa. The RV of the problem are the friction angle 
, cohesion c, and elastic modulus E. The Poisson’s ratio was considered to be deterministic v = 
0.3. Table 1 shows the parameters of the RV of the problem. 

Table 1. RV parameters. 
__________________________________________________________________________________________________________ 

RV Mean value Standard deviation 
__________________________________________________________________________________________________________ 

Friction angle [degrees] 23.7 3.4 
Cohesion [kPa] 280 60 
Elastic modulus [MPa] 1185 330 

__________________________________________________________________________________________________________ 

The statistical distributions of the RV were considered according to 3 cases: a) normal uncor-
related RV, b) normal correlated RV and c) lognormal correlated RV. A negative correlation  c

= 0.5 between friction angle and cohesion was used. 
The performance function adopted for this problem was stated in terms of the intrados displace-

ment u (X) and a convergence limit  max  similarly to definitions of failure found in literature (Li 
& Low 2010, Lu et al. 2011, Nasekhian & Schweiger 2011, Schweiger et al. 2011). Equation (9) 
represents mathematically the performance function adopted here. A wall convergence limit of 
1% was used according to typical values found in literature (Hoek & Marinos 2000, 
Österreichische Gesellschaft für Geomechanik 2001, Singh & Goel 1999, Tonon 2012). 

 
 

max

u
g

R
 

X
X (11) 

The mechanical response of the problem was obtained from a FLAC3D (Itasca Consulting 

Group, Inc. 2012) model and also from the analytical solution provided by Duncan-Fama (1993) 

to serve as reference. The direct coupling is implemented in the reliability software StRAnD (Beck 

2011). 
It was found that HLRF took 3 to 7 iterations to find the design point demanding 12 to 28 calls, 

i.e. cycle up to equilibrium in FLAC3D. Given that one FLAC3D evaluation lasted between 40 to
60 s on 3.4 GHz i7 CPU, one approximation of the reliability index was obtained in 10 to 30
minutes. The magnitude of the finite difference step size used to approximate the gradient was
varied between 5% and 20% of the standard deviation. The influence of the step size was mainly
expressed in the number of iterations necessary to reach the convergence tolerance. It is expected
that smaller step sizes than those used might introduce numerical instabilities depending on the
precision of the displacement measurement. Also, it is good to remark that the convergence crite-
ria adopted here were stated in terms of the reliability index and nullity of the performance func-
tion with values of 0.01 and 0.0001 respectively. We consider that this level of precision is good
enough in geotechnical engineering because typical standards, e.g. Eurocode, present target values
of the reliability index with two decimal places.

Figure 1 presents a chart containing the reliability indexes obtained for the studied cases. Reli-
ability indexes estimated using de direct coupling presented accurate values with errors smaller 
than 1% relative to the analytical values (both FORM approximations). Results show that the 
negative correlation of the RVs incremented the value of the reliability index as well as the con-
sideration of lognormal distribution for all the RV. In this case, normally distributed and uncorre-
lated RVs presented a conservative behavior; however, this is not the rule and it cannot be gener-
alized either. In some cases, negative skewed distributions such as lognormal yield higher 
probabilities of failure than Gaussians. 

Additional analyses were performed to quantify the exact reliability index of the problem via 
Monte Carlo Simulation MCS using the analytical formulation. It was verified that FORM ap-
proximation yielded error around 1% of the reliability index when compared with that of the MCS. 
On the other hand, SORM approximation presented errors greater than those of FORM approxi-
mations. In these cases, the computational effort involved in SORM approximations were around 
twice that of FORM (average 40 calls for SORM against 20 of FORM). These results suggest that 
FORM approximations presented better approximation than SORM (5 methods used), even 
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though this fact seems contrary to intuition, and also it was more efficient in term of computational 
demand (100% faster). This behavior may have been originated by specific curvatures of the LSS 
of the problem treated around the DP. 

 

 
Figure 1. Reliability indexes obtained at the different scenarios. 

4.2 Tunnel face stability 

Mollon et al. (2009) presented the evaluation of the reliability of a shallow tunnel. In their study, 
the main random variables of the problem were the friction angle, cohesion and elastic modulus. 
The problem of mechanical stability at the construction stage was most influenced by friction 
angle and cohesion. Thus, we took only these two variables as being random variables with the 
same negative correlation used in the previous problem ( c = 0.5). Both RV were considered 
as Gaussian. Friction angle and cohesion presented mean values of 17 degrees and 7 kPa, and 
standard deviation of 1.7 degrees and 1.4 kPa respectively. 

A simple performance function [Eq. (10)] was established by comparing the pressured installed 
at construction face pi and the pressure pcrit that critically maintains the equilibrium in the numer-
ical model. Pressure pcrit is an implicit function of friction angle and cohesion and it is obtained 
through a numerical searching process programmed in FISH (Fig. 2). It represents an analogous 
to a bearing capacity. Pressure pi is the pressure that can be controlled by the excavation method 
and thus it is analogous to a demand. In this case, pi is not a random variable. 

  crit ig p p X   (12) 

 

 
Figure 2. Scheme of searching process for the critical pressure. 

 1.0

 1.2

 1.4

 1.6

 1.8

 2.0

 2.2

 2.4

N-uncorr N-corr LN-corr

β 

Analytical

Direct coupling

420



For this reliability problem, an iterative scheme of quadratic response surfaces was used. A 
sampling amplitude of one standard deviation (k = 1) was used. Convergence criteria were the 
same as in the last example. FORM approximations were obtained with 3 to 5 iterations demand-
ing 30 to 63 calls. In this case, one FLAC3D evaluation demanded 60 s (1 min) on 3.4 GHz i7 
CPU and a critical pressure search used an average of 10 calls completing 10 min for critical 
pressure evaluation. Thus, one reliability index approximation lasted around 5 – 10 hours. 

Figure 3 presents the results of the quantification of the reliability index performed by Napa-
García (2015) comparing the values obtained by limit theorems of the plasticity theory and 
FLAC3D. The method used for the bounds were the Mollon et al. (2011) and Carranza-Torres 
(2004) methods for the lower and upper bound respectively. It was observed that FLAC3D values 
were very similar to those obtained with Mollon et al. formulation. This is attributed to the fact 
that the installation delay modeled in FLAC3D was zero coinciding the hypothesis adopted by 
Mollon et al. On the other hand, lower bound was located far from FLAC3D values. Remember 
that Carranza-Torres formulation is based on Caquot’s solution which considers the collapse of 
spherical or cylindrical cavities. The hypotheses involved may not be very realistic. However, this 
is located on the safe side of the actual critical values which is a conservative estimate of the 
safety for the problem. 

Figure 3. Reliability index for tunnel face stability (Napa-García 2015). 

5 CONCLUSIONS 

The reliability quantification presented in this paper shows the feasibility of performing probabil-
istic analyses using numerical models in an efficient way. The efficient reliability techniques pre-
sented here, i.e. direct coupling and quadratic response surface, are easy to implement in com-
mercial spreadsheets and it was shown that they present themselves as effective tools to address 
the reliability problem at relatively low computational cost when compared to Monte Carlo sim-
ulation. FORM approximation is an accurate and efficient method for the quantification of the 
probability of failure of geotechnical problems. The level of errors found in typical geotechnical 
problems (below 1% relative to MCS) makes FORM approximation accurate enough to be used 
in executive stage of projects. Finally, we expect that the use of probabilistic analyses will be 
encouraged using this type of efficient techniques requiring low computational cost. 
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1 INTRODUCTION 

Hydroelectric projects involve complex excavation with different shape, size and arrangement of 
various components. These excavations require comprehensive study and analysis of stresses and 
deformations to design a proper sequence of excavation and support system. In this paper, a case 
of two caverns namely, Butterfly Valve Chamber (BVC) and Penstock Assembly Chamber (PAC) 
is presented. These caverns are being constructed upstream of power house as a part of a 2400 
MW hydroelectric project in India. The size of the BVC is about 10 m (W) × 23.55 m (H) × 78 m 
(L) and that of the PAC is 13 m × 19.35 m × 83 m. These caverns are located in poor geology
with rock cover of 350 m and separated by a clear pillar width of 19 m. Apart from the caverns,
the arrangement involves excavation of a network of closely spaced underground openings that
include four penstock tunnels (7.6 m span) crossing the BVC obliquely, two access adits (8.5 m
span), two construction adits (6 m span) and four vertical penstock shafts (7.6 m dia.).

Being located in poor rock conditions and due to their complex geometry, a three-dimensional 
stress analysis was carried out to study the stability of the excavation and analyze support require-
ments. Simulation of the proposed excavation sequence was also done taking into account each 
round of excavation. A systematic monitoring system was incorporated in the model to facilitate 
calibration of the model during construction stage based on actual measured deformations. 

2 GEOLOGICAL SETTING 

The project site is situated within the Lesser Himalaya that lies tectonically between the Main 
Central Thrust and the Main Boundary Thrust. The rock units are part of the low grade metamor-
phics that have been thrusted, folded and deformed over at least two stages.  
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The nomenclature of lithological units is based on variable proportions of quartzite and phyllite. 
They include PQM (phyllitic quartzite - massive), PQT (phyllitic quartzite - thinly bedded), QP 
(quartzitic phyllite alterations) and SP (sheared phyllite). In the main construction area, the atti-
tude of the primary schistosity is often close to the stratification. The average attitudes for strati-
fication are reported as N195-240° with dip angle of 45-65°and for schistosity, a dip direction of 
N160-180° and dip angle of 30-42°. 

Based on the detailed 3D geological logging (on scale 1:100) of the excavation of adits to the 
caverns and exploratory drill holes, a 3D geological model was developed and incorporated in the 
numerical model using reasonable approximations. The area was divided into two major geolog-
ical zones comprising of different litho-units as shown in Figure 1. One zone designated as PQT 
primarily consists of thinly bedded phyllitic quartzite. Another zone designated as SP, known to 
be the weakest rock mass in the area, consists of sheared phyllite. 

Apart from the lithological distribution, the area also consists of a family of discontinuities 
which have been thoroughly mapped and documented for the project. The discontinuity data is 
summarized in Table 1. The main difference between the representation of the geological features 
in the numerical model and actual ground conditions as derived from the geological logs arise 
from the fact that all geological features are assumed to be continuous in the model. 

Figure 1. Projected geology on excavation surface (left) and global SP zones (right). 

Table 1. Discontinuity data. 

Joint Set Dip Amount Dip Direction 

J1 50 o 195 o 
J2 40 o 150 o 
J3 57 o 25 o 
J4 65 o 295 o 

3 NUMERICAL MODELING 

Stability analysis of large underground excavations primarily involves analysis for wedge stability 
and stress-deformation behavior. To analyze the stress-deformation behavior of excavations, a 
number of numerical methods are available including “Boundary Element Method, BEM” 
(Venturini 1983), “Finite Element Method, FEM” (Bathe 1982) and “Finite Difference Method, 
FDM” (Cundall 1976). While all these methods use the solution for equations of equilibrium along 
with the constitutive relationships for a material and strain-deformation compatibility for pre-
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scribed boundary conditions, they differ in their basic mathematical formulation and solution ap-
proach. For the analysis of the concerned caverns and tunnels, a three-dimensional numerical 
model based on FDM was chosen, using the FLAC3D (Itasca 2012) program from Itasca. 

3.1 Modeling methodology 

In numerical modeling of underground/surface excavations it is seen that frequently not much 
emphasis is given on the anisotropy of rock mass. Also, due to lack of data for defining the ani-
sotropic nature of rock mass, the designers sometimes make an approximation that the ground 
being excavated can be represented as an isotropic continuum. However, this approximation often 
needs fine tuning, especially while analyzing excavations in geologically complex rock masses. 
Depending on the distribution of discontinuities in the rock, a rock mass may or may not behave 
as a continuum and depending on the structural features of the ground it may or may not have 
isotropic properties. The presented model is based on the expected behavior of different geologi-
cal zones as per the available geological information. 

The PQT rock mass is expected to show significant anisotropy in strength resulting from the 
presence of a family of strongly pronounced discontinuities (bedding / schistosity) and is therefore 
modelled with the strain softening ubiquitous joint model of FLAC3D. Application of this consti-
tutive model has shown that the assignment of ubiquitous joint orientations at the zone level (from 
a known joint orientation distribution) results in realistic rock mass behavior response and yields 
properties that are consistent with empirical techniques (Sainsbury et al. 2008, Clark 2006). This 
model accounts for the presence of an orientation of weakness in a classical Mohr-Coulomb 
model. In this numerical model, general failure is first detected, and relevant plastic corrections 
are applied, as in the classical Mohr-Coulomb model. The new stresses are then analyzed for 
failure on the weak plane, and updated accordingly. The concept of softening used in the model 
is shown in Figure 2. Figure 2(a) shows a typical stress (σ) - strain (ε) curve for material softening 
behavior and Figures 2(b) and 2(c) show cohesion (c) and friction (ϕ) softening as a function of 
plastic shear strain (εps). 
 

 
Figure 2. Constitutive relationship for the strain softening model used for PQT. 

 
 
For the SP rock mass, where the joint density results in an almost isotropic continuum, the 

classical Mohr-Coulomb model is used. As suggested by Hoek (2001), based on analysis of the 
progressive failure of very poor quality rock masses surrounding tunnels, the post-failure charac-
teristics of the rock in such cases are adequately represented by assuming that it behaves perfectly 
plastically with no dilation angle. This means that it continues to deform at a constant stress level 
and that no volume change is associated with this ongoing failure. Therefore the SP rock mass 
was modelled as a material with elastic-perfectly plastic behavior and zero dilation. 

3.2 Model geometry and mesh 

The BVC-PAC complex is located at a depth of about 350 m from the ground surface. Hence a 
model with artificial boundaries was created. The model is a block 125 m long, 125 m wide and 
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100 m high. Apart from the main caverns, several other intersecting tunnels are also modelled as 
discussed in section 1. Figure 3 shows the global model and arrangement of all excavations with 
a legend listing various components. 

The 3D model shows a refined mesh of the main caverns and its intersections with other tun-
nels. Zone sizes around the excavations is between 0.5 and 3.0 meters. Mesh refinement is de-
creased away from the excavation. The mesh was generated with an automatic mesh-generator, 
KUBRIX (Itasca 2015), producing an unstructured mesh with around one million tetrahedral ele-
ments. With the help of KUBRIX, exact shapes of the complex set of excavations could be mod-
elled and connectivity between grid points of the resulting mesh was ensured. 

Figure 3. Global model (left) and mesh for excavation geometry (right). 

3.3 Geotechnical parameters 

The two geological zones are represented by the two constitutive models discussed above. Both 
these models require Mohr-Coulomb strength parameters to define the strength envelope for the 
rock mass. The properties detailed in Table 2 were adopted for the analysis. These strength prop-
erties were estimated by fitting a linear Mohr-Coulomb envelope to a non-linear Hoek-Brown 
curve for a confining stress interval of 0 to 9.45 MPa (corresponding to 350 m rock cover). The 
Hoek-Brown curve was determined using the Geological Strength Index approach (Hoek et al. 
1995). It may be noted here that the GSI may not be physically relevant to define the weak plane. 
However, reduced values of GSI and uniaxial compressive strength were adopted to have an ap-
proximate reduction in strength for the ubiquitous joints in absence of tested values. To define the 
strain softening behavior for the PQT rock mass, the shear strength parameters were defined as a 
function of plastic shear strain. A residual cohesion of 0.2 MPa and a maximum residual friction 
angle of 33o were considered for this purpose to define the residual state of the rock mass which 
is achieved at 1% plastic shear strain. 

The vertical in-situ stress was considered to be lithostatic (based on the weight of the rock 
above) and the horizontal in-situ stress was calculated based on hydro-fracturing tests conducted 
at nearby locations for the same project. Accordingly, the major and minor horizontal to vertical 
principal stress ratios were considered as 1.2 and 0.9 respectively, with the major principal stress 
aligned along N229°. 
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Table 2. Geotechnical parameters for different geological zones. 

Rock Category Parameter Unit 
Rock mass 

PQT 
(matrix) 

PQT 
(weak plane) 

SP 
(isotropic) 

Intact Rock 

GSImean - 45 25 30 
mi - 10 10 10 
UCS (MPa) 45 25 25 
Poisson’s Ratio, ν - 0.25 0.25 0.25 
Bulk Density, γ (kN/m3) 27 27 27 
Overburden Depth, d (m) 350 350 350 

Rock mass Disturbance Factor, D - 0 0 0 

No Blast 
Damage 

Elastic Modulus, Em (GPa) 4.0 4.0 3.0 
Mohr-
Coulomb 

Cohesion, cpeak (MPa) 1.1 0.6 0.7 
Friction Angle, ϕpeak (Deg.) 37 26 28 

Hoek-
Brown 

mb
peak - 1.403 0.690 0.820 

speak - 0.0022 0.0002 0.0004 

Rock mass Disturbance Factor, D - 0.3 0.3 0.3 

Blast 
Damage 
Zone 

Elastic Modulus, Em (GPa) 4.0 4.0 3.0 
Mohr-
Coulomb 

Cohesion, cpeak (MPa) 1.0 0.5 0.6 
Friction Angle, ϕpeak (Deg.) 34 22 24 

Hoek-
Brown 

mb
peak - 0.992 0.428 0.528 

speak - 0.0011 0.0001 0.0002 

3.4 Sequence of excavation and support installation 

From a numerical analysis one can assess the effect of sequence of excavation and support instal-
lation in order to reduce the disturbance induced in adjacent rock. It is now fairly well known that 
excavation in small steps and timely support installation can slow down the process of ground 
stress redistribution and thereby reduce the disturbance caused in adjacent rock. A significant 
advantage of 3D stress analysis is that the effect of excavation face and tunnel advance on the 
stability of the excavation can be studied with reasonable accuracy. Another benefit of 3D numer-
ical calculations is the incorporation of the support installation sequence. However, these ad-
vantages of 3D calculations are rarely exploited to their full potential. 

In the present analysis, the process of excavation and support installation was simulated with 
reasonable detail. The model simulates each round of excavation followed by installation of shot-
crete and rock bolts. This feature does not only eliminate the need for any assumptions on stress-
relaxation normally considered in numerical models to take into account the effect of the excava-
tion face, but also minimizes the shock (in form of large unbalanced forces) to the numerical 
solution procedure since the “path-dependence” of the solution is important.  

The excavation and support installation sequence is illustrated in Table 3. Excavation of each 
adit was carried out in one step followed by application of shotcrete with shell elements. Excava-
tion for BVC and PAC was divided in to various stages as shown in Figure 4. A schematic view 
of support system adopted in the model is shown in Figure 5. Excavation of each stage was sim-
ulated in number of excavation steps followed by installation of shotcrete and rock bolts. In top 
heading for each cavern, installation of steel arches was simulated through beam elements. Con-
sidering the time delay that the installation of heavy steel arches may cause during construction, 
these steel sets were applied in the model after two excavation steps rather than immediately fol-
lowing the excavation of one step. This detailing in the simulation of excavation sequence and 
support installation was achieved by writing various functions using the programming language 
FISH. Frequently we need to analyze a problem with different combinations of geotechnical pa-
rameters, excavation sequence and support. Defining variables and functions through FISH al-
lowed multiple analysis without having to write the complete FLAC3D code again. Also, the ex-
cavation cycle could be easily incorporated in the model through a FISH function. 
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Table 3. Sequence of excavation and support installation. 

Stage Excavation Support 
 Component Step (m) Type Installation after 

1 Existing adits - Shotcrete - 
2 Construction adits - Shotcrete - 

3 BVC top heading 2.4 
Rock bolts + shotcrete 
Steel arches @ 1.2 m 

1 exc. step 
2 exc. step 

4 PAC top heading 2.0 
Rock bolts + shotcrete 
Steel arches @ 1.0 m 

1 exc. step 
2 exc. step 

5 BVC 1st bench 2.5 
Rock bolts + shotcrete 
Cable anchors 

1 exc. step 
4 exc. step 

6 BVC 2nd bench 2.5 
Rock bolts + shotcrete 
Cable anchors 

1 exc. step 
4 exc. step 

7 BVC 3rd bench  4.0 
Rock bolts + shotcrete 
Cable anchors 

1 exc. step 
3 exc. step 

8a BVC 4th bench  4.0 
Rock bolts + shotcrete 
Cable anchors 

1 exc. step 
3 exc. step 

8b PAC 1st Bench 4.0 

9-14 
BVC & PAC benches 
(same as 8a, 8b) 

4.0 

15 
Existing adits up to 
PAC 

- 
Backfill concrete - 

16 Penstock tunnels - Shotcrete - 
17 Vertical penstocks - Shotcrete - 

 

 
Figure 4. Main stages in sequence of excavation. 

 
 

 
Figure 5. Schematic view of support system adopted in numerical model. 
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3.5 Results and discussion 

The results of the analysis were interpreted in terms of absolute displacements, principal stresses, 
displacement histories (trend of displacements with the progress of excavation) and yielded ele-
ments after complete excavation. A three-dimensional view of the displacement contours on ex-
cavation boundaries is shown in Figure 7. It can be seen from the figure that the displacement 
contours correspond with the geological setting of the area such that maximum deformations are 
predicted (red color in Fig. 6) at the locations where large proportion of SP rock mass is present 
(Fig. 1). 

An important factor often considered to decide the length of rock bolts required to support 
underground excavations is the extent of the plastic zone. FLAC3D uses different plasticity indi-
cators to define the state of each element with respect to the stress history it has been subjected to 
during the calculations. Various combinations of these plasticity indicators are combined and in-
dicated as “Yield (shear/tension)” in Figure 7. The yielded elements are shown in red color and 
rest of the elements in white or blue. The yield state of cable elements used to model rock bolts is 
also shown in Figure 7 with black lines for bolts in their elastic state and yellow lines for bolts 
yielded in tension. The length and tensile capacity of the rock bolts and cable anchors is so selected 
that most of them cross the yielded zone and the forces remain in the elastic limit defined by the 
tensile yield load, which is 350 kN for rock bolts and 1200 kN for cable anchors. It may be noted 
that some yielding does occur in few elements of cable anchors that amount to around 4 % of total 
elements. 

One limitation of the current model is that development of strength and stiffness of shotcrete 
with time is not simulated accurately. This can be done by modifying stiffness of shotcrete as a 
function of construction steps which will result in a realistic assessment of its structural behavior. 
Also, the process of applying a pre-tensioning force to the cable anchors can be simulated accu-
rately to confine the pillar between the caverns. However, the cable anchors in the current model 
have been modelled only as reinforcing elements which is identical to their post-grouting long 
term behavior. In practice, the active support provided by pre-tensioning can be helpful in restrict-
ing the yielding in the pillar. Also, for the cable anchors provided across the foliation direction, 
an active support can increase normal stress in the bedding planes and avoid sliding along these 
planes. 

Figure 6. Contours of total displacement (m) on excavation surface. 
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Figure 7. Yielded elements after complete excavation. 

To evaluate the suitability of the selected excavation method and the installed support the sys-
tem behavior must be quantified by observations and measurements (Schubert et al. 2001). The 
displacement histories are very important elements in this regard to assist stage-wise analysis of 
displacements and to assess the stability of the excavation. To study the trend of displacements 
with the progress of excavation, nine monitoring sections were considered in the model, distrib-
uted along the length of both caverns. A typical interpretation of the displacement histories for a 
monitoring section at mid length of PAC is shown in Figure 8. It includes a displacement vector 
diagram and stage-wise development of displacements. The displacement-vector diagram is use-
ful in understanding the system behavior. It can be seen from Figure 8 that the displacements 
show a slightly asymmetric trend. This can be attributed to the adverse orientation of schistosity 
for the left wall (Fig. 5) where displacements are comparatively higher (Fig. 8). Furthermore, 
displacement histories can be very useful during the construction stage to calibrate numerical 
models with monitoring results as the excavation progresses on site. 

Figure 8. Spatial displacement vector diagram and stage-displacement history. 
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4 CONCLUSIONS 

Three-dimensional numerical model has been prepared to assess the stability of proposed excava-
tions for two caverns and intersecting tunnels. Geological variations have been accounted for by 
modelling two different geological zones with two different material models taking into account 
the strength anisotropy of phyllites. Stresses and the resulting plastic zones have been studied to 
estimate the support requirements for the proposed excavations. From the analysis it is seen that 
the maximum total deformation occurs in BVC where the proportion of weaker rock SP is more. 
The excavation of vertical shaft also adds to the displacement observed in PAC walls. 

The trend of displacements with progress of excavation is also studied to establish stability of 
excavation. The displacement in the crown of the caverns show a stabilizing trend after top head-
ing excavation. Displacement in the walls increase with excavation of each bench and stabilizes 
thereafter. Deformation behavior of the excavation is studied through displacement vector dia-
gram. Monitoring points and sections are specified in the analysis to facilitate calibration of the 
model with progress of excavation on site. The same sections are proposed for instrumentation 
for fair comparison of predicted and measured values of displacements. Simulation of each round 
of excavation in the numerical model ensures that a realistic support installation sequence is mod-
elled and will also enable calibration of the model at any stage of excavation. Calibration of the 
model will include updating geology for any significant variation observed during excavation and 
re-assessment of rock mass parameters based on the difference in predicted and observed defor-
mations. 

While assessment of geotechnical parameters is a difficult job for engineers, systematic design 
using the principles of observational approach can help the designers to assess the effect of various 
parameters on the stability of excavation. Three dimensional numerical models can provide a basis 
for design and calibrations of these models can make them more reliable. 
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1 INTRODUCTION 

Shenzhen Pump Storage Power Station (hereinafter referred to Shenxu) is located in the eastern 
Shenzhen, Guangdong Province, China. The underground powerhouse is seated in granite at a 
depth around 300m from ground surface. Four sets of joints, among which two appear dominat-
ing, are well presented within the cavern area. No major geological structures such as faults or 
shears have been identified. The size of the cavern is 26 m wide and 56 m high. The longitude 
axis is oriented in the direction of NE40°. All these features can be summarized as large opening 
in hard rock at shallow depth.  

It is commonly-known that there are three typical failure modes: squeezing; block instability; 
as well as stress-induced failure. These are dependent upon ground conditions such as strength 
of intact rock, density of discontinuities, and in-situ stress level. Although the three modes may 
co-exist in some cases (such as the Bahetan Cavern) due to complexity of geology condition 
(Zhu 2012 & 2013), the features of Shenxu Carven indicate a potential failure mode of block in-
stability. Such failure mode is usually controlled by the geological structures, and well-
presented joints at this particular project. 

Joints are usually assumed to be randomly-distributed because of the large number and the 
less importance of each single one in general. A few schemes to simulate joint distribution have 
been developed in the past in order to perform stability studies of blocks formed with joints. In 
addition to the approach of using probability functions introduced by J. Hudson in 1983, a 
method based on discrete mathematics was created by Zhu in 1997 and validated by Wang in 
2002. H. Li (2015, internal report) has recently developed a new approach to simply interpolate 
the “joint seeds” mapped along boreholes into the blank areas in between. Joint network can be 
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generated with each of these approaches by using the corresponding feature in ItasCAD (2015), 
a computerized code under development in Itasca Consulting China Ltd.  

A joint network is generated based on the assumption of randomness regardless which ap-
proach above is employed. One of the reasons to make such assumption is lack of access to reli-
ably collect joint information in the area of interest before it has been exposed through excava-
tion. The downside of using randomly-distributed joint networks for a block stability study 
using numerical modeling methods is that the locations of instable blocks can’t be reliably pre-
dicted. 

In engineering practice, large openings are often excavated in a sequential manner. Such ex-
cavation approach provides an opportunity to map joints very close to, or even within the area of 
interest. A determined joint network can thus be achieved by simply extending each mapped 
joint. A numerical model built with determined joint network is thus able to reliably predict the 
locations of instable blocks and thus to help design ground support for specific areas. This idea 
has been implemented in the practice of group support design for the Shenxu Cavern during the 
period of construction. The procedure is described in follow: 

1) Map all joints after driving the pilot tunnel of the carven;
2) Extend all mapped joints primarily downwards to generate a joint network;
3) Bring in this joint network into 3DEC (Itasca 2013) and run the model with the given sce-

narios;
4) Identify the locations of instable blocks for the purpose of adding additional rock bolts;
5) For verification purpose, repeat each step to update the joint network and the 3DEC model

after every two excavation steps.

2 3DEC MODELING 

2.1 Model construction 

3DEC is ideally suitable for block stability study and thus was used for modeling the Shenxu 
Cavern. As shown in Figure 1, the geometry of Shenxu Carven is modeled with 3DEC prior to 
generating any joints. The excavation sequence has been precisely modeled as shown in the left-
below. Excavation starts with a pilot tunnel just under the crown and sequentially extends 
downwards.   

Figure 1. 3DEC model showing Shenxu Cavern geometry and the excavation sequences. 
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Two plots on the right-hand side show the longitude-section and cross-section of the 3DEC 
model, respectively. Three color-coded zones are defined surrounding the cavern for the purpose 
of joint network generation and block zoning. Joints are assumed to extend within these three 
zones only, which is sufficient for block stability study. Blocks are set to be deformable during 
the computation.  

It is required to map all geological structures including fractures and joints after rock mass 
has been exposed through excavation. Following this industrial standard, fractures and joints in 
the carven area have been mapped after driving the pilot tunnel. A determined joint network can 
thus be generated by simply extending the mapped structures throughout the volume of interest 
that is represented with the three pre-defined zones in the 3DEC model. Figure 2 shows the trac-
es of all pronounced joints (in green) and fractures (in red) on the upstream and downstream 
side walls of the cavern, respectively. All these traces were generated by extending the actual 
ones mapped after the excavation step #2.   

Figure 3 illustrates the updated 3DEC model in which a determined joint network has been 
generated, using the mapped data after the excavation step #2. The traces below the excavated 
area are assumed as extensions of the mapped ones above. Fractures in Figure 3 are identified 
with lines in red and joints are in dark gray. The plot on left-hand side shows the structure traces 
on the crown. Traces on sidewalls in the 3DEC model are shown in the two plots on right-hade 
sides.  

Figure 2. Geological structure traces on sidewalls generated using the mapped data after excavation step 
#2. 

Figure 3. Updated 3DEC model showing the determined joint network generated by extending the 
mapped structures. The lines in red represent factures and the green are joints. 
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2.2 Input and calibration 

A sub-vertically dominated in-situ stress regime has been provided as input for the numerical 
excise. This stress regime is described with the magnitudes and orientations of the three princi-
pal stress components in below:  

Stiffness for all joints and fractures was initially assumed by the authors based on the past ex-
perience gained particularly from the extensive 3DEC modeling practices for the Baihetan Cav-
ern studies. 

A site visit was made after the excavation step #4 had been completed. Site observations 
showed a good agreement with locations of potentially-instable blocks represented with loose 
ground and ground falls of small rocks. Additional rock bolts had been installed in one area to 
provide extra support to the ground. Such agreement indicates that the 3DEC model with deter-
mined joint network is able to reliably predict the locations where potentially-instable blocks are 
distributed. However, it has been found that the model significantly over-estimated the dis-
placement as well as rock bolt loadings in particular. The relative relation/order of ground dis-
placement magnitudes among upstream sidewall, downstream sidewall, and the crown do not 
compare well with the model. In reality, generally the largest displacement appeared on the up-
stream sidewall and followed with downstream sidewall. The crown showed the smallest dis-
placement. The model indicates the displacements on downstream sidewall are generally larger 
than the upstream, which indicates the necessity of calibrating the relevant inputs. 

The photo in Figure 4 was taken on the site after the completion of excavation step #4. It 
shows that at this depth fractures have been developed in the floor by the excavation-induced 
stresses. The location of this fractured zone intends to indicate an in-situ stress regime with the 
first principal stress sub-horizontally oriented and slightly-dipping towards the upstream. Such 
indication is significantly different from the data listed in Table 1. Since there is no updated 
stress measurements to verify, and to correct when necessary, the initial information at this re-
gard, the authors have simply changed the orientations of principal stresses as shown with cali-
brated figures in Table 1.  

The models used to calibrated in-situ stresses are able to correctly represent the relations of 
displacement magnitude among sidewalls and crown. However, the displacement magnitudes 
and rock bolt loadings are still significantly over-estimated with the models. Such disagreement 
required the calibration of joint properties, or the stiffness in particular. A number of model runs 
have been performed with different combinations of stiffness for fractures and joints, respective-
ly. The final or calibrated properties used for future model runs are listed in Table 2, with which 
the site measurements of both displacements and rock bolt loadings can be reasonably repre-
sented with the 3DEC models. The calibrations can be validated with the descriptions of model-
ing results in the next section of this paper.  

Figure 4. Photo taken on the side showing a stress-induced facture zone in the floor, which indicates a na-
ture of sub-horizontal stress regime. 
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Table 1. Orientations of in-situ principal stresses. 
__________________________________________________________________________________________________________ 

s1 s2 s3 
mag/Mpa a b mag/Mpa a b mag/Mpa a b 

__________________________________________________________________________________________________________ 

Initial 11.5 72° 66° 7.0 252° 10° 6.0 162° 20° 
Calibrated 11.5 140° 25° 7.0 320° 10° 6.0 50° 20° 
__________________________________________________________________________________________________________ 

Table 2. Properties of fracture and joint. 
__________________________________________________________________________________________________________ 

kn / Mpa ks / Mpa c / Mpa φ / ° 
__________________________________________________________________________________________________________ 

Fracture 2.0 1.5 0.06 27 Initial 
20.0 15.0 0.06 27 Calibrated 

__________________________________________________________________________________________________________ 

Joint 5.0 3.0 0.1 30 Initial 
50.0 30.0 0.1 30 Calibrated 

__________________________________________________________________________________________________________ 

3 MODELING RESULTS AND APPLICATIONS 

A number of model runs have been performed using the calibrated inputs, among which the 
joint network was generated using the mapping data after the excavation step #2. Model runs in-
clude two major scenarios of unsupported and supported. The unsupported scenario intends to 
help identify the locations of potentially-instable blocks and their stabilities. The support system 
has been simulated with the supported scenario to check if the loading levels of rock bolts are 
under the design limit.  

3.1 Results and analysis with unsupported scenario 

Figure 5 presents the displacements on sidewalls with the unsupported scenario after the com-
pletion of cavern excavation. The accumulated displacement is color-coded by magnitude. The 
legend of displacement contour is same as what in Figure 7.   

It can be seen in Figure 5 that the displacement on upstream sidewall (left) is generally larger 
than the downstream (right), which is consistent with site observation and monitoring. The es-
sential reason is that the dominating joint set somewhat dips towards downstream side.  

Figure 5 shows the displacements larger than 60 mm (in red) are controlled by geological 
structures. Consequently, the large displacements indicate the potential of block instability. Be-
cause the locations of each joint and fracture are fairly reliable, the locations of the potentially-
instable blocks referred with the model are considered reliable for engineering design. As shown 
in Figure 5, there is a rather large area in red on upstream sidewall where a turbine unit #4 is 
proposed to install. The large displacements indicate that this particular area (turbine unit #4) is 
most concerned of the lowest factor of safety for blocks there. Additional support may be need-
ed in order for the ground to meet the required safety standard.  

Figure 6 shows the changes of displacements over each excavation step at various locations in 
the model. Most curves turn to be flat during the late steps of excavations, which indicates a sta-
ble condition of the ground at corresponding locations. The curves marked with P1 and P7 show 
tendency of continually increasing of ground movement and exceed the magnitude of 60 mm. In 
other words, there is possibility for the blocks to fall at the locations with model-referred dis-
placements larger than 60 mm.   

Figure 7 shows the displacement on four cross-sections cutting through the four turbine units. 
The left hand-side of each cross-section corresponds to the upstream sidewall. It can be seen on 
the very right-hand side plot side that instable blocks extend to maximum depth of 7.3 m in hor-
izontal. Such depth exceeds the length of longest rock bolt of 6.0 m in the designed symmetrical 
support pattern. The systematic rock bolts do not seem to be sufficient enough to stabilize the 
potentially instable blocks in the #4 turbine unit area on upstream sidewall. Thus it has been de-
cided in engineering practice to add additional 9 m-long rock bolts onto this particular area. 
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a) Displacements on upstream sidewall b) Displacements on downstream sidewall

Figure 5. Block displacement contour on longitudinal section of sidewalls. 

Figure 6. Displacement changes over excavation steps at various locations. 

Figure 7. Cross-section views cutting through the four turbine units showing displacements, color-coded 
with magnitude. 

3.2 Results and analysis with supported scenario 

A systematic bolting pattern has been designed prior to the construction. As shown in Figure 8, 
the spacing between rock bolts remains constant of 1.5 m throughout the cavern area. The 
lengths of rock bolts vary from 5 m in the crown to 6 m and 7 m on sidewalls, as well as 9 m in 
the shoulder areas.   

440



During the period of construction, additional rock bolts have been applied into the area on the 
upstream sidewall, where instable blocks have been indicated with the 3DEC models before and 
after the calibration. These additional bolts, together with the pre-designed systematic support 
pattern, were modeled with 3DEC for the support scenario runs.   

Figure 9 shows the model-referred displacements distributed on upstream sidewall (upper 
left), downstream sidewall (upper right), and cross-sections cutting through the four turbine 
units (bottom). In the model runs, excavation and support have been simulated sequentially fol-
lowing the construction procedures in reality.  

 
 

 
Figure 8. Systematic support pattern by design for the cavern. 

 
 

 
a) Displacements on upstream sidewall        b) Displacements on downstream sidewall 
 

 
c) Displacements on cross-sections cutting through the four turbine units  

Figure 9. Model-referred displacement distributions with support scenario. 
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Compared with the results in Figure 5 and Figure 7, it can be seen from Figure 9 that the sup-
port can effectively control the ground displacements. The maximum displacement has been re-
duced to the level of below 40 mm throughout the cavern, except for a relatively small area on 
the upstream sidewall near the turbine set #4.Figure 10 presents the displacement changes over 
each excavation/support step at various locations in the model. Different from the unsupported 
scenario, it shows that the displacements at all these locations can converge to constant at the 
maximum magnitude of around 60 mm. It indicates that the supported ground is able to remain 
stable, even though the accumulated movement at some spots has reached to a relative large 
magnitude of around 60mm. 

Figure 11 shows the velocity, a parameter in 3DEC computation, which can be used to identi-
fy instability or ground fall. The velocity in a stable ground intends to converge to zero when the 
model has reached equilibrium, or vice versa. The velocity contours in Figure 11 indicate a sta-
ble ground condition on these four cross-sections.  

Statistical analysis of calculated rock bolt stresses shows a maximum magnitude of 120 MPa, 
which is consistent with monitoring results in reality. Both indicate that all rock bolts are in a 
safe condition and meet the industrial standard. 

a) Upstream b) Downstream

Figure 10. Displacement changes over excavation/support steps at various locations 

Figure 11. Cross-section view showing velocities, cutting through the four turbine units 

4 CONCLUSIONS 

Through the exercises described in this paper, it has been shown that a determined joint network 
can be generated with 3DEC by explicitly extending traces mapped on-site. The 3DEC model 
with determined joint network can not only examine the stability of blocks formed with geologi-
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cal structures, but also reliably predict the positions of potentially-instable blocks. The latter one 
is often a desire to engineers for applying additional support into the specific areas.  

The numerical modeling practice at Shenxu Cavern has again indicated the importance of 
model calibration in order to achieve reliable modeling results. Understanding of site occurrenc-
es remains essential for calibrating the inputs. In this particular case, orientations of principal 
stresses have been calibrated primarily based on site observation of stress-induced fracture zone. 
Joint stiffness has been further calibrated against site measurements. 

The 3DEC model with determined joint network has reliably predicted the locations of poten-
tially instable blocks on the upstream sidewall. The findings through the model have directly led 
to a change of support design. Additional rock bolts have been applied into the concerned area 
referred by the modeling results. 
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1 INTRODUCTION 

The Airport Way South Viaduct was originally built in 1928 and consisted of a 516-meter long 
elevated structure (a 125-meter North approach, a 251-meter Main Span, and a 140-meter South 
approach) to provide grade separation between Airport Way South and the Union Pacific, North-
ern Pacific and Seattle to Tacoma Interurban railroad tracks. With over 13,000 vehicles traveling 
on Airport Way South daily, the structure experienced increased deterioration over time. In 2010, 
Seattle Department of Transportation (SDOT) started the Airport Way South Viaduct Replace-
ment project as part of the Bridging the Gap program of City of Seattle. The project consists of 
replacing the north and south timber trestle approach structures with additional bridge spans and 
mechanically stabilized earth (MSE) fill approaches. 

The MSE fill approaches (North and South Approaches) were originally designed to be sup-
ported on improved ground with compaction grouting techniques to mitigate the settlement in-
duced by soil liquefaction during a design earthquake event. Construction associated with com-
paction grouting was started and completed within the eastern two-thirds of the North Approach 
area. Early return of the compaction grout occurred at depths ranging from less than 1.5 meters to 
more than 6 meters, resulting in highly variable and lower than expected grout volumes injected 
in the ground. In addition, excessive ground movements caused by the compaction grouting also 
posed a high risk of damaging the existing sensitive utilities at the project site. In order to achieve 
a more consistent ground improvement effect and to reduce the risk of damaging the existing 
sensitive utilities nearby, DSM was identified as a more suitable method for the remaining area at 
the North Approach and the entire South Approach area. 

A FLAC3D simulation for deep-soil-mixing design of Airport 
Way South Viaduct replacement project 

W. He
City of Seattle, Seattle, Washington, USA

ABSTRACT: This paper presents a FLAC3D modeling of a deep-soil-mixing (DSM) design and 
analysis for a viaduct replacement project in Seattle, Washington. The design is for Airport Way 
South Viaduct which was originally built in 1928 and experienced increased deterioration over 
time. The project included replacement of the north and south timber trestle approach structures 
with mechanically stabilized earth (MSE) walls and ground improvement to mitigate compressi-
ble/liquefiable soil conditions at the new MSE wall approaches. The ground improvement was 
designed to consist of structural concrete load transfer slab over DSM soil-cement columns. 
FLAC3D numerical simulation techniques and simplified analysis were employed to evaluate the 
performance of design for both static and post-earthquake condition in order to meet stringent 
performance criteria. By including the load transfer slab in the analysis, the amount of DSM col-
umns and ground improvement in the original design were significantly reduced. The maximum 
measured settlement satisfied the specified performance criterion. The viaduct was re-opened to 
traffic one month earlier than the 14-month maximum closure requirement. The project also re-
covered over two months of construction delays that occurred during the original compaction 
grouting construction, and saved over $600,000 compared to the original design. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 06-08
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0
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2 SUBSURFACE SOIL PROFILE 

Based on previous geotechnical exploration and additional Cone Penetration Tests (CPTs), sub-
surface soils appear to generally consist of fill, alluvium, estuarine, beach and colluvium deposits 
overlying the Blakely formation (bedrock). The subsurface soils generally consist of loose to me-
dium dense sand overlying compressible clayey silt to stiff sandy silt. The bedrock was found to 
be dipping from east to west and from north to south within the North Approach embankment 
footprint. Groundwater was interpreted at depths ranging from 1.2 to 2.7 meters below the ground 
surface within the North Approach embankment footprint. The bedrock was found to be dipping 
from north to south within the South Approach embankment footprint. Groundwater was inter-
preted at depths ranging from 2.4 to 2.7 meters below the ground surface within the South Ap-
proach embankment footprint. 

3 DEEP SOIL MIXING DESIGN ANALYSIS 

3.1 General design concept 

Liquefaction potential of subsurface sandy soil layer under design earthquake event was evaluated 
to be significant. In addition, compressive clayey silt presents across the area of proposed ap-
proaches. The total estimated settlement including liquefaction induced settlement and consolida-
tion settlement exceeded the project design criteria. Due to the uneven thickness of liquefiable 
layer, compressible layer and bedrock, the estimated differential settlement without ground im-
provement was also estimated to be unacceptable. Engineers were challenged not only to design 
a ground improvement plan but also to evaluate the effectiveness of ground improvement. DSM 
with load transfer slab was identified as a more suitable method than compaction grouting for the 
project. 

The recommended DSM ground improvement system is similar to the conventional ground 
improvement system used for embankment on soft ground. A cement-based slurry is introduced 
into the soil and mixing via augers to generate columnar soil-cement mass. The soil is improved 
by means of replacement of liquefiable and compressible soil and reducing shear strain under 
seismic condition in soil deriving from stiffer and stronger soil-mass columns. In addition, the 
recommended DSM ground improvement system utilizes a reinforced concrete slab as the load 
distribution platform instead of a gravel layer. The design concept of the system is to utilize the 
reinforced concrete slab to distribute the load from the MSE walls to the DSM columns in a uni-
form manner and to more effectively engage the load resisting capacity of the DSM columns. This 
results in a more optimized design that requires less DSM columns and reduces the impact to the 
construction schedule. Another important feature of the recommended DSM ground improvement 
system is the utilization of a load transfer gravel layer between the reinforced concrete slab and 
the DSM columns. One of the key functions of this load transfer gravel layer is to isolate the DSM 
columns from the reinforced concrete slab to minimize the transfer of shear forces from the MSE 
wall to the DSM columns, especially under seismic conditions. The high friction resistance of the 
gravel layer will also prevent the MSE wall from sliding under seismic conditions. 

The DSM design process is an iteration process between simplified and semi-empirical analysis 
and numerical techniques. Preliminary DSM columns were design on the basis of simplified and 
semi-empirical analysis including consolidation analysis, liquefaction analysis and pile capacity 
analysis. Three dimensional finite difference analysis via FLAC3D (Itasca 2009) was used to eval-
uate the DSM performance of designed ground improvement. The simulated DSM performance 
was compared with design criteria in order to optimize the design. 

3.2 Soil design properties 

Based on the CPT data within the approach embankments, general subsurface soil properties were 
developed on the basis of correlation between CPT test data and engineering properties developed 
by National Cooperative Highway Research Program (NCHRP) Synthesis 368 (2007). North Ap-
proach soil properties were summarized in following Table 1. South Approach soil properties 
were summarized in following Table 2. 
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Table 1. Soil properties-north approach. 
__________________________________________________________________________________________________________ 

Unit weight 
Soil Unit (kN/m3) Shear Strength Elastic Modulus (MPa) 
__________________________________________________________________________________________________________ 

Sand above GWT 19.64 Φ = 38, c = 0 38.3 
__________________________________________________________________________________________________________ 

Sand below GWT 18.85 Φ = 36, c = 0 (Static) 28.7 (Unimproved) 47.9 (Improved)d 
Φ = 0, c = 24 kPa (Liquefied)a 5.7 (Liquefied)e 

__________________________________________________________________________________________________________ 

Clayey Silt 15.71 Φ = 0, c = 36 kPa (Liquefied)b 57.5 (Unimproved) 
Φ = 0, c = 67 kPa (Liquefied)c 71.8 (Improved)d 

__________________________________________________________________________________________________________ 

Rock 21.21 Φ = 0, c = 479 kPa - 
__________________________________________________________________________________________________________ 

Notes: 
a. The residual shear strength of the liquefiable layer is determined using the correlation between equiva-
lent clean sand SPT blow counts (N1)60-CS and residual undrained shear strength (Seed & Harder 1990);
b. The undrained shear strength of the clay is determined using the correlation: (qt – vo) / Nkt, where qt =
cone tip penetration resistance, vo = vertical stress and Nkt = 15;
c. The improved (compaction grouting) shear strength was calculated based on undrained shear strength
of the compaction grout = 534 kPa;
d. The improved (compaction grouting) modulus of elasticity was calculated as the weighted average
value of the elastic modulus of the compaction grout of 300 qu and the elastic modulus of the existing soil;
e. The elastic modulus of liquefied soil was back-calculated via FLAC3D by means of simulating the liq-
uefaction induced settlement with simplified method analysis results.

Table 2. Soil properties-south approach. 
__________________________________________________________________________________________________________ 

Soil Unit Unit Weight (kN/m3) Shear Strength Elastic Modulus (MPa) 
__________________________________________________________________________________________________________ 

Sand above GWT 19.6 Φ = 38, c = 0 47.9 
__________________________________________________________________________________________________________ 

Sand below GWT 18.9 Φ = 36, c = 0 (Static) 38.3 (Static) 
Φ = 0, c = 24 kPa (Liquefied)a 5.7 (Liquefied)c 

__________________________________________________________________________________________________________ 

Clayey Silt 15.7 Φ = 0, c = 35.9 kPa b 250 
__________________________________________________________________________________________________________ 

Silty Sand 15.7 Φ = 36, c = 0 psf 1300 
__________________________________________________________________________________________________________ 

Rock 21.2 Φ = 0, c = 479 kPa - 
__________________________________________________________________________________________________________ 

Notes: 
a. The residual shear strength of the liquefiable layer is determined using the correlation between equiva-
lent clean sand SPT blow counts (N1)60-CS and residual undrained shear strength (Seed & Harder 1990);
b. The undrained shear strength of the clay is determined using the correlation: (qt – vo) / Nkt, where qt =
cone tip penetration resistance, vo = vertical stress and Nkt = 15;
c. The elastic modulus of liquefied soil was back-calculated via FLAC3D by means of simulating the liq-
uefaction induced settlement with simplified method analysis results.

3.3 DSM columns and structural slab 

Table 3 below presents properties of DSM columns and structural slab used in our analyses. 

Table 3. DSM column and structural slab properties. 
__________________________________________________________________________________________________________ 

Structure Element Unit Weight Unconfined Compressive Strength-qu Elastic Modulus 
(kN/m3) (MPa) (MPa) 

__________________________________________________________________________________________________________ 

DSM 125 2.1 310a – 1,034b 
Slab 150 27.6 24,855.4c 

__________________________________________________________________________________________________________ 

Notes: 
a. The modulus of elasticity for the DSM columns was calculated based on the results of the unconfined
compressive strength tests and the plate load test. The lower bound was assumed as 150 qu;
b. The modulus of elasticity for the DSM columns was calculated based on the results of the unconfined
compressive strength tests and the plate load test. The upper bound was assumed as 500 qu;
c. The structural slab modulus was calculated based on the American Concrete Institute (ACI) semi-em-
pirical equation: 57,000√qu (qu in unit of pound-force per square inch).
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The DSM column properties were determined using the results of the unconfined compressive 
strength laboratory tests and the field plate load test data. Filz et al. (2005) presents the relation-
ship between Young’s Modulus, E, and the unconfined compressive strength, qu, to range from 
75 qu and 1000 qu. Based on the results of the unconfined compressive strength tests performed 
on the DSM column core samples, we estimated the DSM column stiffness to be about 190 qu. 
Two plate load tests were also completed, one at each approach, and the DSM column stiffness 
was back-calculated to range from 500 to 1000 qu. Based on the results of the laboratory tests and 
plate load tests, we completed our numerical modeling assuming a DSM column stiffness of 150 
qu and 500 qu to account for the uncertainties associated with the DSM column stiffness. The 
structural slab properties were determined using the ACI semi-empirical equations for static con-
ditions, this assumes that the slab remains elastic (uncracked conditions). For seismic conditions, 
we used 50 percent of the static modulus (cracked conditions) based on discussions with the pro-
ject team. 

3.4 Settlement evaluation for unimproved conditions 

The elastic settlement analysis was completed based on the procedures developed by 
Schmertmann (1970). Based on the results of the analysis, the elastic settlement within the im-
proved zone with the compaction grouting at the north approach is about 0.6cm, and within the 
unimproved zone is estimated to be about 1cm. The elastic settlement within the proposed ground 
improvement limits for the unimproved conditions at the south approach is estimated to range 
from 2.5 to 5 cm.  

The soft to medium stiff clayey silt layers (alluvium and estuarine deposits) are prone to con-
solidation settlement. These soils were encountered at depths ranging from 9 to 21 meters below 
the ground surface. Based on our consolidation settlement analyses and the planned roadway pro-
files, we estimate that the long term post-construction consolidation settlement due to the new 
embankment weights will be up to 5 cm at the south approach and less than 2.5cm at the north 
approach for existing soil condition. The results of our analyses indicate that the total static set-
tlement (elastic and consolidation) under the proposed embankment loads for the unimproved 
conditions is less than 3.8 cm for the north approach and up to 10 cm for the south approach. 

Soil liquefaction refers to the development of excess pore pressure in saturated sandy soil with 
subsequent loss of strength during earthquake event. In general, soils that are susceptible to liq-
uefaction at this site include very loose to medium dense, clean to silty sand and non-plastic silts 
that are below the water table. We evaluated liquefaction potential using the simplified method 
proposed by Youd et al. (2001). The liquefaction analysis considered a design probabilistic earth-
quake corrected for magnitude 6.8 and a peak ground acceleration of 0.47 g.  

Based on the soil profiles, design engineering parameters and design criteria (AASHTO 2009, 
FHA 1998, FHA 1999, WSDOT 2006), DSM layouts were designed and with estimated perfor-
mance generally meeting design criteria. Figures 1 & 2 present design DSM layout of North Ap-
proach and South Approach respectively. 

4 DSM PERFORMANCE EVALUATION 

Three-dimensional numerical simulation techniques were employed to optimize DSM design and 
evaluate the performance of ground improvement design. FLAC3D (Itasca 2009) was chosen to 
evaluate performance of proposed DSM columns. FLAC3D is a widely accepted explicit finite 
difference analysis commercial software for complicated soil-structure interaction problems. 
FLAC3D is a command driven style software which provides an embedded programming lan-
guage (FISH) that enables user define project specific features. The FISH subroutines could be 
developed to manage large amounts of simulating objects in an efficient and precise way. 

Soil mass was simulated via FLAC3D as solid zones. Solid zones with equivalent concrete slab 
properties were also used to simulate structural slab in FLAC3D. DSM columns were simulated 
as embedded pile structural elements. Soil-DSM interaction was simulated with series of nonlin-
ear soil-pile coupling springs. Due to the large quantity of DSM columns and the iterations be-
tween design DSM layouts and performance simulations, manually DSM geometry data input is 
not practical and efficient. In addition, design DSM layouts need multiple modifications due to 
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conflicts with existing utilities. FISH subroutines were developed in FLAC3D to construct the 3D 
model of DSM columns with the coordinate data files directly from AutoCAD group following 
the DSM design. The consistency between the FLAC3D model and DSM design was efficiently 
maintained. FISH subroutines were also developed for dealing with large amounts of output force 
and moment information of DSM columns. Each DSM column consisted of a number of segments. 
Each segment consisted of numerous information including computed displacements, forces and 
moments in three dimensions. FISH subroutines were developed to sort computed forces and mo-
ments of each DSM columns and each structural joint in order to determine the maximum values. 

Prior to simulating the performance of ground improvement with DSM, the FLAC3D models 
were validated by means of comparing simplified analysis results with model results under exist-
ing soil condition and proposed embankment loading. The magnitudes and locations of settle-
ments under static and liquefied condition in FLAC3D models were observed to be approximately 
equal with settlements determined by simplified consolidation and liquefaction analysis. The de-
tails of performance evaluations were presented in following two sections in north approach and 
south approach respectively.  

Figure 1. North approach DSM design layout. (3.28 ft = 1 m). 

Figure 2. South approach DSM design layout. (3.28 ft = 1 m). 
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4.1 North approach 

Figure 3 shows the FLAC3D model developed for the North Approach, with DSM columns within 
the ground improvement limits. As shown in Figure 3, all DSM columns at the North Approach 
will be tipped into the bedrock. 

Figure 3. North approach FLAC3D model. (3.28 ft = 1 m; 1 inch = 2.54 cm). 

The maximum computed total settlement under the liquefied condition generally ranges from 
5 to 16.5 cm, which are consistent with the estimated liquefaction induced settlement calculated 
using the simplified engineering analysis. The results show that the proposed DSM columns and 
slab system reduces the maximum total static settlement from 3 to 1.5 cm, which is less than the 
specified 2.5-cm criteria. The results show that the proposed DSM-slab system reduces the max-
imum liquefied induced settlement from 16.5 cm to about 2.8 cm. The post-earthquake settlement 
is higher than the specified 2.54 cm criteria. However, the total post-construction settlement (static 
plus liquefied) is estimated to be about 3.6 cm, which is lower than the total specified post-con-
struction settlement of 5.1 cm. The average maximum axial force of the DSM columns for DSM 
Young’s Modulus of 150 qu and 500 qu under the liquefied conditions is computed to be about 
445 kN and 667 kN, respectively. The average factor of safety of the compressive strength of the 
DSM columns under the liquefied conditions is about 2.1 to 3.0. The maximum value of the max-
imum axial force of the DSM columns for DSM Young’s Modulus of 150 qu and 500 qu under the 
liquefied loading conditions is computed to be about 623 kN and 1023 kN, respectively. Pseudo 
static loading condition was also evaluated using FLAC3D with a design seismic coefficient of 
0.23 g, which was ½ of design peak ground acceleration.  

The most critical case in terms of DSM column end-bearing factor of safety is identified to be 
the liquefied case where additional down-drag loads will need to be resisted by the side friction 
of the DSM columns within the non-liquefiable silt and by the end bearing of the DSM columns 
on the bedrock. The average thicknesses of liquefiable soils and the non-liquefiable silt are 6.7 
and 4.3 meters, respectively. Using the residual strength of liquefiable soils of 24 kPa and the 
undrained shear strength of the silt of 36 kPa, we estimate that the down-drag forces will mostly 
be resisted by the side friction of the DSM columns within the silt. The residual strength of lique-
fied soil was determined based on the correlation between equivalent clean sand SPT blow counts 
(N1)60-CS and residual undrained shear strength (Seed & Harder 1990). The axial force that results 
from the weight of the approach embankment under the liquefied conditions will need to be re-
sisted by the end bearing of the DSM columns on bedrock.  
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4.2 South approach 

Figure 4 shows the FLAC3D model developed for the South Approach, with DSM columns within 
the ground improvement limits. 
 

 
Figure 4. South approach FLAC3D model. (3.28 ft = 1 m; 1 inch = 2.54 cm). 

 
As shown in Figure 4, the DSM columns within approximately the northern 2/3 of the ground 

improvement footprint at the South Approach will be tipped into the bedrock. The DSM columns 
within approximately the southern ⅓ of the ground improvement footprint will be limited to 22.3 
meters long and will not be embedded in the bedrock. The FLAC3D model for the south approach 
was also calibrated using the results of our simplified settlement and liquefaction analysis. The 
settlement contours calculated by FLAC3D for static and liquefied conditions (no ground im-
provement) show approximately 12.7 and 28 cm respectively which are consistent with the static 
settlement and liquefaction induced settlement estimated with simplified engineering analysis.  

The maximum computed settlement under the liquefied conditions generally ranges from 32.3 
to 69.6 cm, and is consistent with the estimated liquefaction induced settlement calculated using 
the semi-empirical liquefaction analysis. The proposed DSM-slab system reduces the maximum 
liquefied induced settlement from 28 cm to about 3.6cm. The average maximum axial force of the 
DSM columns for DSM Young’s Modulus of 150qu and 500qu under the liquefied conditions is 
computed to be about 734 kN and 890 kN, respectively. The average factor of safety of the com-
pressive strength of the DSM columns under the liquefied conditions is about 1.6 to 1.9. The 
maximum value of the maximum axial force of the DSM columns for DSM Young’s Modulus of 
150qu and 500qu under the liquefied loading conditions is computed to be about 1023 kN and 1246 
kN, respectively. The average thickness of liquefiable soils and the non-liquefiable silt is about 
10 meters. Using the residual strength of liquefiable soils and the undrained shear strength of the 
silt (24 kPa and 36 kPa, respectively) which are the same as the strength used in North Approach, 
we estimate that the down-drag forces will be resisted by the side friction of the DSM columns 
within the silt. A portion of the axial force that results from the weight of the approach embank-
ment under the liquefied conditions will need to be resisted by the end bearing of the DSM col-
umns on bedrock. Based on our analyses, the factor of safety of the DSM columns end bearing 
capacity is at least 3.0. 

In order to evaluate the shear and moment of the DSM columns, LPILE analyses were com-
pleted to induce the maximum deflected shape estimated by FLAC3D models. The results of North 
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Approach and South Approach indicate that the maximum shear and moment calculated are less 
than the shear and moment capacity of the DSM columns. Table 4 shows a summary of design 
criteria achieved by this design. 

Table 4. Design Criteria 
__________________________________________________________________________________________________________ 

Static Conditions                                         Design Criteria      North Approach       South Approach 
__________________________________________________________________________________________________________ 

Embankment Global Stability Factor of Safety (FOS) >1.5 >1.5 >1.5 
__________________________________________________________________________________________________________ 

Embankment Total Static Settlement       -          1.5 cm  3.6 cm 
__________________________________________________________________________________________________________ 

 Embankment Post-Construction Settlement        ≤2.5 cm  0.8 cm   1.8 cm 
__________________________________________________________________________________________________________ 

 DSM Column Unconfined Compressive Strength FOS   >3.0 >3.0  >3.0 
__________________________________________________________________________________________________________ 

 Embankment Post-Construction Settlement       >3.0 >3.0 >3.0 
__________________________________________________________________________________________________________ 

Seismic Conditions 
__________________________________________________________________________________________________________ 

 Embankment Global Stability Factor of Safety (FOS)    >1.1  >1.1 >1.1 
__________________________________________________________________________________________________________ 

Embankment Post-Liquefaction Settlement    ≤2.5 cm    2.8 cm   3.6 cm 
__________________________________________________________________________________________________________ 

DSM Column Unconfined Compressive Strength FOS   >2.0   >2.0   >2.0 
__________________________________________________________________________________________________________ 

 End Bearing Capacity FOS            >2.0   >2.0   >2.0 
__________________________________________________________________________________________________________ 

5 CONSTRUCTION 

The DSM columns were installed using an ABI-24 Meter track mounted drill rig with a 0.9-meter-
diameter mixing tool and an electric-powered batch plant, agitator, and pressure pump. The ce-
ment grout was mixed on site and then pumped through 12-cm-diameter nozzles as the mixing 
tool was advanced to refusal into the Blakely formation (bedrock) or the design depth. The in-
stalled 91.4-cm diameter DSM columns consisted of a homogeneous mixture of cement grout and 
in-situ soils by a low pressure, wet deep soil mixing method to increase the shear resistance and 
stiffness of subsurface soils over the depths and limits shown on Figures 3 & 4. A test program 
was conducted to ensure the unconfined compressive strength of the DSM soil/cement achieved 
28-day strength of 2.1 MPa. The location and diameter of installed DSM columns were verified 
by open excavated test pits. The plate load tests were completed using the quick load test proce-
dures specified in ASTM D1143-81, Section 5.6.  

Settlement monitoring points were set up along north approach and south approach in construc-
tion phase. Figures 5 & 6 show the monitored settlements during and after construction of North 
Approach and South Approach respectively. The monitored settlements were generally below 
2.54 cm (1 inch) which satisfied design static criteria. The post-construction settlements were 
measured as 0.25 cm to 0.76 cm and 0.76 cm to 1 cm on North Approach and South Approach 
respectively based on survey data. 

Figure 5. Monitored settlement of north approach (1 inch = 2.54 cm). 

452



 
Figure 6. Monitored settlement of south approach (1 inch = 2.54 cm). 

 

6 CONCLUSIONS AND RECOMMENDATIONS 

Based on the results of our analyses, the ground improvement system including DSM columns 
with load transferring structural slab could significantly lower the static settlement and mitigate 
liquefaction induced settlement under the design earthquake event. The design of the DSM col-
umns was completed to meet the design criteria developed by the project team. The performance 
of ground improvement under static condition was validated with monitored post-construction 
settlement data. Based on monitored small ground heaving during construction, DSM columns 
with load transfer slab can be an alternative ground improvement option for the site with existing 
utilities which are sensitive with ground heaving induced by construction activities. Combining 
with simplified and semi-empirical engineering analysis, three dimensional simulation techniques 
can efficiently optimize DSM column design and provide sufficient engineering details for eval-
uation purpose. Three dimensional simulation techniques could be used as an efficient and pow-
erful tool to evaluate structural capacities of each ground improvement component. Combining 
with field plate load test and construction quality control (ensure engineering properties used in 
design were achieved in construction), numerically accessed performance ground improvement 
could be calibrated to a level consistent with field measured performance. 
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Implementation of an approach for unstructured meshing in FLAC 

W.F. Morales 

P. Nater

ABSTRACT: 
is one of the major challenges when defining a boundary value problem (BVP) with complex 
geometry in FLAC. This, together with the experience of the authors in some projects, for which 
the semi-structured mesh generated with the built-in FLAC tools, proved to have strong influence 
in the results, led to the need of developing a procedure for implementing the use unstructured 
meshes. This contribution describes thoroughly an approach to achieve this goal. It includes the 
definition of the geometry and simulation stages of the BVP in GiD, a standalone pre- and post-
processing software. The output files of the preprocessing are modified in GNU-Octave to obtain 
.DAT files, which can be read in FLAC. The process is currently functional and an excavation 
problem is modeled and compared with the results of a model defined in the regular way in FLAC. 
The results demonstrate that the methodology proposed in this paper is viable and the values 
obtained are highly comparable with those used as reference. 

1 INTRODUCTION 

Structure and density of meshing is a major concern for any numerical analyst. The mesh might 
have strong influence in the results, and therefore, they might not represent the behavior of the 
Boundary Value Problem (BVP). 

FLAC is also susceptible to this fact. Indeed, the manuals indicate that for greatest accuracy, 
the aspect ratio of zone dimensions should also be as near unity as possible; anything above 5:1 
is potentially inaccurate (Itasca 2011a). The authors have been involved in some projects in which 
it was observed that the mesh had some degree of influence in the results. This was not an ideal 
scenario, as a considerable amount of time was invested in analyzing this effect. As a conse-
quence, it was decided to develop an approach that allows using unstructured meshes in FLAC.  

The methodology developed requires the use of an external pre-processing tool. This provides 
larger flexibility during the meshing process. It also allows defining the different modeling stages 
and exporting all the data in a text file to be processed afterwards. The software GiD ( 2014) 
was chosen as it offers these options along with its capability for being customize
needs. 

A new problem type was configured for GiD, in which the boundary conditions, structural 
elements and construction stages can be easily defined. Further information about its use and 
capabilities is described by Ri ter the unstructured mesh is generated with quad-
rilateral elements of four nodes each, the information of the whole project is exported to a comma-
separated-value file. This file is then processed with GNU-Octave, a high-level interpreted lan-
guage to write some .DAT files containing the project information that is finally read by FLAC. 
Further information about GNU-Octave is found in Eaton et al. (2014). 
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2! MAIN IDEA 

The 2D domain is discretized into an unstructured mesh of 4-noded quadrilateral elements created 
in the external preprocessor GiD. Each of these elements is mapped to a single zone in FLAC, and 
the interaction between elements is modelled by using the attach command. The final grid in 
FLAC of an unstructured mesh of n quadrilateral elements consists of 1 column and (n⋅2) rows. 
The latter is required as there must be an empty cell between the cells representing the quadrilat-
eral elements for the attach logic to be used successfully. 

Figure 1 presents a segment of a mesh composed of n elements. Note that the numeration of 
neighboring elements must not be consecutive. For instance, in the example the first element (1) 
is adjacent to the last one (n). The figure contains also the element node connectivity expressed 
as node i to node iv, and the correspondence of the global nodes to gridpoint in the FLAC grid. 

The approach proposed assumes that all FLAC zones are mapped in such a way that the element 
local nodes i and iii correspond always to gridpoints (1, k⋅2-1) and (2, k⋅2), respectively, where k 
is the number of the element. Note that global nodes 3, 4, 7 and 9 have a unique (i,j) value, whereas 
the other nodes correspond to X gridpoints, where X is the total number of elements sharing that 
global node. In the example, global node 1 is shared by four elements, and therefore, it corre-
sponds to four different gridpoints.  

 
 

 
Figure 1. Mapping of an unstructured mesh into a single column grid in FLAC. 

 
 
An algorithm is used to identify the common boundaries and to create the corresponding at-

tachments. For instance, the boundary created by gridpoints (1, 2) to (2, 2) from element 1, must 
be attached to the boundary created by gridpoints (1, n⋅2-1) to (2, n⋅2-1) from element n. Both the 
general workflow and the implemented algorithm are described in Chapter 3. It is assumed that 
the reader is familiar with GiD and its procedures. 

3! IMPLEMENTATION 

3.1! General workflow 

1)! Once with GiD active, define the problem as FLAC 2D with the menu Data/Problem 
type/FLAC_2D. 

2)! Import the DXF file with the borders of the geometry if the problem has been drawn in an 
external CAD program, or draw them with the built-in tools in GiD otherwise. 

3)! Create a region for each type of material involved in the problem or for each excavation 
area. 

458



4)! Define the properties of each material and structural elements. At the moment of writing 
this paper, definitions for linear elastic and Mohr-Coulomb materials, beams, liners, piles 
and rockbolts had been included into the module. The definition of materials has all possible 
parameters accepted by FLAC, as shown in Figure 2. The Soil model ID identifies the ma-
terial model, and it has been adopted as 1 for linear elastic and 2 for Mohr-Coulomb. The 
Material ID is used to keep track of the different regions at which the same material has 
been applied. The materials can be copied in order to have 2 or more defined materials of 
the same constitutive model, but with different parameters. In any case, the Soil model ID 
must remain the same. 
 

 

    
Figure 2. Examples of the dialog box for defining the properties of geomaterials and structural elements. 

 
 
5)! Assign the material to each region composing the boundary value problem. 
6)! Assign the boundary conditions. At the moment, only displacements can be fixed. 
7)! Define and create the calculation stages. In GiD they are introduced as Intervals. On each 

of these intervals only one action can be defined, either a change in material or the inclusion 
of a structural element (Fig. 3).  

If the material is going to be changed, the menu data/interval data has to be called and the 
correct interval selected, and the ID of the materials to be changed and its replacement is intro-
duced. These ID correspond to the Material ID introduced earlier when defining the material 
properties. A Material ID to apply equal to zero means that the region to modify is going to be 
eliminated, as happens for instance, during an excavation phase. 

In case that a structural element is going to be applied, the correct interval is selected with the 
menu data/interval/current and then applying the Structure boundary condition (data/Conditions) 
to the appropriate line, as shown in Figure 3, where the type of structural element is selected in 
the pop-up menu and the property ID is given from one of those defined in step 4, together with 
the number of segments to divide the element. 

 
 

   
 
Figure 3. Dialog boxes. Left: define a change of material. Right: define the addition of a structural element. 
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8)! Assign the mesh characteristics such element size, and element concentration. This is the 
crucial step of this implementation because it defines the quality of the mesh. Those lines 
with some structural element assigned had to be selected to be meshed (meshing/mesh cri-
teria/mesh/lines). Additionally, a high value for mesh size has to be defined for those lines 
representing rockbolts. This is required in order to have the rockbolt discretized as a two-
node line. 

9)! Generate the mesh (meshing/generate). 
10)!Export the calculation file (file/export/calculation file). 
11)!Run the script element_connectivity.m, in GNU-Octave or in Matlab. This routine reads the 

file from the GiD output and generates the required files to be called in FLAC. This routine 
is described in the next section. 

12)!Create a new project in FLAC, including the call to those files obtained previously and 
described in Section 3.3 

3.2! GNU-Octave script 

The programming language in GiD allows only few predetermined commands to be used. There-
fore, it is extremely complicated to create an output file that could be read directly in FLAC. As a 
consequence, a routine was written in GNU-Octave, a high-level interpreted language similar to 
Matlab. The routine reads and process the data from the GiD output and generates several .DAT 
files, which can be called from FLAC. 

The routine begins reading the file from GiD and storing it into several arrays containing di-
verse information such nodes coordinates, nodes composing each element, material assigned to 
each element, boundary conditions and data for each interval. 

The first action is to verify that every element of the mesh has an appropriate geometry. FLAC 
treats each quadrilateral element as an overlaid pair of triangle elements, and if both are highly 
distorted a bad geometry error is issued (Itasca 2011a). By default, FLAC uses the ratio between 
the triangle area and the corresponding quadrilateral area as error criterion. By default, this value 
is 0.2, but it can be modified with the command set geometry η, where η is the area ratio (Itasca 
2011b).  

The script verifies all four triangular sub-elements of each cell, and displays the coordinates of 
those elements that not comply with the criterion. This happens when the mesh includes highly 
elongated elements. In this case, the mesh has to be manually modified with the command mesh-
ing/edit mesh/move node. 

The most intuitive process to determine the connectivity of the elements would be by looping 
within the elements and testing what element are connected. This process can be fast if the element 
numbering is always sequential because the seeking algorithm could be reduced to some elements. 
However, GiD numbers elements randomly, creating a difficulty for implementing an efficient 
algorithm. Nevertheless, it was found that looping through nodes was computationally more effi-
cient, and therefore, the seeking algorithm was designed accordingly. 

All the quadrilateral elements connected to a node are listed and the connections are sought by 
comparing their common nodes. For example, in Figure 1 node 1 is related to four elements. The 
algorithm lists the elements in ascending order, i.e. 1, 2, k, n. Then, it takes the first element of 
the list (element 1) and stores its node connectivity (9, 8, 1, 2) and searches for the possible com-
binations around node 1 (8, 1 & 1, 2) in the nodes connectivity list of the other elements. In this 
process it finds that element n has the nodes 1, 8 and element k has the nodes 2, 1. Therefore, they 
are identified as connected to element 1. Note that in the example the nodes order is swapped, but 
this is not the general rule. For an element with node connectivity = [d a b c] neighboring an 
element with node connectivity = [g e c f], there are only four options, as elements are always 
clockwise, when evaluating node c: 

i) [b c] = [f c] 
ii) [b c] = [c e] 
iii) [c d] = [f c] 
iv) [c d] = [c e]  

Special care was taken to avoid duplicate attachments, i.e. once an element connection is found 
it cannot be defined again. In the example, the connection of element 1 to n will be ignored when 
analyzing the connection of node 8. 
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3.3! Output files 

The GNU-Octave script creates a minimum of 5 files. Some additional files are created for each 
interval of analysis. Therefore, the total number of files is 5 plus N, where N is the total number 
of intervals defined. Below a brief description of each file is given: 
−! mesh.dat: Creates the configuration of the grid, defining the number of row zones twice 

the number of elements in the mesh. Additionally, it contains the mapping of the zones to 
the element coordinates with the generate command. 

−! mat_cells.dat: Contains a routine to assign the initial material properties to each active 
zone. 

−! mat_table.dat: Contains a table where the first column corresponds to the element ID and 
the second column to its initial material definition.  

−! attach.dat: Contains all the calls to the attach command to create the bonding between 
elements. 

−! bound_cond.dat: Defines all the initial restrictions in displacement. 
−! seq_1.dat … seq_N.dat: Files with the information regarding each analysis interval, either 

inclusion of structural elements and their structural nodes or definition of change of material 
properties. 

4! EXAMPLE 

The procedure proposed was tested and compared with a BVP solved with a regular structured 
mesh generated with the built-in tools in FLAC. Two models using the approach proposed were 
evaluated, one using the same mesh configuration as for the reference model, which serves for 
direct comparison. The second model used an irregular unstructured mesh, which is the main goal 
of the methodology proposed.  

Figure 4 illustrates both type of meshes used. The problem consists of a square excavation in a 
Mohr-Coulomb material, whose parameters are listed in Table 1. The excavation has a width of 
20 m and a height of 10 m. The crown of the excavation is located 25 m below the surface. Only 
half of the excavation is modeled due to symmetry. The regular structured mesh has 6000 zones, 
whereas the irregular unstructured mesh has 6064 elements. This mesh was adjusted to have a 
similar number of elements in the both model and the vicinity of the excavation. 

 
 
 

  
Figure 4. Meshes used for testing the methodology proposed. Left: mesh used for models with regular 
structured mesh. Right: mesh with unstructured irregular mesh. 
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Table 1. Material properties used in the test problem.  
Bulk stiffness 

[MPa] 
Shear stiffness 

[MPa] 
Friction angle 

[°] 
Cohesion 

[kPa] 
Dilation angle 

[°] 
Density 
[kg/m3] 

555 416 33 100 0 2700  

 
 
Two scenarios were analyzed: i) an excavation of the first phase (region color violet in Fig. 4) 

without any support, ii) excavation performed in three phases (or intervals), where firstly, the 
violet region is excavated and a liner is applied to the whole excavation surface, secondly, the red 
region is excavated and the liner is applied to the roof, and finally, the yellow area is removed and 
a liner in the invert is placed. In all cases the liner is placed simultaneously with the excavation, 
i.e. no relaxation of the stresses is allowed. The liner is 0.5 m thick and has a Young’s modulus 
of 16 GPa and a Poisson’s ratio of 0.2. The liner is applied to each element with 5 segments. 

An important issue appeared during the solve process. The solve command did not start cycling 
to find a solution most of the times when no structural elements were included in the problem. 
Instead, it stopped after two cycles, or the results were completely awkward. As an attempt to 
overcome this problem, some cycles were applied manually with the command line ‘cycle’ before 
using the command ‘solve’. In fact, it was found that the main issue is that the internal variable 
mech_ratio, which determines the end of the solve is not initiated until some steps are previously 
applied to the system. The threshold of cycles needed to initialize mech_ratio was not fixed, and 
found to be problem dependent. Nevertheless, in some cases it was found that even though the 
variable was active the solve command did not cycle until the ratio specified (1e-3). As a conse-
quence, the user has to verify that this criterion is fulfilled. Also, a specific function, with an 
arbitrary convergence criterion, for solving the problems had to be written. 

This function applies 1 cycling step to assign a convergence variable max_unbal the value of 
0.001⋅unbal. The function applies then 500 cycling steps and verifies the conditional un-
bal < max_unbal. If this condition is not complied, then steps another 500 steps until it is ensured 
or 300,000 steps have been performed. Although the criterion for max_unbal is arbitrary, it was 
found that the models reached values of mech_ratio lower than 1e-3. However, it might be a cause 
for inefficiency of the methodology proposed.  

Table 2 summarizes the time and files sizes needed to solve the problem. The approach pro-
posed lasts more than 10 times to solve some stages and requires more than 20 times of hard drive 
space for the problem to be solved. Although this might be considered inefficient, it might be 
worthy for problems with very complex geometry.  

 
 

Table 2. Comparison of required time and file size for all three cases. Cases: A: Initial stress; B: Excavation 
no liner; C: 1st excavation and liner; D: 2nd excavation and liner; E: 3rd excavation and liner.  

Analysis Regular FLAC Regular unstructured Irregular unstructured 
 Time 

[s] 
Steps 

[-] 
Size 

[MB] 
Time 

[s] 
Steps 

[-] 
Size 

[MB] 
Time 
 [s] 

Steps 
[-] 

Size 
[MB] 

A 8 4668 4.7 12 5001 47.1 51 5501 85.3 
B 12 8172 5.1 42 5001 69.0 26 3501 131.8 
C 24 2604 5.4 112 10209 69.2 112 13500 132.0 
D 175 100802 5.7 810 116379 80.1 856 103114 178.7 
E 74 34910 6.0 216 28722 90.9 450 58211 202.0 

 

The initial stress condition was imposed by solving the body forces with a gravity of 9.8 m/s2. 
An issue was found during this process for the irregular unstructured mesh. It was expected that 
the displacements would be totally vertical and uniform along the vertical boundary, as the mass 
is compacting due to its own weight. Instead, an anomaly was observed at 34 m, measured from 
the left, and it consisted in a non-uniform deformation, as shown in Figure 5. This created that the 
stress field was not completely uniform, and it results in differences in the results in relation to 
the reference solution. 
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Figure 5. Anomaly in the deformation of the upper boundary under gravity loading. 

Table 3. Results obtained with all three models.δmax: maximum displacement; Amax: maximum axial force 
in the lining; Mmax: maximum bending moment in the lining.  

Analysis Regular FLAC Regular unstructured Irregular unstructured 
δmax

 [mm] 
Amax
[MN] 

Mmax 
[MN⋅m] 

 δmax 
[mm]

Amax
[MN] 

Mmax 
[MN⋅m] 

δmax
 [mm] 

Amax
[MN] 

Mmax 
[MN⋅m] 

Exc. no liner 30.5 - - 29.9 - - 30.2 - - 
1st exc. + liner 5.3 1.73 0.51 5.1 1.71 0.50 5.9 1.72 0.53 
2nd exc. + liner 176 2.73 2.31 181 2.74 2.41 144 2.76 1.90 
3rd exc. + liner 176 2.67 2.30 181 2.68 2.41 144 2.69 1.89 

Table 3 summarizes the results of the maximum displacement of the BVP, and the maximum 
axial force and bending moment in the liner. The maximum displacement for the first two analyses 
is similar with all 3 meshes. However, for the two latest stages, a prediction of a displacement 
5 mm greater was obtained with the regular unstructured mesh, but nevertheless, it might be con-
sidered accurate enough for this exercise. On the other hand, the displacements obtained with the 
irregular unstructured mesh was 32 mm smaller than the reference solution. 

This might indicate a problem with the solution obtained with the methodology proposed. How-
ever, the similitude obtained with this approach and the same mesh of the reference might be 
pointing to another underlying issue that also led to the wrong deformation obtained during the 
gravity loading stage (Fig. 5). 

The values of axial force and bending moment are similar for all 3 models, except for the bend-
ing moment calculated with the irregular unstructured mesh, for which the moments are smaller. 
This might be a consequence of the smaller displacements calculated, as noted above.  

A qualitative analysis might be done with Figures 6 to 11, where contours of total displacement, 
vertical stress at the end of both scenarios analyzed, and the axial forces and bending moments at 
the end of the excavation process are presented. Again, a larger similitude is observed for 
the regular FLAC mesh and the regular unstructured mesh. An interesting point is the 
development of a stress discontinuity at the lower right corner of the excavation. It is incipient 
for the former model, but clearly formed in the solution with the irregular unstructured mesh.  

This was not found to be a consequence of a plotting problem, as the values in those cells were 
checked with the Print command. Instead, it is considered to be a problem of the mesh used to 
discretize the BVP, as it was observed in both the classical and the proposed approach. However, 
this analysis is beyond of the scope of this contribution, and therefore, should be address later. 

Figure 6. Contours of total displacement for the first excavation stage without liners. Left: regular FLAC 
mesh; Middle: regular unstructured mesh; Right: irregular unstructured mesh. 
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Figure 7. Contours of vertical stress for the first excavation stage without liners. Left: regular FLAC mesh; 
Middle: regular unstructured mesh; Right: irregular unstructured mesh. 

   
Figure 8. Contours of total displacement for the final excavation stage with liners. Left: regular FLAC mesh; 
Middle: regular unstructured mesh; Right: irregular unstructured mesh. 

 
 

   
Figure 9. Contours of vertical stress for the final excavation stage with liners. Left: regular FLAC mesh; 
Middle: regular unstructured mesh; Right: irregular unstructured mesh. 

   
Figure 10. Axial forces acting in the liner at the end of the construction process. Left: regular FLAC mesh; 
Middle: regular unstructured mesh; Right: irregular unstructured mesh. 
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Figure 11. Moments acting in the liner at the end of the construction process. Left: regular FLAC mesh; 
Middle: regular unstructured mesh; Right: irregular unstructured mesh. 

 

5! DRAWBACKS 

Some issues and drawbacks have been found during the implementation of the methodology. 
These require further study in order to have a stable workflow. On the other hand, some of these 
might have been solved with the new version of FLAC (V8.0). 
−! The visualization of the stresses contours is not continuous. This is due to the stress is a 

constant value for the cell, and with the implemented procedure, it does not interpolate it, 
as done with regular meshing with FLAC built-in tools.  

−! As mentioned above, the command solve sometimes does not always work as it should. It 
was found that applying some cycling steps before launching the solve command were re-
quired. However, it was found that this was not always an effective workaround. As a con-
sequence, a specific function for solving the problems, with an arbitrary convergence crite-
rion, had to be written. This might lead to inefficiency problems.  

−! Numerical instability was often observed when using structural elements. The major prob-
lem occurs if one wants to define structural nodes attached to the grid before applying the 
structure. For instance, defining the location of the nodes of a lining before the excavation. 
This is because structural element nodes cannot be attached to attached gridpoints (Itasca 
2011c).  

−! In some cases, numerical instability was observed during the cycling process, as illustrated 
in Figure 12. This could be avoided for some BVP by using several segments of the struc-
tural element per cell. 

−! The processing time of the files might be long for some problems, as demonstrated in the 
previous section. Additionally, the size of the files increases in the models created with the 
methodology proposed. 

−! In some isolated cases, the cycling process was stopped when the refresh plot button was 
pressed. 

−! The error out of memory: java heap space is recurrent (Fig. 12). 
 
 
 

  
 
Figure 12. Main errors observed. Left: numerical instability observed when using structural element. Right: 
recurrent java error. 
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6! CONCLUSIONS AND RECOMMENDATIONS 

A novel methodology to implement unstructured meshing into FLAC boundary value problems 
was presented. It uses a single-column grid in FLAC with half of the rows being actually used. 
Each cell represents an element of irregular shape. The coordinates of the element are used to map 
the gridpoints of the grid. Finally, the interaction between elements is taken into account with the 
use of the attach logic in FLAC. 

The process is described with the use of GiD, an external preprocessor, which can create an 
output with the basic information of the problem defined, such nodes coordinates, nodes compos-
ing each element, materials, excavations and material change stages and stages including the use 
of structural elements. The output file is processed in GNU-Octave, a high-level interpreted lan-
guage to create .DAT files with the FLAC standard and commands needed to implement the prob-
lem. Both the basic workflow needed in order to have an operation problem in FLAC the algorithm 
written were described. 

The methodology was applied to a simple excavation problem, which uses some liner elements 
as support. The problem was analyzed with a regular mesh but created with the methodology here 
described in order to have an objective comparison with a model created with the built-in tools in 
FLAC. A third problem models the same BVP, but with an irregular unstructured mesh. 

The results demonstrate that the methodology proposed in this paper is viable and the values 
obtained are comparable with those obtained with the reference model. However, some inconsist-
encies were observed as well as an increase in the processing time required and size of files. 

Some major issues were found when using structural elements in the model. Some workarounds 
were found, but it is highly recommended to investigate these issues in detail. 

Notwithstanding the drawbacks and issues reported, it is considered that the procedure might 
be worth of application in complex problems, where a larger control over the mesh is required, or 
for projects whose geometrical complexity might be complicated to replicate with the built-in 
tools in FLAC. 

It might be relevant to continue evaluating this approach in diverse type of BVP, and an exten-
sion of the script to allow post-processing to be also carried out in GiD might be useful. 

All the files used for this implementation are at disposal by contacting the first author at wfmo-
ralesp|at|gmail.com.  
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1 INTRODUCTION 

Three-dimensional (3D) analyses are being used frequently in current engineering practice. One 
of the key tasks in a 3D analysis is the development of a 3D mesh, which is a time consuming 
process. Meshing tools can greatly help in this process, particularly when complex geometric 
shapes are implicated. This paper describes a methodology for meshing complex landforms; using 
an approach that is simple, efficient and flexible.  

2 MESHING TERMINOLOGY 

For ease of discussion, the meshing terminology used in this paper is defined below.  
– Base mesh: flat arrangement of triangular elements, oriented in any direction and of any

size. Figure 1 shows an example of this arrangement.
– Mantle: 3D surface derived from the base mesh by changing the Z coordinate of the nodes

in the base mesh. That is, while the nodes in the mantle and base mesh have the same X,Y
coordinates; they have different Z coordinates (elevations).

– Upper and lower mantle: two 3D surfaces defining the upper and lower faces of a volume.
Within these two mantles, a volume can be developed.

– Homologous triangles: two triangles that have the same projection on the X,Y plane, one
triangle is contained in an upper mantle and the other one is contained in a lower mantle.
Note that while the X,Y coordinates of the vertexes of homologous triangles are equal, the
Z coordinates are different. The coordinates of the vertexes of two homologous triangles
are listed in Table 1. Triangle U1 belongs to the upper mantle, whereas Triangle L1 belongs
to the lower mantle. A sketch of homologous triangles is presented in Figure 3.

– Column of Elements: formed by stacking elements between homologous triangles.

New meshing implementation for FLAC3D – concepts, 
formulation and applications 

A. Arenas
Golder Associates SA, Santiago, Chile

ABSTRACT: A methodology has been developed for creating, in a simple and efficient manner, 
complex meshes for FLAC3D. Three-dimensional meshing is always a difficult task. There are 
some tools already available but usually they require a good amount of work for preparing the 
input data, and they are, to some extent, complex to use. To overcome these problems, a new 
approach has been developed, which has a major advantage over the more traditional approach. 
It allows for parametric input data, which means flexible and instant mesh creation. This paper 
describes the main concepts of this new implementation and its formulation. Finally, 3D meshing 
examples are provided using Geo Meshing, which is easy to use and a powerful software that uses 
this new approach.   
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Figure 1. Base mesh for a squared area with an inner square polygon. 

Figure 2. Mantle or 3D surface. 

Table 1. Homologous triangle coordinates. 

Triangle U1 Triangle L1 

Vertex 1 Xi Yi Zu1 Xi Yi Zl1 
Vertex 2 Xj Yj Zu2 Xj Yj Zl2 
Vertex 3 Xk Yk Zu3 Xk Yk Zl3 

Figure 3. Homologous triangles. 

3 MESHING 

3.1 General approach 

The general approach for meshing the space between the upper and lower mantle is described in 
the following. The key of the meshing process is to work with homologous triangles to form a 
column of elements. 

Three types of elements are used to generate a column of elements with a numerical algorithm. 
As referred to in the FLAC3D (Itasca 2012) manual, these elements are: a) wedge, b) pyramid, 
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and c) tetrahedron. Note that square faces are most commonly used on the vertical plane and that 
pyramids rest on a triangular faces.  

Figure 4. Basic element types. 

Hi, Hj and Hk are the difference in elevation between vertexes of homologous triangles. If H 
is the height of the element, the numbers of elements (n) constituting the column can be calculated 
as follow: 

ni = round(Hi / H); nj = round(Hj / H); nk = round(Hk / H) 

n = min (ni, nj, nk) 

where the function round provides the closest integer smaller than the expression in parenthesis.
Before computing n, it must be verified that [max(ni, nj, nk) – min(ni, nj, nk)] is equal to zero

or unity. This restriction warranties that at the most one element is created at the top of the column,
and the type of element is one of the following:

a) If n = ni = nj = nk          The top element is a wedge (Fig. 4a)

b) If n = ni and nj = nk = n + 1      The top element is a pyramid (Fig. 4b)

c) If n = ni = nj and nk = n + 1      The top element is a tetrahedron (Fig. 4c)
Finally, the column is composed of (n – 1) wedge elements plus the top element. By cycling

over all homologous triangles, it is possible to mesh the entire volume between the upper and 
lower mantles. This procedure warranties full compatibility among all columns of elements com-
posing the full mesh. 

3.2 Topography 

Meshing topography is one of the most common tasks when starting a new model. It usually sets 
a base frame work for the detailed model. 

Most of the software and algorithm can mesh topography if the upper and lower mantles are 
provided. Usually, the lower mantle corresponds to a base mesh with a constant elevation equal 
to the model base.  

The upper mantle corresponds to the topography surface. In order to correctly get the upper 
mantle, interpolation is required. This can be achieved by crossing information between the base 
mesh and the topography. 

Once the upper and lower mantles are defined, one can follow the procedure described in sec-
tion 3.1 to create the mesh between the two mantles.  

3.3 Meshing geo-forms 

3.3.1 Earth structures 
Inserting earth structures over a meshed topography is always a complex process. If one follows 
the procedure described in section 3.1 with some adjustments, this can be significantly simplified. 

Earth structures such as dams, waste dumps, MSE walls, stock piles, etc., can be defined using 
the source mantle. The source mantle corresponds to that one representing the upper most 3D 
surface. If one has the topographic mesh already completed, the source mantle is the upper mantle 
defined in section 3.2. 
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For instance, if one wants to create a homogeneous dam in a given topographic surface, all that 
needs to be done is to modify the source mantle and follow the procedure described in section 3.1. 
This can be done by first defining the dam parametrically. Knowing the crest elevation and width, 
the dam upstream and downstream slopes, and the crest axis alignment, one can produce the 3D 
surface shown in Figure 5. Note this surface extends infinitely in the direction denoted by the 
arrows. 

Figure 5. Dam 3D surface. 

The dam 3D surface information can be combined with the source mantle information (topog-
raphy) in a simple manner. For every node in the source mantle, select the highest elevation be-
tween the elevation of the node in the source mantle and the elevation of the node in the dam 3D 
surface. Therefore, for those nodes located in the valley (in the original topography or source 
mantle), a new higher elevation will be assigned, corresponding to the projection of that node onto 
the dam surface. Conversely, for those nodes located in the topography high ridges, no changes 
will occur, because the dam surface elevation at that location is lower. 

 Now the mantles can be redefined. The upper mantle is the one just created and the lower 
mantle is the source mantle (the topographic surface). Using this technique the only gap between 
the upper and lower mantle correspond to the dam´s body, and therefore by following the proce-
dure outlined in section 3.1, one can mesh the dam and only the dam.  

3.3.2 Excavations 
A similar method can be used for inserting an excavation in a topographic surface. The source 
mantle will still be the topographic surface (upper mantle defined in section 3.2). The excavation 
3D surface can be defined parametrically, just like the previous dam was defined. By knowing the 
excavation bottom elevation, the side slope, the center, the depth, and the radius, one can define 
the excavation 3D surface. Figure 6 shows an example of a circular 3D excavation surface. The 
information of the circular excavation can be combined with the source mantle information, as 
was performed before. For every node in the source mantle, select the lowest elevation between 
the elevation of the node in the source mantle and the elevation of the node in the excavation 3D 
surface. This procedure only has to be applied within the excavation domain. 

Figure 6. Circular excavation 3D surface. 
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The obvious advantage of this procedure lies in its flexibility. There is no need for drawing the 
3D surface and burning hours while doing it. Additionally, any change on the dam or excavation 
geometry is just a matter of changing one or more parameters and having the new mesh in minutes. 
This last is in contrast with the more traditional approach where 3D CAD surface must be gener-
ated every time a new geometry is required.  

4 GEO MESHING 

Geo Meshing is a free software that not only incorporates the meshing technique described previ-
ously, but also has a lot more features. Among others, Geo Meshing can read DXF files, can 
creates topographic meshes from online mapping services, can automatically generate base 
meshes, is compatible with GID®, has various earth and excavation algorithms, can automatically 
refine meshes, and can parallel process information. 

The following example reproduces inserting a dam in a topographic surface, using Geo Mesh-
ing. Figure 7 shows an image of Geo Meshing displaying the topography where the dam is going 
to be inserted. 

 
 

 
Figure 7. Geo Meshing – Initial topography.  

 
 
The meshing menu offers an option for inserting dams. Clicking this option opens the dialog 

window displayed in Figure 8. Geo Meshing needs the source mantle (or topography in this case) 
where the dam is going to be created. In Figure 8, it is shown as “rock_mesh.gmm”. 

One needs to fill the options for crest width and elevation, upstream and downstream slopes 
and dam axis. For selecting the dam axis alignment, one can change the view from “Surface 
Mode” to “Mesh Mode” and click over the mesh for selecting X,Y pairs. Figure 9 shows where 
one could click for selecting the dam alignment (red arrows). Note that once the mesh is clicked 
the coordinates are recorded in the dialog window of Figure 8. 

 The information needed for inserting the dam is complete, thus after clicking Generate (Fig. 
8) and Mesh (Fig. 9), Geo Meshing displays the dam along with the topography. Figure 10 shows 
the end results. In addition of displaying the dam, Geo Meshing generates dam.dat file, which can 
be called from FLAC3D (Itasca 2012).  

Note that any change in the dam geometry is as simple as changing values in the dialog window 
of Figure 8. 
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Figure 8. Geo Meshing – Dam dialog window. 

Figure 9. Geo Meshing – Dam alignment selection. 

Figure 10. Geo Meshing – Dam inserted. 
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5 FLAC3D 

For importing the dam mesh in FLAC3D, just call the file “dam.dat” from FLAC3D GUI. Figure 
11 shows four figures of the mesh already imported in FLAC3D.  

The four images are described as follows, clockwise and starting with the upper left image. The 
first image, the dam mesh has been imported in FLAC3D and shows a view similar to that one in 
Figure 10. The second image, the dam has been plotted using “group” option and displays all 
groups in the dam. The groups in the dam have been automatically defined, because the option 
“Multi Group” was activated in Figure 10. Geo Meshing created 12 groups of approximately 10 m 
for each one, based on the value provided in “Layer Height”. The third and fourth images, show 
the dam where some of the upper groups have been removed. Note that internal layers are hori-
zontal across the dam. 

Figure 11. FLAC3D - Dam and topography mesh. 

6 CONCLUSION 

A methodology has been developed for creating, in a simple and efficient manner, complex 
meshes for FLAC3D. This paper explains what the basics for meshing these complex geometries 
are. In addition, illustrates the advantages of defining geometries parametrically, mostly in terms 
of flexibility.  

Finally, Geo Meshing is introduced. Geo Meshing is a free and a powerful software that already 
has built-in the approach described in this paper. 
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1 INTRODUCTION 
1.1 The evolution of the process of cross section construction 
The geometric study of geological structures has been at the root of the science of geology since 
its inception. This is best illustrated by the most fundamental representative tool available to ge-
oscientists – the geological map. It is generally considered that the first example of a modern 
geological map was produced by William Smith in 1815. His map of strata in England, Wales and 
Scotland shows beautifully the anticline-syncline pair of the Weald and London Basin, and by 
extension, implies repetitions of strata due to folding. Geology has evolved a great deal since then, 
but little has changed regarding the making of maps or their use to project information into the 
subsurface. Geological cross section construction requires dip of strata in the plane of the cross 
section, stratigraphic thicknesses of geological units, the position of bed limits and faults projected 
onto a cross section from a map, a topographic profile, and if available, information about depths 
to bed limits from boreholes, tunnels or seismic data. Throughout the 19th century, relatively 
primitive cross sections were constructed in this simple manner with little attention paid to their 
mechanical implications. However, a revolution in cross section construction occurred when Au-
gust Buxtorf produced his profiles through the Jura fold-thrust-belt, first in the region around the 
Weissenstein tunnel (Buxtorf 1907) and subsequently, profiles through the Hauenstein and 
Grenchen tunnels (Buxtorf 1913, Buxtorf 1916). As Laubscher (2008) recounts,  

“For his 1916 cross section Buxtorf relied on traditional techniques based mainly on 
experience, style and personal aesthetics. However, he also added a first version of 
section balancing, including fault-bend (ramp-) folding and a kinematic sequence. 
As one of his assistants, the late Justus Krebs, told the author decades ago, Buxtorf 
gave him instructions to use colored strings of equal length, representing formation 
boundaries, and to deform each one of them by the same amount. He then proceeded 
to fit in the actual stratigraphic column, estimating the position of an uncomplicated 
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décollement horizon, filling in empty spaces with accumulations of evaporites and 
eliminating the evaporites where there was no room for them.” 

This methodology is, in many ways, an analogue equivalent of the plethora of computer-aided 
cross section balancing techniques available today (Fig. 1). The principle Laubscher describes is, 
in general, one of conservation, most often in a geometric form, by keeping line lengths of differ-
ent beds the same, thereby ensuring there is no overall inter-bed shear. Hence, the strings used by 
Krebs would have had equal lengths, and would then have been twisted to fit both the geological 
unit boundaries where they intersected the cross section, and the dip values measured along the 
cross section, offset or projected vertically above and below it as necessary. Faults encountered 
at the surface could then have their geometries constructed in the subsurface to adjust the lengths 
of the various beds they cut, by shifting the so-called "cut offs" of the hanging wall and footwall 
of the fault, and thereby adding or subtracting length from the cross section. A further constraint 
would be to keep bed thicknesses constant, and in line with known stratigraphic sections from the 
region, although this requirement can be loosened for some lithologies, and thickness changes of 
some beds in fold limbs may be demonstrated by mapping and fieldwork.  

Figure 1. Principle of creating a balanced geological cross-section. Geological data (rock units and contacts, 
attitude of bedding, faults) are collected along a section line, often projecting them over a short distance. 
Preliminary section is drawn honoring thickness and dip data. Deep structure is constructed iteratively. In 
the case shown, a basic assumption is the existence of two detachment horizons along which strata can 
shear off and deform independently from their substrate. First interpretation: Tight folds overlie the upper 
detachment whereas the wider fold is associated with a deeper fault; all faults merge into the basal detach-
ment at depth. Restoration is performed by flattening folds and removing fault offsets. This step reveals that 
beds in Unit B are too short. The interpretation is then modified until all bed lengths measured between the 
reference lines are the same. Notice the purely geometrical nature of this approach. 

Although the methodology described above may at first sight seem simple, it turns out in prac-
tice to be a complicated, iterative process. There are surprisingly large ranges of solutions to many 
problems in cross section construction. Perfect balance (i.e. conservation of bed length/area, etc.) 
is a laborious process. This also ignores the question of how mechanically appropriate such geo-
metric assumptions actually are.  

Everything that Buxtorf did intuitively was, much later, formalized into a series of rules by a 
variety of authors. Dahlstrom's (1969) contribution was probably the most significant in terms of 
section construction and balancing, but Dahlstrom was at great pains to stress how much of the 
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work he was presenting as a single concept had been informally and intuitively used by at least 
one generation of geologists before him. As cross section construction techniques matured, Elliott 
(1983) formulated a simple, philosophical approach to the problem. He divided it into several 
stages, with the first being the construction of an “admissible” cross section – one which matches 
outcrop data everywhere. Such a section would probably be unbalanced in its first draft. If such a 
section is modified so it can be restored to a reasonable undeformed state, then it is also a “viable” 
cross section. A balanced section must be both admissible and viable. He then noted that under 
some circumstances, for instance strike-slip faults crossing a plane of section obliquely, cross 
sections may be unrestorable. Finally, Elliott pointed out that balanced sections are usually non-
unique solutions to problems, but with the availability of additional data in the subsurface, the 
constraints may become so tight that more or less single solutions emerge. Such a section he 
termed a “valid balanced cross-section”.     

The process was taken a step further when Boyer & Elliot (1982) described fundamental geo-
metric properties of fault systems and Suppe (1983) and Suppe & Medwedeff (1990) formulated 
rigid geometric rules for achieving balance for specific "ramp angles". Other algorithms which 
conserve area but not bed lengths were developed for extensional systems (Dula 1991). This al-
lowed so-called forward modeling of structures. With the parallel development of computer 
power, it was not long before the first generation of computer-aided geometric balancing tools 
(GEOSEC) became available. Computers also made possible the application of a range of differ-
ent balancing algorithms in forward models which would be very difficult to implement manually, 
most notably the "trishear" model (Erslev 1991, Hardy & Ford 1997, Allmendinger 1998). 

Geometric modeling techniques of all kinds will always suffer from the fact that they are non-
mechanical, and therefore, reaching the deformed state from the undeformed state may require 
kinematic pathways that result in mechanically impossible situations arising. One of the best 
known of these is the infinite strain rate implied in the sharp hinge zones between fold limbs that 
are characteristic of many geometrical models (e.g., Suppe 1983). 

Thus, Geiser (1988) suggested that a further mechanical or physical constraint on a cross sec-
tion would be useful. A so-called mechanically admissible cross section is one where all mechan-
ical aspects of the evolution of a deformed cross section from its initial state, implied by a balanced 
model are physically possible. This might include things like stress levels and strain rates in grow-
ing folds, propagation rates of faults, and timing of activity of faults during overall structural 
evolution of a model. At first sight, this sounds an overwhelming problem, however, all mechan-
ical aspects of a structural cross section can potentially be derived from the addition of two things 
to a geometric model: first, a rheology needs to be applied; second, a kinematic boundary condi-
tion (shortening rate and shortening amount) based on initial geometric balancing is required. 
Given an appropriate combination of these two things, it may be possible, as we will now demon-
strate, to create forward, mechanical, balanced section models.  

1.2 Mechanical modeling of cross sections 

In general, balanced cross section construction is an iterative process, which still involves a great 
deal of trial and error (Fig. 1). Information in the subsurface is always likely to be very sparse, 
and even information at the surface may be incomplete. Balancing means joining these data points 
together in a geometrically reasonable way assuming a few general rules about how rocks behave 
(concentric folding and preservation of bed thicknesses; conservation of bed length and no overall 
interbed slip).  

In this paper, we present what is essentially an additional iterative step to the process of section 
balancing, using a mechanical model based on the discrete element method (Cundall 1979). The 
idea of this is to at least test the physical viability of a balanced cross section.  

The method is thus one of forward modeling, similar in concept to geometric forward models 
in wide use. There are however a number of significant additional problems to running such mod-
els for specific geometries and cross sections. A forward mechanical model begins with the ret-
rodeformed geometry from a balanced cross section as an initial condition. It is important to real-
ize that in such a geometric restoration, faults are also restored to their undeformed positions. 
However, such a restored state says nothing about the sequence in which these faults were active 
over time. This information can, in some circumstances, be guessed at by partial restorations of 
structures, but data on exact timings of activation will only usually be available in cases where 
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syntectonic sediments have been deposited throughout the history of deformation of a cross sec-
tion, and can be accurately and differentially dated. A restored cross section may also be made to 
include the present day erosion level, but the assumption usually made is that the restored state 
had an originally flat and uneroded top surface. The exact timing of the erosion of the growing 
folds in a cross-section is, once again unknown. 

The distinct element, forward mechanical models used here, begin with a completely unde-
formed, initial geometry. No weakness zones of any kind are built in to simulate the retrodeformed 
positions of faults from the balanced cross-section. The faults in the mechanical forward model 
are instead allowed to develop spontaneously, as they presumably would in nature, due to the 
stress conditions and evolving local strengths of materials as the model deforms. 

1.3 Erosion of mechanical models (see Appendix A for more detail) 

Erosion of the mechanical model is based on the present day topography along the line of the 
cross section. This follows a fundamental rule, similar in concept to most others in section bal-
ancing. The erosion profile along any cross section, in other words the topography along that 
section, must be reproduced by a mechanical model for it to be admissible. Building topography 
in a forward mechanical model is a complex procedure. Thrust transport and stacking and folding 
of thrust layers in response to shortening will raise the upper surface of the model from horizontal, 
provided the thrusting occurs above a rigid base - although the rigidity of the substrate below a 
thrust detachment during fold-thrust-belt evolution is not always certain.  

If the mechanical model is to be an analogue of nature, this topography should begin to erode 
away. Directly modeling the processes that cause this (chemical and mechanical weathering, river 
erosion and transport) is neither practical, nor even possible in a 2 dimensional model. The geo-
metric constraint of the present day topography can be used as an additional geometric boundary 
condition instead. This procedure involves stretching the present day topography to fit the length 
of the deforming forward mechanical model at any stage in its evolution. Moreover, the stretching 
must be carried out in a non-linear way that is compatible with the distribution of shortening 
across a cross section, since this is rarely constant (Fig. 2). As the model topography grows locally 
to exceed the value of the appropriate point on the stretched topographic profile, so the mechanical 
model is allowed to erode. Erosion is not instantaneous, as it presumably would not be in nature. 
Instead, particles are allowed to dissolve slowly, losing surface area proportional to the amount 
they exceed the topographic profile by. This process can be set to reach a maximum value which 
translates to an erosion rate. 

Figure 2. Upper sketch shows present day deformed state with an uneven distribution of shortening. The 
region with more faults is more shortened, whereas the other regions are more gently deformed. Stretching 
topography back to the current length of a deforming mechanical model is achieved using a piecewise linear 
method, which stretches pre-defined segments of the topographic profile according to the current distance 
between marker particles in the forward model that reflect the assumed position of the boundaries of the 
stretching segments at the present day. This information is partially available from restored, balanced cross 
sections. 

Thus, as material moves through the mechanical forward model, it is effectively "cut into" by 
the present day topography. This is an entirely geometric, and non-physical boundary condition. 
However, there are currently no better alternatives, and in any case, this method is robust and 
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should at least allow the topography and erosion level of the final state of the mechanical forward 
model to match the actual topography, which assures admissibility for this part of the system.  

The forward mechanical modeling procedure thus involves a "coupling" between the erosion 
process and the mechanics of the evolving structures. Removing material from the upper surface 
of the model generally reduces normal stresses on contacts in a DEM and thus changes the force 
balance within the system. A number of issues arise due to this. Perhaps the most significant is 
the non-linearity of the problem. This is currently dealt with by linearizing the problem and ap-
plying the erosion model only periodically after a certain amount of shortening has been applied 
to the system (in the case of the models presented here, erosion occurs after each 250 m shorten-
ing, which is roughly equivalent to 50-100 Ka of real time). 

2 THE JURA-MOLASSE FOLD THRUST BELT - AN EXAMPLE  

We now use the example of one of the most widely studied fold-thrust systems, the Swiss Jura-
Molasse deformation system, to illustrate how forward mechanical modeling of a cross section 
can be carried out using a DEM.  

2.1 Jura-Molasse geology and geodynamics 

The Jura Mountains and the adjoining Molasse Basin in western Switzerland (Fig. 3) are com-
posed of Mesozoic sediments from the Tethyan continental margin, which were subsequently 
overlain by a growing wedge of Tertiary, so called "Molasse series" sediments which filled the 
developing alpine foreland basin. The deformation of this packet of sediments occurred as the 
final phase of thrust propagation during western alpine orogenesis. Near the end of the Miocene, 
roughly 10 Ma, the thrust front of the western Alps jumped up to 120 km westwards, along a 
detachment rooted in Triassic age evaporites, and became emergent on the western edge of the 
present day Jura mountains. Deformation thus spread across the Jura-Molasse system, but left the 
majority of the Molasse basin, now known as the plateau, more or less undeformed, whilst the 
Jura mountains, with a thin to non-existent Tertiary cover, were strongly deformed by thrusting 
and associated folding.  

Figure 3. Distribution of tectonic and stratigraphic units in the Molasse Basin and Jura Mountains of Swit-
zerland. Trace of profile of Burkhard & Sommaruga (1998) is show in red. Subalpine Molasse frontal thrust 
shown with triangles. 
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This deformation process was what Buxtorf (1907, 1913, 1916) brilliantly understood to be the 
result of "thin skinned" tectonics, involving only cover units completely detached from their un-
derlying and underformed basement. He also realized that the distribution of deformation, with 
the more distal Jura undergoing folding whilst the Plateau Molasse remained intact was a result 
of forces transmitted across the Molasse basin which was stabilized by its thicker Tertiary fore-
land, sedimentary load, into the Jura. This process was later studied quantitatively by Hindle 
(2008) who suggested that the extremely weak Triassic basal detachment meant that the integral 
force applied at the alpine (thicker) side of the Molasse Basin was entirely conserved as the taper 
of the original foreland basin narrowed westwards, leading to a large stress concentration and high 
stress gradients, which would lead to failure at the present day edge of the Jura thrust belt leaving 
the plateau Molasse east of it, intact. 

2.2 Jura shortening and pre-deformation geometry 

The Jura-Molasse deformation system has been geometrically restored and balanced along several 
profiles. Burkhard & Sommaruga (1998) produced the most complete attempt to do so to date, 
which incorporated thermal maturity data from wells in the Molasse Basin to estimate the amount 
of missing Tertiary material due to erosion (Fig. 4). The Molasse Basin is deeply incised, to the 
point that all trace of the original thickness of the uppermost sequence (the OSM or Upper Fresh-
water Molasse) is completely gone. Thermal maturity data and subsidence curves from wells can 
be used to estimate what thickness of Molasse material is missing. Hence, Burkhard & Som-
maruga (1998) produced a cross section to show the probable initial geometry of the pre-defor-
mation Jura Molasse system. Structures in the Jura Mountains are restored in an admissible, viable 
and probably valid balanced model, and yield approximately 26 km of total shortening with a very 
distinct distribution of shortening across the profile. The vast majority of the deformation is con-
centrated in the main thrust belt, directly adjacent to the Molasse Basin. Beyond this central chain 
however, is a large "plateau" or "tabular" region, which is broadly undeformed. Finally, the west-
ern edge of the Jura is marked by narrow, intense zones of deformation involving very little short-
ening known as the "Faisceaux”. The undeformed Molasse Basin has nonetheless ridden "piggy-
back" for the full 26 km of Jura deformation, above the Triassic detachment. This also means the 
basin has climbed the natural incline of the flexurally deformed European lithosphere. This has 
resulted in transport related uplift of at least 1000 m in many places.  

Figure 4. Balanced Jura-Molasse section (modified from Burkhard and Sommaruga, 1998) and restored 
geometry. Restored section is unfolded from pin relative to deformed section. Restored geometry shows a 
large initial thickness of yellow (Tertiary) material which is missing from the present day section due to 
erosion. Present day erosion level is shown in restored section as a faint, black, dotted line. Colored area of 
geometry shows the actual initial geometry used for the mechanical forward model. Selected faults are 
highlighted to show their position in deformed and undeformed states. 

The most striking feature about the restored Jura-Molasse system is the basement geometry it 
implies. Foreland basins are generally considered to bend like an elastically flexed plate under 
loading, yielding a curved geometry which deepens and steepens towards the origin (Karner & 
Watts 1983). Burkhard & Sommaruga's (1998) restoration instead shows a double taper or kink 
at the base of the foreland wedge, with a distinct steepening occurring some distance from the 
origin, before the basement flattens out again. The basis for this geometry is the thermal maturity 
data and the estimates of missing material it yields in the Molasse Basin. This reconstruction of 
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the past state of the basement geometry contrasts strongly with the present day situation where 
the basement has no obvious step in it and is much more shallowly dipping. There is also a com-
ponent of passive basement uplift across the Swiss Molasse Basin superimposed on transport re-
lated uplift (Laubscher 1974). Hence, to incorporate these geometric features and keep the me-
chanical forward model admissible, we have to modify the basement geometry from the restored 
state to the present day. We do this by linearly interpolating the change in elevation of known 
points over the time the model deforms. Once again, this is a geometric, non-physical boundary 
condition, but there are no viable alternatives to this approach.  

2.3 Jura-Molasse rheological stratigraphy in a DEM 

We create a DEM version of the Jura-Molasse thrust belt just prior to deformation with the fol-
lowing simplifications. We use the PFC2D (Itasca 2008) discrete element modeling code com-
bined with external FORTRAN algorithms for erosion. Our model uses a vertical wall on the 
eastern boundary to apply a kinematic (constant shortening rate) boundary condition. The model 
consists of 3 mechanical layers (Figs. 4 & 5). These are a basal detachment, with approximately 
the thickness of the full Triassic sequence from the region, a strong middle layer, which is ap-
proximately as thick as the Lower and Upper Jurassic and Cretaceous combined, and an upper 
layer which represents the entire Tertiary basin fill and is a "normal" frictional material.  

The true mechanical stratigraphy of the Jura-Molasse is much more complicated (Fig. 5). The 
Triassic, for instance, contains several major carbonate horizons. There are thick accumulations 
of evaporites in some layers, and in the case of the central Jura along the profile considered here, 
it is generally believed that the Keuper (uppermost Triassic) marls and evaporites form the major 
detachment horizon (Affolter & Gratier 2003). Further north on the Hauenstein and Grenchenberg 
sections of Buxtorf, the Muschelkalk anhydrite is considered the more likely detachment, and this 
has been confirmed by analysis of drill cores from the Molasse Basin (Jordan & Uesch 1989, 
Jordan 1992). 

Figure 5. Model versus actual rheological stratigraphy. The model is mechanically considerably simpler 
than nature, with only 3 mechanical layers, whereas the natural analogue has many more separate mechan-
ical units. 

The Jurassic series is divided into a number of mechanically significantly different layers. The 
lowest Jurassic consists of the black shales of the Liassic and the so-called Opalinus Ton, a very 
plastic, weak shaley rock. This is followed by the Dogger series, which consists of shallower 
water carbonates, sometimes iron-bearing. The base of the upper Jurassic, the so-called Malm, is 
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marked by another weak, shaley-marly layer, known locally as the Argovien, or Eff-
ingerschichten. Above this layer are relatively thick bedded, mostly platform carbonate units with 
thinner marly interbeds, from the Sequanien, Kimmeridgian and minor amounts of Portlandian. 
There are a few 10's of meters of Lower Cretaceous carbonates covering these layers, but in gen-
eral, all of this suite of rocks are mechanically strong. The lower Cretaceous or sometimes the 
upper Jurassic is then overlain unconformably by progressively westwards onlapping Molasse 
series, which consists of a mixture of deeper to shallow marine sequences, sometimes containing 
strong carbonate interlayers, but mostly made up of sandy carbonates and marls, and terrestrial or 
estuarine river sequences consisting of channel conglomerates, sands and silts and muds.  

Hence, the rheological stratigraphy of the model is currently vastly simplified compared to 
nature. This is partly a consequence of the resolution possible in the model. The model domain 
extends some 125 km horizontally and between 500 m and 7000 m vertically. The surface area of 
the model domain is 86 million square meters. A tractable model has proven to be one containing 
25,000 particles. This yields an average particle diameter of 168 meters, well above the size nec-
essary to model the individual mechanical layers described here. In fact, to even approach the 
necessary resolution for such models, a 500,000 particle model would be necessary, yielding av-
erage particle diameters of 37.5 meters.  

3 MODEL PARAMETERS  

For a mechanical forward model to potentially simulate a cross section, it needs to be mechani-
cally “tunable”. A number of parameters of significance for the development of a model should 
be variable. The question then arises how many parameters are enough and how many are too 
many? In these experiments, we have chosen to allow variations in the basal layer friction coeffi-
cient and the strong layer, contact bond strength. Other non-variable parameters are: the fixed 
points for non-linear stretching of topography; the erosion parameters (maximum erosion rate and 
cut-off altitude difference); the total shortening amount; the amount of wholesale basement uplift, 
as well as the fundamental DEM particle properties not already mentioned. Key parameter values 
are summarized in Tables 1a and 1b below.  

Table 1a. Intrinsic ball properties used in mechanical models. __________________________________________________________________________________________________________
Rock Unit Ball friction Ball kn/ks, N c_bond, N Density kg/m3 Porosity __________________________________________________________________________________________________________
Trias 0.02-0.04 5e9 - 2500 0.1 
Malm 0.3 5e9 2.5e9-12.5e9 2500 0.1 
Molasse 0.2 1e9 - 2300 0.1 __________________________________________________________________________________________________________

Table 1b. Geometric/erosion parameters used. __________________________________________________________________________________________________________
 Parameter Height difference at max erosion Maximum erosion rate __________________________________________________________________________________________________________
 Value 1000 m ~1 mm/yr __________________________________________________________________________________________________________

4 MECHANICAL MODELING EXPERIMENTS AND RESULTS 

The combination of variable basal friction and variable Malm bond strength has been explored 
with a series of 25 numerical experiments. The parameter combinations tried are shown in Table 
2 below. 

Table 2. Parameter combinations used in numerical experiments. __________________________________________________________________________________________________________
Friction c_bond, N 0.02 0.025 0.03 0.035 0.04 __________________________________________________________________________________________________________
2.5e9 x x x x x 
5e9 x x x x x 
7.5e9 x x x x x 
10e9 x x x x x 
12.5e9 x x x x x __________________________________________________________________________________________________________
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A visual comparison of resulting mechanical models is shown in Figure 6. We highlight the 
various possible outcomes of simulations by taking extreme parameter values (shown as bold type 
x's in Table 2). Figure 6a shows one of the best outcomes of the experiments. Structures have 
developed in approximately the right places in this section, with a highly comparable distribution 
of shortening to the real cross section. The Molasse region remains undeformed, the central Jura 
forms a train of anticlines and synclines and relatively low displacement thrusts, and there is a 
noticeable plateau region before the external deformation zones (Faisceaux) appear. Structural 
style is similar with backthrusts also developing. The amount of overthrusting on individual struc-
tures can best be read from the lower part of Figure 6a which shows the Malm layer's contact bond 
distribution at the end of thrusting. This is an excellent analogue for faulting. It is evident that the 
central Jura region of the model is heavily damaged, with many bonds destroyed. Field study of 
the Malm layers in the central Jura suggest this is often the case in practice with heavily jointed 
rock in the vicinity of thrust faults in both footwall and hangingwall of structures. Longer back 
limbs of anticlines may be relatively undeformed by comparison. 

Figure 6b shows a case using a very high strength Malm layer. The effect of this is immediately 
obvious, as the entire shortening of 25.5 km in the model is taken up in 2 structures, which form 
on the leading edge of the deeper foreland basin, and in the hinterland of the Jura. This model in 
no way matches the real situation in the Jura-Molasse.  

Figure 6. Three examples of mechanical forward models from the 25 experiments carried out. A) Most 
probable and most similar outcome. B) Model with much too strong a Malm layer hence forming unrealis-
tically long overthrusts and too few structures. C) Model with extremely weak base and weak Malm, un-
dergoing a process similar to buckle folding. 
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Figure 6c shows another extreme situation with a weak Malm layer and a weak basal layer. The 
result is pervasive deformation, mostly by short wavelength, buckle folding and flow of the central 
Jura part of the section and beyond. This is visible in the lower part of 6c where the contact bonds 
of the Malm can be seen to have almost completely vanished in the central Jura region. The dis-
tribution of shortening is, perhaps surprisingly, fairly similar to reality. The Faisceaux region, 
however, has accumulated too much deformation over too broad an area. In summary, this model 
undergoes a process analogous to buckle folding rather than discrete faulting and folding over 
fault ramps.  

Figure 7 shows the dynamic evolution of the mechanical models over time by tracking the peak, 
differential stress, often termed "strength" by geologists, along vertical profiles at 5 points that 
travel with the deforming cross section. These results can be compared to the predictions of Hindle 
(2008) who suggested that stresses must be integrally conserved along the length of the narrowing 
taper of the Molasse-Jura, yielding higher peak differential stresses as the wedge of material gets 
thinner. This would mean higher peak differential stresses would be recorded in the most distal 
parts of the system (Bresse Graben) and lower values in the Molasse foreland. In fact, the inver-
sion of stress with position never occurs, but there are suggestions that the range of differential 
stresses narrows under some circumstances. Hence, Figure 7b shows all peak differential stress 
curves falling in a very narrow range, due to the high strength of the Malm layer allowing stresses 
to propagate easily across the system. By contrast, Figure 7c shows the results of the model with 
the weakest base, and a weak Malm layer, where the range of peak stresses remains higher, with 
lower absolute values, meaning stresses do not easily propagate. 

Figure 7. Peak differential stresses for the 3 chosen model runs as a function of total model shortening. A) 
Model shows relatively low range of peak stresses. B) Model shows very narrow range of peak stresses C) 
model shows wider range of peak stresses. 

In general, the models exhibit remarkable behavior, given how simplified they currently are. In 
particular, it proves possible to recreate the erratic distribution of structures and shortening found 
in nature with very little special effort or additional parameters. The two variables currently used 
seem to be adequate. The DEM proves very good at simulating faulting, by the simple measure 
of having one strong layer held together cohesively but non-elastically by contact bonding. Over-
all, the DEM behaves rather like a near-infinite collection of small faults, due to the fact that 
particles slide frictionally past one another on mutual contacts. However, the bulk behavior of the 
granular material is rather more like the examples of deforming, lithified rock masses we see in 
the Jura-Molasse. Layers appear able to fold, flow, and fault by the simple fact of being able to 
slide frictionally. The final state of the models shows a quite large discrepancy between the model 
erosion level and the modern day topographic surface. This is actually desirable, since the Jura-
Molasse system stopped deforming ~3 Ma. Presumably, since then, substantial erosion has taken 
place both due to glaciation (Ammann et al. 1994) and also due to the river capture events involv-
ing the Rhine and the Danube (Yanites et al. 2013). Hence, the end of Jura deformation did not 
correspond with the present day erosion levels.  

5 CONCLUSIONS 

The Jura-Molasse deformation system's seemingly complicated distribution of shortening has 
proven to be well-simulated by using a DEM as a forward mechanical model analogue. This has 
been achieved without even paying special attention to the details of the mechanical stratigraphy 
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of the sedimentary units involved in thrusting. In this sense, the results show a degree of robust-
ness, and may suggest that the initial geometry of the basement and the taper of the sedimentary 
wedge prior to deformation are of the largest importance for deciding how the system deforms.  

The DEM when used with a single, bonded layer is able to reproduce what are effectively faults 
with finite offsets, which also develop physically and intuitively reasonable ramp angles. Moreo-
ver, processes of folding appear to occur over these ramps. 

The forward modeling process allows the dynamic aspects of balanced cross sections to be 
analyzed through proxies such as peak differential stress levels. We see from this that the so-
called "Fernschub" (distant push) of Buxtorf (1916) has almost certainly functioned to allow the 
Jura-Molasse system to slide and deform. The quantitative analysis of Hindle (2008) is also, to 
some degree, supported by modeling results, with a high degree of conservation of total force 
across the width of the system.  

In the future, it will be possible to produce fully synthetic, restored cross sections from forward 
mechanical models. It should be possible to carry out direct comparison of proxies for section 
accuracy (dip of bedding, number of faults, dip of faults, position of faults, position of unit bound-
aries on a cross section) and many of these procedures could be automated. This may also allow 
the development of inverse, forward modeling procedures. 
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APPENDIX A: EROSION MODEL EXPLANATION 

We use a multi-stage procedure to simulate erosion in our forward mechanical models. We use an 
external code written in FORTRAN to carry out most of the erosion calculations. This code com-
municates with PFC2D (Itasca 2008) through files. PFC writes an output file containing all nec-
essary geometric information (ball centers and diameters, as well as ball id numbers). Erosion is 
set to occur in discrete intervals after a specified amount of shortening (250 m have been used in 
these models). The PFC code thus automatically generates a file containing geometric output after 
each 250 m shortening interval and then pauses until a corresponding return file with information 
for erosion calculations is generated by the FORTRAN code. The FORTRAN code has a similar 
"wait until file available" procedure applied to it, but this is regulated by a LINUX bash shell-
script. Both codes thus have to work with sequentially numbered input and output files. This has 
the following algorithmic structure: 

PFC FORTRAN 
Initialize k Initialize l 
If shortening amount reached then... 
   Generate Geometry file namepfc.k if  namepfc.l exists then 

   open namepfc.l 
   l=k+1 

   k=k+1    generate erosion file namefortran.l 
   detect and open namefortran.k return 
   erode 
   if max shortening reached then stop 
else return 

The external FORTRAN procedure is used for examining the geometry of the PFC model, and 
in particular detecting the topmost particles (i.e. the top "surface" at any point). Thus, the code 
moves stepwise, horizontally along the length of the model geometry (Fig. A1), and at each step, 
generates a "needle", which is a vertical line, whose top extends some distance beyond the highest 
possible point in the model and whose base lies below the lowest possible point. A do_loop then 
cycles through the entire geometry of the model and checks if each particle intersects with the 
needle, and whether this particle is the highest one so far for that needle. The procedure can also 
be conditioned to progressively eliminate particles that cannot be part of the "top surface", thus 
increasing speed. 

A separate FORTRAN code calculates the "stretched" present day topography - carrying out a 
non-linear stretching so that the profile length equals the current length of the model. A third 
FORTRAN code then decides whether particles identified as part of the top surface of the model 
exceed the local height of the topographic profile, and if so, by how much. Erosion is then carried 
out by reducing the surface area (radius) of the ball by an amount proportional to its height above 
the stretched topography, which is done in PFC using values transferred from the output of the 
FORTRAN code. 

It is in fact probably possible to carry out the entire procedure within PFC / FISH, however, 
the method of communication between PFC and external, numerical codes working together in 
series can potentially be applied more widely, with for instance, finite element codes, which it 
would be impossible to implement internally. In short, this general methodological approach can 
significantly expand the scope of problems that PFC can tackle. 
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Figure A1. Procedure using “needles” to locate the topmost particles in a model and thereby determine a 
top surface. Located top particles are outlined in red. The top surface defined by them is shown by a con-
tinuous green line linking their highest points to one another.  
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1 INTRODUCTION 

For more than 20 years, Itasca has developed and applied a procedure for stress field calibration 
in hard rock which relies on the availability of the following information: 

– Stress measurements in locations properly identified with respect to mining induced exca-
vations and associated to the date they were performed

– A well-known surface topography, possibly changing with time, as it is the case when mas-
sive or open pit mining techniques are used, and

– A known volumetric distribution of geotechnical units with its corresponding elastic prop-
erties

As a result of a recent update of the stress field calibration for an open pit mine, significant 
changes were observed in the predicted stress field when comparing the new stress field with the 
results provided previously using the same technique. This triggered a thorough review of the 
information available to date and led to questioning the methodology for finding the solution of 
the problem.  This article summarizes the findings of this research and proposes a new approach 
to determining the stress coefficients which represent the result of the calibration process in order 
to have the equivalent equations for the stress field in the mine. The results of the procedure 
applied to one example site, which will be called from now on Site A, are also included. 

Stress field calibrations using genetic algorithms 

G. Corral & M. Fuentes
Itasca S.A., Santiago de Chile

P. Gómez
Itasca S.A., Santiago de Chile and Itasca Perú S.A.C., Lima, Perú

ABSTRACT: This paper presents a new probabilistic approach for stress field calibration based 
on genetic algorithms applied to the results of three-dimensional elastic modeling. A procedure 
for stress field calibration in hard rock which relies on the availability of stress measurements, 
well-known surface topography and volumetric distribution of geotechnical units, developed by 
Itasca in the early 90’s has been improved in order to increase the reliability of the results. This 
stress calibration procedure is based on the assumption that the current stress tensor measured at 
any point of the rock mass corresponds to a superposition of gravitational, tectonic and mining-
induced stress tensors. At the same time, the tectonic and mining-induced tensors are assumed to 
be a linear combination of normal and shear unit-stress tensors obtained from tridimensional elas-
tic numerical modeling. The calibration procedure requires solving an inverse problem where a 
robust optimization method is needed. The heuristic method called genetic algorithms is consid-
ered because it can adequately find the global minima of highly non-linear problems. The math-
ematical formulation allows adding key constraints in order to be geotechnically consistent with 
the earth stress history and theory. The results for one example mine are presented and discussed 
in detail. Although the uncertainty of the stress tensor requires further investigation, the results 
show the effectiveness of the proposed probabilistic approach and provide a means for sensitivity 
studies.  
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2 THE METHODOLOGY 

The procedure developed by Itasca is based on the Principle of Superposition and can be summa-
rized as follows: 

The stress calibration procedure is based on the assumption that the pre-mining stress field 
corresponds to a superposition of the effects of gravitational forces and forces of tectonic origin. 
At the same time, the recent stress field is assumed to be the sum of the pre-mining field plus 
stresses induced by the mining operation. Thus, the current stress tensor measured at any point of 
the rock mass can be represented as the composition of a gravitational tensor, a "tectonic" tensor 
and an induced tensor, i.e.: 

measured gravitational tectonic induced      (1) 

Re-ordering, we get: 

measured gravitational tectonic induced      (2) 

Terms on the left of Equation 2 are known, as the stress measurements are “supposedly” rep-
resentative of the total stress field and the gravitational stresses can be estimated using a model 
that includes the topography of the area, run only under the effect of gravity. 

The unknown components on the right side of the Equation 2 are supposed to be equivalent to 
a linear combination of normal and shear stresses, which are determined using the same model 
built for the gravitational analysis, but this time eliminating the effect of gravity and specifying 
unit initial normal and shear stresses. The “correct” stress is determined by scaling the results of 
unit stress analysis through coefficients which attempt to solve Equation 2, that is: 

unit
yygrad

unit
yygrad

unit
xxgrad

unit
xy

unit
yy

unit
xxgravmeas HGFCBA   (3) 

Components associated to xz and yz with their respective coefficients D and E, could also be
included in equation (3). 

Components for unit stresses in vertical gradients are used as a means to improve the quality 
of the fitting process.  The total stress field is assembled by combining the tectonic components 
so determined with the gravitational components. The model including the total stress field is 
equilibrated under elastic assumptions.  Boundary conditions remain the same in all models and 
are usually aimed at inhibiting normal displacements on the sides and all displacements in the 
base. 

In summary, the method consists of the execution of a series of runs for the three-dimensional 
model, under different conditions of unit loading in the horizontal plane and later on the results 
of these runs are assembled according to weighting coefficients determined through a mathemat-
ical process which pursues minimizing the error in the approximation of the stresses in the model 
with respect to the in situ stress measurements. Due to the use of the superposition method, 
analyses at this stage are only possible under the assumption of elastic behavior for all the
materials. 

3 SOME CONSIDERATIONS ON THE UNIQUENESS OF THE SOLUTION 

The process defined in the previous section consists in the resolution of a unique equation (Eq. 3) 
with six unknowns (coefficients A, B, C, F, G, and H), assuming that the same equation must be 
valid in as many locations in space as stress measurements are available. Until now, the process 
has been implemented in an Excel spreadsheet, using the Solver add-in available as a default 
optimization feature for this software. 

The review conducted by Itasca on the results obtained in the two referred stages of the stress 
field calibration for an open pit mine as it was mentioned above, led to the conclusion that both 
sets of fitting coefficients were equally valid for the corresponding set of stress measurements. 
The effect of changes in material properties and pit geometries considered in the calculations, or 
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changes in block models and availability of additional measurements did not play a significant 
role in the definition of the fitting coefficients for this site. The average error levels detected in all 
runs between measured and modeled tensors were approximately 30%. 

It was concluded that the solution found via the Solver add-in in Excel is non-unique and de-
pendent on the seed values used for the coefficients that are adjusted. Eq. 3 is interpreted to have 
multiple minima and therefore the sole adjustment of the coefficients to minimize the average 
error is not a sufficient condition to guarantee finding the global minimum which represents the 
solution to the problem. 

4 WAY FORWARD 

As a means to better identify a solution to the stress field calibration problem, two measures were 
adopted: 
 Finding an alternative optimization method for finding the unit stress coefficients, so that

the dependence on the coefficient seed value could be overridden, and
 Establishing additional constraints to the stress field determination problem, so that the so-

lutions can be geotechnically consistent with the understanding of earth stress theory.
These measures are discussed in the following sections. 

4.1 Genetic algorithms as an optimization method (see Corral 2013) 

Notwithstanding there are several optimization methods available in the literature, the heuristic 
method called Genetic Algorithms (GA’s) was considered in this problem because it can ade-
quately find the global minima of highly non-linear problems, being also able to address three 
main issues that have been observed in inverse problems (Aster et al. 2005):  

1) solution existence;
2) solution uniqueness; and
3) instability of the solution process.

Therefore, for the purpose of this work, genetic algorithms were selected as the optimization 
method to solve the inverse problem of finding the stress calibration coefficients. 

The concept of genetic algorithms was developed by Holland and his colleagues in the 1960s 
and 1970s (Holland 1975). Genetic algorithms (GA’s) are methods for solving both constrained 
and unconstrained optimization problems that are based on natural selection, the process that 
drives biological evolution. GA’s repeatedly modify a population of individual solutions. At each 
step, GA’s select individuals by performance (i.e., “elitism”) from the current population to be 
“parents” and use them to produce the “children” for the next generation. Over successive gener-
ations, the population “evolves” toward an optimal solution or a set of optimal solutions. GA’s 
can be applied to solve a variety of optimization problems that are not well suited for standard 
optimization algorithms, including problems in which the objective function is discontinuous, 
non-differentiable, stochastic, or highly nonlinear. Procedures of generic GA’s can be found in 
Goldberg (1989).  

It is very important to highlight that GA’s use three main types of rules at each step to create 
the next generation from the current population:  

1) Selection rules: select the individuals, called parents, that contribute to the population in the
next generation;

2) Crossover rules: combine two parents to form children for the next generation; and
3) Mutation rules: apply random changes to individual parents to form children.
Also, it is important to note that GA’s are different from more normal optimization and search

procedures in three ways: 
1) They search from a population of points, rather than a single point;
2) They use payoff (objective function) information, rather than derivatives or other auxiliary

knowledge; and
3) They use probabilistic transition rules, rather than deterministic rules.

Figure 1 shows a flowchart that describes the main steps in GA’s. Figure 2 shows an example of 
the Rastrigin’s function (in 3D and contour levels) which presents many local minima. Genetic 
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algorithms have the capability to easily find the global minima of that function; even though, 
when the initial population starts at a different region (see Fig. 3). GA’s take only few seconds to 
reach the Iteration 100 shown (Fig. 3). 

Figure 1. Typical Genetic Algorithm Flowchart (after Goldberg 1989; after Michalewicz 2011). 

Initialize population 
(Initialization) 

Select individuals for mating 
(Selection) 

Mate individuals and 
produce children 

(Crossover) 

Mutate children 
(Mutation) 

Insert children into population 
(Insertion) 

Are stopping  
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Finish 

Yes 

No 
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Figure 2. Example of Rastrigin's function which has many local minima (after MATLAB 2004-2009). 
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Figure 3. Genetic Algorithm capabilities to find global minimum of the Rastrigin's function (after MATLAB 
2004-2009). 

 

4.2 Establishing additional constraints for the problem 

As indicated previously, after the review it became evident that the single approach of minimizing 
the error between measured and modeled stress tensors was not sufficient condition for finding 
the global minimum which represents the solution to the problem posed by the stress field cali-
bration.  Additional constraints are needed. 

In order to establish geotechnically valid constraints, two conditions were imposed for the stress 
field calibration study referred (mine in Site A): 

a) The two horizontal normal components of the stress field (Sxx = EW and Syy = NS) at spe-
cific depths must be compressional.  

b) Additionally, the stress field must comply with the empirical range determined for the hor-
izontal stress ratio, from Brown & Hoek (1978).  In this compilation, the horizontal stress 
ratio, defined as: 
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K= (Sxx+Syy)/(2Szz)      (4) 

is found to be reasonably bounded by minimum and maximum values defined by Equations 
5 and 6 below (see Fig. 4). 

Kmin = 100/d + 0.3  (5) 

Kmax = 1500/d + 0.5  (6) 

where d = depth, measured from the ground surface, in meters. 

Figure 4. Variation of horizontal stress ratio with depth (Brown & Hoek 1978). 

5 PROCEDURE AND RESULTS 

The numerical modeling software used to run the stress models presented here was FLAC3D 
(Itasca 2012). On the other hand, the implementation of the Genetic Algorithm process described 
above was performed in the technical computing language MATLAB (2004-2009), including the 
following components: 
 Stress tensors for the following units stress runs:

o Sxx uniform, vertical gradient on Sxx (EW orientation)
o Syy uniform, vertical gradient on Syy (NS orientation)
o Sxy (uniform shear stress in the horizontal plane, vertical gradient on Sxy)
o Gravity only

 Sets of constraints defined in the previous section.
The two horizontal normal components of the stress field (Sxx = EW and Syy = NS) at
depths of 400 m and 1285 m must be compressional. The 400 m depth was selected because
it was observed that some solutions of the Eq. 3 could result in tensile stresses as a conse-
quence of the use of gradients in the definition of the stress field. The 1285 m depth is an
approximation of the depth of the measurements. The second constraint in relation to Kmin

and Kmax were imposed for the same approximate depths indicated above (i.e., 400 m and
1285 m).

Considering that the basic issue of non-uniqueness of the equation solution still remains valid, 
MATLAB was used in a probabilistic manner, making several thousands of runs in order to estab-
lish a distribution of values for each coefficient. 

The results for the case of the example mine in Site A are shown in Figure 5, which includes 
the distributions obtained for each of the six fitting constants referred in Equation 3. 

The values of the constants for this case are summarized in Table 1. 
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Table 1. Curve fitting coefficients for the stress field calibration example for the mine in Site A. 
__________________________________________________________________________________________________________ 

Coefficient Mean Standard Deviation Media 
__________________________________________________________________________________________________________ 

A 12.9 15.8 12.8 
B -4.4 8.6 -4.6
C -12.3 20.0 -11.6
F 18.2 29.7 18.4
G 41.7 16.1 42.1
H -1.4 38.1 -2.7 

__________________________________________________________________________________________________________ 

Figure 5. Curve fitting coefficient distributions for the stress field calibration example for the mine in Site 
A. 
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The error in the optimization process can be determined also in terms of a probabilistic distri-
bution, resulting in an average of 23.75%, as it is shown in Figure 6. 

The final step in determining the pre-mining calibrated stress field for the site is converting the 

coefficients into equations for the main components, i.e. EW, NS and vertical stresses. The equa-

tions are derived using the medians of the coefficients, which is considered sufficient for deter-

ministic approaches.  For probabilistic approaches or sensitivity studies of the effect of the stress 

field around the excavations of the project, the full distributions should be used. 

Figure 4. Distribution of the error function in the stress calibration process (mean = 23.75, std. dev. = 0.15, 
median = 23.71) for the mine in Site A. 

6 DISCUSSION 

This new probabilistic approach for stress field calibration based on genetic algorithms presented 
in this paper has improved the methodology developed by Itasca in the early 90s in terms of the 
reliability of the results. The method called genetic algorithms is a good alternative to overcome 
the common difficulties presented for solving an inverse problem allowing to adequately find the 
global minimum which represents the solution to the mathematical formulation of the stress filed 
and also it is able to include constraints in order to be geotechnically consistent with the earth 
stress history and theory. The method has been applied to realistic cases, one of them presented 
in this paper with satisfactory results and within reasonable agreement with previous studies.  
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1 INTRODUCTION – GETTING STARTED WITH PYTHON IN PFC 

The Python programming language has been integrated into PFC 5.0 (Itasca 2014). Python is 
linked to PFC allowing PFC models to be created and controlled from Python programs. From 
the PFC 5.0 menu bar selecting Python > IPython console opens the interactive IPython program-
ming console. Statements typed into the IPython console are evaluated and the output is shown in 
the console. Python programs can also be created in the PFC editor pane and executed in the same 
fashion as standard PFC data files. Unlike standard data files, only Python statements can be 
included in a Python (.py) file. 

The best resource for basic Python programming is www.python.org. This site contains the 
official tutorials and documentation for Python. The PFC 5.0 manual has a section dedicated to 
Python scripting. For information specifically about scientific programming in Python a good 
resource is https://scipy-lectures.github.io/.  

2 DIFFERENCES BETWEEN PYTHON AND FISH 

In many ways Python programming and FISH programming are similar. For instance, both are 
dynamic programming languages with familiar C-like syntax. However, the interaction between 
Python and PFC uses an object oriented programming style. For example, in Python the ball ra-
dius is returned by calling the radius() method of a ball object, where in FISH the ball.radius() 
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function is called with a ball pointer as an argument. Python has an extensive standard library for 
typical programming operations (e.g., data structures, algorithms, math operations, etc.). Python 
is a multi-paradigm language allowing for object oriented programing, procedural programming 
and functional programming styles. 

An important difference between Python and FISH programming in PFC 5.0 is that the Python 
state is not connected to the model state or saved in save files. When a NEW or RESTORE com-
mand is given, the FISH programming state is cleared or restored. The Python state is not affected 
by these operations. Since the NEW command does not change the Python state, one has a greater 
degree of control over PFC modeling including programmatically running parameter studies and 
post-processing simulation results. Python variables and functions are not stored in save files. As 
a consequence, after restarting the software and loading a save file the Python definitions must be 
reloaded if they are required for cycling (for example if a Python function is called during cy-
cling). One can also reset the Python state using either the Python > Reset Namespace menu item 
or the reset magic in the IPython console.   

Doing an operation in Python is roughly 10% faster than the equivalent operation in FISH. Both 
FISH and Python are based on a bytecode interpretation model. As such, both are around 100 
times slower than native code execution for typical operations. Python has a slight advantage in 
most cases because the Python interpreter has had significantly more development time put into 
optimization. Modest performance gains (around 50%) can be gained by using Python functional 
programming idioms (map, filter, list comprehension, generators, etc.). 

Larger performance gains can be achieved by expressing loops as NumPy array operations (see 
the NumPy description below). Extension modules created with Cython work with PFC and can 
yield significant performance improvements. Cython is a Python to C translator that converts Py-
thon code to C, compiles the C and loads the resulting binary into the Python runtime. See 
http://cython.org/ for more information about the Cython compiler. 

2.1 Python – FISH Rosetta Stone 

Table 1 shows equivalent Python and FISH code for common programming operations. 

Table 1. Equivalent Python and and FISH code for common programming operations. 

import itasca as it 

# this is a comment 

; this is a comment 

# printing a message to the screen 

# Python output goes to IPython console 

print "Hello, World!" 

; printing a message to the screen 

; FISH output goes to Itasca console 

io.out("Hello, World!") 

# find a ball and change radius 

ball = it.ball.near((1, 2, 2.2)) 

ball.set_radius(0.02) 

bp = ball.near(1, 2, 2.2) 

ball.radius(bp) = 0.02 

# writing to a file 

with open("my_output.txt", "w") as out: 

print >> out, "a string foo bar" 

for i in range(10): 

print >> out, i, i+10 

; writing to a file 

status = file.open("my_file.txt", 1, 1) 

tmp = array.create(1) 

tmp(1) = "a string foo bar" 

status = file.write(tmp,1) 

loop i(0,9) 

  tmp(1) = string.build("%1 %2", i, i+10) 

  status = file.write(tmp, 1) 

end_loop 

status = file.close 
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# reading from a file 

with open("my_file.txt", "r") as input: 

    input.readline() # skip the first 

line 

    for line in input.readlines(): 

       print "read ", line.split() 

 

# or to read as a NumPy array 

import numpy as np 

np.loadtxt("my_file.txt", skiprows=1) 

status = file.open("my_file.txt", 0, 1) 

tmp = array.create(1) 

status = file.read(tmp,1) 

loop while status == 0 

   status = file.read(tmp,1) 

   if status == 0 

      io.out(tmp(1)) 

   end_if 

end_loop 

status = file.close 

# looping over the PFC balls 

 

radius_sum = 0 

for ball in it.ball.list(): 

   radius_sum += ball.radius() 

 

print "sum of ball radii: ", radius_sum 

 

# or faster using a generator expression 

sum((b.radius() for b in it.ball.list())) 

; looping over the PFC balls 

 

radsum = 0 

loop foreach ball ball.list 

    radsum = radsum + ball.radius(ball) 

end_loop 

 

io.out("sum of ball radii" + string(rad-

sum))  

# running a command 

 

it.command("domain extent -1 1") 

command 

  domain extent -1 1 

end_command 

# Creating a list 

 

my_list = [] 

my_list.append("Chicago") 

my_list.append(1.017) 

; Creating a FISH map 

 

my_map = map() 

map.add(my_map, 1, "Chicago") 

map.add(my_map, 2, 1.017) 

# Accessing sequence elements in Python 

# note that Python indexing starts at 0 

 

print my_list[0], my_list[1] 

 

for item in my_list: 

   print item 

 

; Accessing map elements in FISH 

; note that FISH indexing starts at 1 

 

io.out(string(my_map(1)) + " " + 

string(my_map(2))) 

 

loop foreach value my_map 

  io.out(string(value)) 

end_loop 

# define and call a function 

 

def my_function(a, b): 

  return a + b/5.0 

my_function(1, 15) 

 

def my_function(a,b) 

  my_function = a + b/5.0 

end 

@my_function(1, 15) 

# register a cycle seq. call back  

 

it.set_callback("my_function", 0) 

 

 

set FISHcall @my_function 0 

# conditional expressions 

 

value = 22 

if value < 0: 

   print "negative value" 

elif value == 0: 

   print "zero value" 

else: 

   print "positive value" 

; conditional expressions 

 

value = 0 

if value < 0 

   io.out("negative value") 

else if value == 0 

  io.out("zero value") 

else 

  io.out("positive value") 

end_if 
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# Vector arithmetic 

from vec import vec 

pos0 = vec((1.2, 3.3, 5.5)) 

pos1 = it.ball.find(1).pos() 

wall = it.wall.facet.find(1) 

pos0 – 3*pos1  # vector mul. and sub. 

pos0.mag()  # vector magnitude 

# point to plain distance 

(wall.pos()-pos1) | wall.normal() 

pos0 & pos1     # cross product 

; Vector arithmetic 

pos0 = vector(1.2,3.3,5.5) 

pos1 = ball.pos(ball.find(1)) 

w = wall.facet.find(1) 

pos0 - 3*pos1 ; vector mul. and sub. 

math.mag(pos0)   ; vector magnitude 

; point to plain distance 

math.dot((wall.pos(w)-pos1), 

  wall.facet.normal(w)) 

math.cross(pos0, pos1) ; cross product 

# plotting x, y values 

import pylab as plt 

x = np.linspace(0,1,100) 

y = x**2 

plt.plot(x,y) 

; Use tables 

# setting properties and extra variables 

clump = it.clump.find(1) 

clump.set_prop("kn", 1e2) 

clump.set_extra(1, 22.2) 

; setting properties and extra variables 

c = clump.find(1) 

clump.prop(c, "kn", 1e2) 
clump.extra(c, 1, 22.2) 

# apply a force at each ball-ball 

# contact. 

for c in it.contact.list( 

type=it.BallBallContact): 

b1, b2 = c.end1(), c.end2() 

normal, gap = c.normal(), c.gap() 

contact_force = normal*gap*kn0 

b1.set_force_app(-contact_force) 

b2.set_force_app(contact_force) 

def add_cforce 

  loop foreach cp contact.list( 

"ball-ball") 

b1 = contact.end1(cp) 

b2 = contact.end2(cp) 

gap = contact.gap(cp) 

normal = contact.normal(cp) 

contact_force = normal*gap*kn0 

ball.force.app(b1) = -1*contact_force 

ball.force.app(b2) = contact_force 

  end_loop 

end 

2.2 IPython console and Qt integration 

The IPython Qt console is integrated as a dock-able window in the PFC application. This console 
allows for powerful interactive Python programming. Tab-completion of Python variables and 
functions along with interactive documentation make developing Python code efficient. In addi-
tion, a persistant history of IPython cell inputs is kept and is available in subsequent PFC sessions.  

PySide is a Python wrapper around the Qt GUI library. Itasca codes are Qt applications. With 
PySide custom GUI dialogs can be created and docked in the Itasca application window. This 
customization allows one to extend PFC with custom windows of their choosing.  

3 ARRAY STYLE PROGRAMMING WITH NUMPY 

NumPy is an extension to Python which defines a powerful n-dimensional array object and many 
useful numerical operations. NumPy is integrated with the Itasca Python system. Using NumPy 
and array style programming is typically 10 to 100 times faster than looping natively in Python. 
The style of programming is different from that defined in the object-oriented interface. For ex-
ample, instead of dealing with individual Ball objects, the array interface deals with the attributes 
and properties of all balls simultaneously. 
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Each object type has a corresponding array module. For PFC balls this module is named 
itasca.ballarray. This module defines functions that return or set the attributes of all balls simul-
taneously. For example, the function itasca.ballarrary.radius() returns an array with the radius of 
each ball. Similar functions exist for position, velocity, forces, etc. Most forms of computation 
involving looping over a set of values can be written as NumPy array expressions. The following 
is a demonstration of array style programming with Python and PFC. 

The Python statements provided in Table 2 will create a simple PFC model with 16,000 balls. 

Table 2. Python statements to create a simple PFC model with 16,000 balls. 

import numpy as np 

import itasca as it 

from itasca import ballarray as ba 

dim = 2.5e-2; rad = dim / 20.0 

it.command("""new 

domain extent -5e-2 6e-2 -6e-2 5e-2 -5e-2 5e-2 

cmat default model linear property kn 1e1 dp_nratio 0.2 

ball generate cubic box -{xdim} {xdim} -{ydim} {ydim} -{xdim} {xdim} rad {rad} 

ball attr dens 2600 

cycle 1""".format(xdim=dim-rad, ydim=2*dim-rad, rad=rad)) 

radii = ba.radius() Calling this function returns a 1D NumPy ar-

ray of length equal to the number of balls (N). 

radii *= 1.25 

ba.set_radius(radii) 

Increase the ball radii by 25%. Methods start-

ing with set_ in the array interface are used to 

send values back to PFC. Simply changing 

the radii array only changes a local copy of 

the data. 

pos = ba.pos() Calling ba.pos() returns an array of shape (N, 

3) containing the ball positions.

dir=(pos.T/np.linalg.norm(pos,axis=1)).T 

force = -5e-3 * dir 

ba.set_force_app(force) 

The first expression finds the normal vector 

describing the position of each ball. The sec-

ond expression defines a force of 5e-3 N ap-

plied to each ball in the direction toward the 

origin. Calling set_force_app applies these 

forces to the corresponding balls. 

x,y,z = pos.T Now we work with the individual compo-

nents of position independently. pos.T trans-

poses this value and assigns the value of each 

component to the variables x, y and z. x is 

now an array of shape (N) with all the x com-

ponents of ball position. 

mask = y > 0 The variable mask is an array of Boolean val-

ues, True if the centroid of the ball has posi-

tive y component, False otherwise. 

radii[mask] /= 3.0 

ba.set_radius(radii) 

The balls for which the mask value is true 

have their radius decreased by a factor of 3. 

This corresponds to balls in the positive y re-

gion. 
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smask = x**2 + y**2 + z**2 < 1e-2**2 

print smask.sum()  # print 280 

np.savetxt(“pos_vel.txt”, 

  np.hstack((ba.pos()[smask], 

  ba.vel()[smask]))) 

data = np.loadtxt(“pos_vel.txt") 

in_pos, in_vel = data[:,0:3], data[:,3:6] 

Another mask is created describing the balls 

in a central spherical region. The sum() 

method of the NumPy array shows that 280 

particles fall into this region. Calling 

np.savetxt writes the positions and velocities 

of the balls in this region to a text file. Arrays 

can be read from text files with np.loadtxt(). 

from itasca import ballballarray as bba 

ball_force = np.zeros( 

 (it.ball.count(), 3)) 

b1, b2 = bba.indices().T 

normal = bba.normal() 

gap = bba.gap() 

contact_force = (normal.T * gap * kn0).T 

np.add.at(ball_force, b1, -contact_force) 

np.add.at(ball_force, b2, contact_force) 

ba.set_force_app(ball_force) 

This example demonstrates using the ball-ball 

contact array interface to add a force at each 

contact. First, an array of zero vectors is cre-

ated, one for each ball. The contact force is 

calculated. The variables b1 and b2 contain 

indices into the ball array corresponding to 

the balls on either end of each contact. The 

np.add.at scatter operation is used to add the 

contact force to each ball  

In general, array expressions are evaluated faster and are more concise. There is a learning 
curve to utilize these methods but the performance benefit can be substantial when calling Python 
functions during model cycling. For more information about NumPy see: http://numpy.org.  

4 3RD PARTY SCIENTIFIC PROGRAMMING MODULES 

Many types of science and engineering calculations can be done directly in Python or with 3rd 
party Python modules. A small collection of 3rd party modules is included with the Itasca Python 
environment. This section gives a description of the included modules. Additional 3rd party Py-
thon modules can be installed and used with the Itasca Python environment. NumPy, described 
above, is foundational to many of the packages described here. 
 SciPy is a large collection of legacy scientific programming libraries. There are submodules

for interpolation, numerical integration, ODE solvers, spatial searching, signal processing,
optimization, special functions and more. SciPy consists mostly of wrappers around legacy
FORTRAN codes from NETLIB and other sources. For more information see:
www.scipy.org.

 NetworkX is a collection of graph theory algorithms. For more information about Net-
workX see: https://networkx.github.io/. It has been Itasca's experience that graph theory
algorithms can give good insight into discrete numerical models. The following example
(Table 3) shows how to generate and manipulate a graph of the ball-ball contacts.

 SymPy is a computer algebra library for Python, see http://www.sympy.org.
 Matplotlib is a versatile plotting library with a MATLAB like API, see http://matplotlib.org.
 A number of packages are available for solving PDEs within Python. A short list

includes FEniCS (http://fenicsproject.org/), FiPy (http://www.ctcms.nist.gov/fipy/),
SfePy (http://sfepy.org/) and Esys-Escript (https://launchpad.net/escript-finley).
These packages are all similar in that they use Python to implement a domain spe-
cific language to describe PDEs; each uses different solution methods. Most are
based on the finite element method. FiPy is included in the Itasca Python environ-
ment. FiPy is based on the finite volume method. PySparse provides a sparse matrix
capability for FiPy and is also included. Using FiPy and other solvers with Itasca
software has allowed new type of problems to be addressed. For example, Python
based solvers were coupled with Itasca’s UDEC software to model the transient
thermo-hydro-mechanical response of a geothermal reservoir to cold water injection
(Riahi 2014).
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Table 3. Example for generating and manipulating a graph of the ball-ball contacts. 

import networkx as nx 

import numpy as np 

import itasca as it 

from itasca import ballarray as ba 

import itasca.ballballarray as bba 

dim = 2.5e-2; rad = dim / 20.0 

it.command("""new 

domain extent -5e-2 6e-2 -6e-2 5e-2 -5e-2 5e-2 

cmat default model linear property kn 1e1 dp_nratio 0.2 

ball generate cubic box -{xdim} {xdim} -{ydim} {ydim} -{xdim} {xdim} 

rad {rad} 

ball attr dens 2600""".format(xdim=dim-rad, ydim=2*dim-rad, rad=rad)) 

ba.set_radius(ba.radius()*1.05) 

it.command("cycle 1") # make sure contacts are formed 

G = nx.Graph() 

G.add_edges_from(bba.indices()) 

assert G.number_of_nodes() == it.ball.count() 

assert G.number_of_edges() == it.contact.count() 

# list of lists of mutually self-connected balls (clusters) 

nx.algorithms.connected_components(G) 

# number of contacts for each ball (coordination number) 

G.degree() 

# average coordination number 

np.mean(G.degree().values()) 

# shortest path from the first ball to the last ball 

nx.shortest_path(G,0,it.ball.count()-1)

5 IMPLEMENTATION NOTES 

This section describes some of the internal details of embedding the Python interpreter in PFC. 
This information is not necessary for using Python with PFC; we provide this information in the 
hope that it is useful to programmers considering embedding Python into their application. 

A distinction is made between extending and embedding the Python interpreter. Extending Py-
thon means adding new capabilities typically through writing an extension module in the C pro-
gramming language. Embedding the Python interpreter involves linking the Python shared librar-
ies into another application. Extending is better supported and more fully documented. Relatively 
little information is available about embedding the Python interpreter in C++ applications. 

Embedding Python also involves extending Python. In this case Python is extended to handle 
Itasca model objects and is embedded in the Itasca application. Several automated solutions are 
available for extending Python to use C++ APIs. None of these solutions was a good fit for this 
case. A C++ template program was implemented to partially automate the extension. Python types 
and iterators were created which reflect the underlying Itasca classes and object containers. 

The key steps in embedding are: (i) redirecting I/O to and from the Python interpreter and (ii) 
handling errors. Our system has two implementations of I/O and error handling. The IPython Qt 
console is used alongside a simpler native Python kernel. The native method for directing I/O is 
simply to implement a Python object in C which has read() and write() methods. This object can 
be assigned to Python's global sys.stdin and sys.stdout objects (this is an example of "duck typ-
ing"). Error handling falls into two parts: (i) syntax errors and (ii) run time errors. Syntax errors 
are detected during compilation of source strings into Python bytecode objects. The Python C-
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API defines a robust mechanism running code objects and for handling run time errors. The IPy-
thon Qt Console does I/O redirection and error handling automatically. The IPython Qt console 
is itself written in Python. The simple native kernel is used to run the IPython Qt Console which 
can also evaluate Python code. Python datafile evaluation and Python functions called during 
cycling are passed though the native kernel. Only interactive IPython input is evaluated with the 
IPython kernel. 

IPython typically operates with a client/server model where client and server are different pro-
cesses. For access to PFC model objects from Python and for computational speed it was neces-
sary to use IPython with an in-process mode. The Python standard output stream is redirected to 
the IPython terminal (regardless of which kernel evaluates code). 

NumPy provides good performance for large arrays of numbers. The PFC API makes extensive 
use of length two and three vectors of numbers to represent positions, forces and other quantities. 
NumPy was found to give poor performance for small arrays (less than 200 elements) due to 
relatively large time and space overheads necessary for the general n-dimensional array behavior. 
To provide good performance for length two and three vectors (and tensors) the vec module was 
created. New Python types were created for vectors, tensors and symmetric tensors in two and 
three dimensions. These objects have the minimum necessary Python overhead and inter-operate 
seamlessly with NumPy. 

The Python objects which represent Itasca code objects (balls, walls, etc.) are simply thin wrap-
pers around a C++ pointer to these objects. There are a number of possible code paths for the life-
cycle of Itasca objects and the Python objects they wrap. One problem is C++ objects being deal-
located while Python objects still point to them. Accessing such an object would cause a segmen-
tation fault. To overcome this problem a list of live Python objects is maintained and updated as 
C++ objects are deallocated. The implementation is efficient for the ephemeral object creation 
typical in iterating over the Itasca model objects (for example, looping over the balls.) This pro-
cedure adds a small runtime overhead. 

It was necessary to create a mechanism for the Itasca GUI to update during Python code eval-
uation. Python and the GUI are in the same OS thread so lengthy Python calculations would lock 
the Itasca GUI. This is accomplished in FISH and Itasca command processing via polling calls 
included in the source where a time consuming operation is performed. To accommodate this 
need, the main Python byte code interpreter loop was modified to include polling calls. An alter-
native method based on Python threading and Py_AddPendingCall was experimented with but 
found to be slightly slower. 

The main PFC documentation is generated with Sphinx, which is a Python based documenta-
tion system. The Itasca Python API documentation is generated automatically based on object 
introspection and doc-strings. 

6 CONCLUSIONS 

Python is a high-level programming language popular in scientific programming. Python has been 
incorporated into PFC 5.0 in the form of embedding the Python interpreter and extending Python 
to work with PFC models. In addition to an object oriented interface to PFC model objects an 
array interface is also provided. Array based programs are faster and result in more concise code. 
A collection of useful scientific and numerical programming libraries are included with PFC 5.00.  
The incorporation of Python into PFC will allow new types of problems to be solved directly 
within Itasca software. 
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1 HISTORY OF MINEDW DEVELOPMENT 

The original version of the finite-element code MINEDW (version 1.0) was developed in 1992 by 
Mr. Tim J. Durbin (HCI 1993) in purpose to the limitations of the current modeling software at 
that time, which included: 

– Inadequate discretization (especially to simulate geologic features)
– Poor representation of pits and underground excavations
– Inability to properly handle non-linear flow at discharge points
– Poor representation of seepage faces in the pit
The core of the MINEDW code is based on algorithms of the finite-element code FEMFLOW3D

developed for the United States Geological Survey (Durbin & Berenbrock 1985, Durbin & Bond 
1998).  

The original version of the MINEDW code was modified between 1993 and 2005 by Dr. Elfadil 
A. Azrag to handle more diverse hydrogeological features for mining applications, and graphical
visualization of model inputs and outputs. These modifications were made based on groundwater
modeling of “world class” mine dewatering projects in Nevada, Canada, Indonesia, Chile, South
Africa, and Botswana. The incorporation of new, and modification of existing, features was com-
pleted on an “as needed” basis to enhance groundwater model predictability. It should be noted
that the MINEDW code (version 1.0) is based on numerous ideas conceived by Dr. Lee C. Atkin-
son and the groundwater hydrologists team (author was a member) who worked for HCI and
HCItasca between 1992 and 2007.

Benefits of MINEDW code for mine dewatering projects in 
complex hydrogeological settings 

V.I. Ugorets
SRK Consulting, Denver, CO, USA

ABSTRACT: Numerical modeling of mine-dewatering projects requires specialized features that 
are not present in mass-use groundwater-flow codes such as MODFLOW and FEFLOW. Many 
features critical to modeling groundwater flow in mine settings can be found in Itasca’s MINEDW 
finite-element groundwater flow code. The critical features include the ability to remove ele-
ments/nodes to simulate excavation of a pit; pinch-out capability to simulate in greater detail un-
derground mines or specific areas of hydrogeological interests;  simulation of non-Darcian flow 
and the transition to Darcian flow as heads and hydraulic gradients decrease; calculation of seep-
age faces in highwalls; and changes in hydraulic parameters in time to simulate block cave min-
ing, longwall coal operation, or relaxation around a deep, open pit. Other features of MINEDW 
that enhance or simplify the modeling of mine dewatering projects include the use of specified-
flux or specified-head boundary conditions, which when coupled with the fault-linking routine 
can simulate pumping from multiple levels in a well, variable-flux boundary conditions along 
external model boundaries, simulation of multiple faults without adding discretization with a 
fault-link subroutine, the use of a collapsing or rigid grid, pit-lake infilling simulations for both 
passive and active scenarios, and effective coupling of large, regional groundwater models with 
detailed window models. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 08-01
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0

509



Itasca Denver (Dr. Liu et al. 2012) developed MINEDW version 2.0 in 2012 and this version 
has been commercially available since April 2012. This version has significantly enhanced the 
three-dimensional graphical user interface (GUI) based on the same framework as that imple-
mented in the widely used geotechnical codes FLAC3D and 3DEC and allows additionally to 
MINEDW version 1.0 effectively simulate zone of relaxation for open pits, backfilling operations, 
block cave and longwall mining, freeze-thaw conditions, or other scenarios where hydraulic con-
ductivity may change during the mining (Itasca 2012).  

It should be noted that the author is familiar with both versions of MINEDW (1.0 and 2.0) and 
the description of its key features and benefits for use in large scale mine-dewatering project de-
scribed below are based on the author’s more than 10 years of MINEDW modeling experience. 
This includes more than 10 projects to assess dewatering requirements for open pits, underground 
mines, and block-cave operations within complex hydrogeological conditions (Azrag et al. 1998, 
Ugorets et al. 1999, Hanna et al. 1999, MacDonald & Ugorets 2003). 

2 KEY MINEDW FEATURES AND BENEFITS FOR MODELING MINE DEWATERING 
PROJECTS 

2.1 Generation of optimized model grid for mine dewatering applications 

2.1.1 Finite-element capability 
As a finite-element code, MINEDW uses its capability of applying variable-sized elements to gen-
erate very detailed grids that match the configuration of mine developments. Figure 1 shows a 
plan-view of a model grid developed to simulate groundwater inflow to an underground mine with 
an element size around the mine workings equal to 5 meters. 

Figure 1. Model grid of detailed underground workings in plan-view using MINEDW finite-element capa-
bility. 

2.1.2 Pinch-out capability 
In order to maintain reasonable computational efficiency, MINEDW implements the concept of 
“layer pinch-out” allowing the user to (i) significantly reduce the total number of elements and 
nodes and (ii) create a “window” model within a large scale regional model. Figure 2 shows an 
example of the layer pinch-out configuration of a model in cross-section. In mine area, 26 model 
layers were used to simulate the underground workings. Immediately outside the mine area, the 
number of layers is 14. In the regional area, the number of model layers is six. By implementing 
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the layer pinch-out approach, more vertical model layers can be assigned to the mine area, but 
these are gradually pinched out towards the boundaries of the model and common hydraulic pa-
rameters are ‘smeared’ through the pinched layers. 

Figure 2. Modeled grid of underground mine in cross section using MINEDW pinch-out capability. 

2.1.3 Window model capability 
MINEDW implements coupling of a regional model and window models by extracting time-vari-
able head values from selected locations in the regional model and then assigning them to bound-
ary nodes at complementary locations in the window model.  

Figure 3. Modeled regional groundwater system with detailed mine scale window models using MINEDW 
telescoping capability. 

Figure 3 shows a plan-view example of two detailed “window” models developed by the author 
to assess dewatering requirements for (i) an open pit and two block cave operations (Window 
Model 1) and (ii) multi-level vertical block cave operations (Window Model 2) within a large 
regional groundwater model used for environmental impact evaluation. In this example, the hy-
draulic heads at the nodes in the regional model that correspond to the boundary nodes of the 
window models were extracted at each time step. These extracted heads were then assigned as 
time-variable, specified-head boundary conditions for the window models used to predict large 
scale and long-term dewatering requirements. 
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2.1.4 Variable flux boundary capability 
Variable-flux boundary nodes used in MINEDW allow simulation of boundary fluxes that would 
result if the modeled groundwater flow domain is extended outward a great distance from the 
actual boundary of the model domain. This is accomplished by attaching the analytical solution 
for a semi-infinite linear aquifer (Carslaw & Jaeger 1959) to the boundary of the modeled flow 
domain. To ensure that the variable-flux boundary conditions are implemented properly, the ac-
tual boundary of the model domain should be far enough from the hydraulic stress so no part of 
the model layer is dewatered below the bottom of the layer. An example of simulation of the 
model boundary by variable flux nodes is shown in Figure 1 which allowed optimization of the 
model domain for assessment of dewatering requirements for an underground mine. The Author’s 
experience indicates that use of variable flux nodes allows more precise simulation of additional 
groundwater flow from outside the model domain compared to General Head Boundaries (com-
monly used in the MODFLOW and FEFLOW codes) which potentially greatly over simplify con-
ditions beyond model boundaries. This is because inflow/outflow to variable-flux nodes depends 
on groundwater storage parameters, while general head boundary flow depends on fluxes coming 
from constant head boundaries assumed at some distance from the model domain. 

2.2 Simulation of open pit 

MINEDW (version 1.0) allows simulation of an open pit excavation by two methods: 
 Removal of elements and corresponding inactivation of nodes; or
 Collapsing of the grid inside the pit area.
In the first method of simulation (Atkinson et al. 1992), the input file identifies the elements

representing the excavation that are to be removed in a specified time step. The code automatically 
removes any nodes that no longer are associated with any remaining elements. To represent the 
potential occurrence of a seepage face on the highwalls of the pit, the input file identifies the 
remaining nodes that define the surface of the excavation and specifies these as seepage face 
nodes. In order to adequately represent the seepage face, a relatively fine grid discretization is 
usually needed on the seepage face. To accomplish this, MINEDW automatically inserts additional 
elements and nodes on the surface of the excavation in each time step. As the excavation pro-
gresses, additional elements and nodes from the previous mining stage are removed and a new set 
of additional elements and nodes are inserted on the new surfaces of the excavation. 

The second method (fully described in Itasca Denver, 2012 and incorporated in version 2.0) 
permits changing the elevation of the nodes at the top of the first layer within the pit area to the 
specified pit elevation based on mine plans. The hydraulic properties within the area of the col-
lapsing grid are adjusted to the appropriate values representing the hydrogeologic units being ex-
cavated as the grid is collapsed to simulate mining. A minimum thickness of collapsed elements 
is specified by the user. By collapsing the vertical finite-element grids, the vertical discretization 
of the pit surface will be refined. This vertical refinement enables MINEDW to predict accurately 
the seepage rate to the excavated zone and the location of the seepage face (i.e. the outcrop of the 
phasing surface) on the slope. 

Seepage nodes used in both methods have specially assigned parameters: 
 The pressure at the node is zero (relative to atmospheric pressure) if the hydraulic gradient

is outward (i.e. into pit); or
 The flow assigned to the node is zero if the hydraulic gradient is inward (i.e. into high-

wall).
An example of open pit simulation by a collapsing grid is shown in Figure 4, where the original 

ground surface (Fig. 4a) in time over a 20-year period was collapsed to an ultimate pit bottom 
elevation (Fig. 4b). The hydraulic properties within the area of the collapsing grid were adjusted 
by MINEDW automatically.  

In the author’s experience, MINEDW very efficiently incorporates open pit plans (yearly or 
even quarterly) and simulates pit excavation during life of mine in one transient model run. Pit 
lake infilling can be included in this run as well, in this case the ultimate pit shell is used for the 
pit-lake configuration. 
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Figure 4. Simulation of open pit excavation and transition to block cave mining. 
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2.3 Simulation of underground developments 

Underground workings and associated dewatering systems are usually simulated by drifts and 
drillholes. MINEDW allows incorporation of them using specific drain nodes with leakance fac-
tors calculated by: 

𝐶𝐿 =
𝐾𝑚∙𝐿∙𝑤

𝑏
(1) 

where  CL   = leakance factor; Km =  hydraulic conductivity of material;  L = dimension of ele-
ment; w = width of area; and b = thickness of "membrane". 

The value for K is the computed average of the hydraulic conductivities (input value) of the 
elements around the drain node, L is a function of grid discretization, and w/b, the so-called “con-
nectivity factor”, is a value obtained through model calibration.  

Additionally, MINEDW allows the user to account for local resistance to flow at relatively con-
strained discharge points such as drifts or drainholes by modifying the traditional drain node 
leakance factor CL to:  

𝐶′𝐿  =  
𝐶𝐿

√(∆ℎ)
(2) 

where h = difference between hydraulic head and the specified drain elevation. 
Incorporation of factor the (h)1/2, which is dynamically calculated by MINEDW, is deduced 

from the Darcy-Weisbach relationship for pipe flow. The factor simulates additional resistance to 
flow into the drift or drainhole immediately after their installation when the gradient into them is 
high (i.e. h is large). However, when the gradient decreases, the (h)1/2 factor becomes smaller. 
Thus, the leakance factor becomes larger, resulting in less resistance to inflow. 

2.4 Simulation of highly transmissive faults and non-Darcian flow 

MINEDW can simulate the effect of highly conductive zones such as faults without requiring the 
addition of discrete elements to the model grid. The so-called “fault linking” is accomplished by 
specifying node pairs which are coupled with a large (user specified) transmissivity. The effect is 
to simulate enhanced movement of groundwater between the linked nodes (vertically and hori-
zontally) in addition to the normal calculation of flow between all nodes within the element. Ex-
amples of such highly transmissive features simulated by the FAULT subroutine include a fault 
zone, where groundwater easily can move parallel to the fault plane, or a well with a long com-
pletion interval, where groundwater easily can move from one depth zone to another through the 
well and gravel pack. 

Groundwater flow near discharge points in fractured and faulted rock is almost always non-
Darcian (Dudgeon 1985), and the standard groundwater flow equation breaks down in describing 
such flow. To account for this non-Darcian flow, MINEDW utilizes the non-linear flow algorithm 
(Durbin et al. 1992), which is based on the relationship: 

𝐾′ =  
1

𝑎+𝑏𝑞
(3) 

where K' = effective hydraulic conductivity; a = linear coefficient from the Forchheimer equation; 
b = non-linear coefficient from the Forchheimer equation; and  q = flux. 

The values of a and b in the form of the ratio b/a2 are input values that are varied during cali-
bration, and the model dynamically changes the effective hydraulic conductivity near a discharge 
point based on the computed local fluxes. In practical application, the nonlinear ratio b/a2 can be 
assigned a value of 0 for the matrix rock and from 1 to 100 for water-bearing structures which can 
be simulated by the FAULT subroutine of MINEDW.   

An example of modeling transmissive faults in the vicinity of an open pit and block cave oper-
ation is shown in Figure 4. Eighteen faults were simulated by about 8,400 pairs of “linked” nodes 
with a transmissivity between 100 to 1,000 m2/d, gradually decreased with depth to a value of 0.1 
m2/d. All drainholes and parts of the drifts which have intercepted significant inflows (greater 
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than 50 gpm) were simulated in the model by drain nodes with leakance factors (Equation 2) and 
considered non-Darcian flow (Equation 3).  They are represented by a series of more 400 drain 
nodes. The nonlinear ratio b/a2 was assigned a value of 0 for the matrix rock (defaulting Equation 
3 to Darcian flow) and 10 for water-bearing structures simulated by the FAULT subroutine of 
MINEDW.  Results of completed modeling for this and another large scale dewatering project 
show that: 
 Simulation of non-Darcian flow can be a significant factor in “throttling back” the inflow

that could occur under totally Darcian flow; and
 Use of a time-variable leakance factor (depending on the change in hydraulic head) allows

more realistic simulation of high water discharge by drainholes drilled into the transmis-
sive faults.

2.5 Changing hydraulic parameters in time 

MINEDW has the ability to change hydraulic parameters in time and space, simulating 3-D prop-
agation of: 
 Crackline and caved material during block cave mining;
 Zone of relaxation around an excavated open pit (automated assigning of this zone is

available only in version 2.0 of MINEDW);
 Open pit and underground void backfilling; and
 Deformation zone (goab) above longwall coal operations.
Examples of model grids developed by the author to predict groundwater inflows to a block

cave are shown in Figure 4c (multiple locations of the block caves, one of them – below an open 
pit) and Figure 5 (multi-level block caving) developed by author for large-scale mining operations. 

Figure 5. Simulation of multi-level block caving. 

Forming of block caves was simulated by increasing (i) the hydraulic conductivity of deformed 
rock mass and (ii) recharge from precipitation over the area where the crackline is predicted to 
propagate to the ground surface in time. Hydraulic conductivity was increased gradually from an 
original value of 0.003 m/d to 0.1 m/d and 1 m/d within cracklines and block caves, respectively. 
The recharge factor (percent of precipitation) was increased from pre-mining values of 0.1- 0.85 
to 0.95.  
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3 COMPARING MINEDW WITH MODFLOW-SURFACT AND FEFLOW 

A detailed comparison of MINEDW with mass-used MODFLOW-SURFACT and FEFLOW 
groundwater-flow modeling codes completed by the author is shown in Table 1.  

Table 1. Comparison of key features of MINEDW with MODFLOW-SURFACT and FEFLOW codes used 
for mine dewatering projects. 

Factor/Attribute MINEDW 
MODFLOW-SUR-

FACT FEFLOW 

M
in

in
g

 a
n

d
 d

ew
at

er
in

g
 f

ea
tu

re
s 

Open pit exca-
vation with 
simulation of 
seepage face 

Explicitly solves for 
height of seepage 
face (i.e. saturated 
material with P=0); 
simulates excavation 
of a pit by element 
removal with addi-
tional subdividing of 
seepage face ele-
ments or by collaps-
ing of model grid in 
pit area with proper 
change in hydraulic 
parameters of col-
lapsed elements; sim-
ulates pit excavation 
in time during one 
model run. 

Uses seepage-face 
boundary but grid col-
lapsing and changes in 
hydraulic parameters 
need to be done manu-
ally. 

Seepage face 
boundary condi-
tions can be 
scheduled with 
constraints. Al-
ternatively deac-
tivation /reacti-
vation element 
feature can be 
used to simulate 
mining. 

Underground 
mine with in-
creased re-
sistance to 
groundwater 
flow due to 
non-Darcian 
flow 

Explicitly calculates 
effective hydraulic 
conductivity based on 
classic Forcheimer 
relationship for two-
regime flow; dynami-
cally changes with 
time. 

Conduit Flow Process 
(CFP) package can be 
used with MODFLOW 
2005 only (does not 
work with MOD-
FLOW-SURFACT). 

Discrete ele-
ments can be 
used. Available 
flow laws are: 
Darcy, Hagen-
Poiseuille, and 
Manning-Strick-
ler. 

Dynamic 
changes in hy-
draulic con-
ductivity due 
to mining (e.g. 
zone of relaxa-
tion adjacent 
to excavations, 
material in 
block cave, 
goab for long 
wall mining) 

Hydraulic conductiv-
ity varies in time for 
individual elements 
or hydrogeologic 
zones. Automatically 
simulates zone of re-
laxation below pit by 
assigning thickness 
and hydraulic con-
ductivity of defor-
mation zone. 

Version 4.0 of MOD-
FLOW-SURFACT al-
lows simulate time-
varying material prop-
erties using TMP1 
package. 

Simulates time-
dependent mate-
rial properties by 
linking the zone 
(the part of the 
model that needs 
to change) with a 
function. 

Pit lake infil-
ling 

Automatically gener-
ates volume/area vs. 
stage relationship, 
simulates pit lake in-
filling during the 
same run with min-
ing, computes 
groundwater flows to 
pit from each geo-
logic unit through 
time. Can simulate 
active pit lake infil-
ling.  

Uses LAK2 package 
with separate model 
input. Difficult to sim-
ulate contribution of 
inflows from different 
geological units. 

Not capable but 
an external code 
(IFMLAKE, 
freely available) 
can be used to 
simulate pit lake 
infilling.  
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Factor/Attribute MINEDW 
MODFLOW-SUR-

FACT FEFLOW 

Pumping/de-
watering wells 

Simulates pumping 
wells by specified 
flux nodes which are 
replaced by drain 
nodes at specified 
freeboard elevation. 
Automatically links 
model within screen 
interval by high 
transmissivity. 

FWL4 well package 
simulates wells by 
pumping cells which 
are replaced by drain 
cells at specified free-
board elevation. Verti-
cal hydraulic link of 
multiple layers within 
the screen cells needs 
to be done manually 
by increasing of Kv. 

Uses Multilayer 
Well package 
with head con-
straints which al-
lows specified 
pumping rate to 
be changed to a 
constant head. 
Replacement of 
pumping rate to 
a drain node re-
quired additional 
programming. 

G
ri

d
 d

is
cr

et
iz

at
io

n
 a

n
d

 g
eo

lo
g
ic

al
 f

ea
tu

re
s 

Grid refine-
ment around 
area of hydrau-
lic stress (e.g., 
mines, pump-
ing centers, 
etc.) 

Accomplished by 
subdividing prisms 
only in area of inter-
est. 

Typically requires re-
duction of width of 
columns and rows 
throughout entire 
model domain1).  

Accomplished 
by subdividing 
3-D elements
only in area of
interest.

Groundwater 
flow system 
beyond model 
boundaries 

Uses Variable Flux 
Boundary nodes al-
lowing use of analyti-
cal solution to simu-
late flux-drawdown 
relationship at bound-
ary based on hydrau-
lic conductivity and 
storage of material 
(analytical solution 
for a semi-infinite 
linear aquifer). 

Uses General Head 
Boundary (GHB) con-
dition which poten-
tially greatly over sim-
plifies condition 
beyond model bounda-
ries. 

Uses GHB con-
dition which po-
tentially greatly 
over simplifies 
condition beyond 
model bounda-
ries. 

Geological 
layering in-
cluding pinch-
out of some 
layers 

Grid refined only 
where needed and 
simply pinched-out 
where geologic layers 
disappear. 

Typically requires 
adding several layers, 
columns, and rows 
throughout model do-
main1). 

Mixes tetrahe-
drons with other 
type of elements 
(similar to pinch-
out). 

Telescoping 
models (win-
dow models 
within regional 
model) 

Simulates Window 
Model within Re-
gional Model by out-
putting/inputting hy-
draulic heads at 
common nodes. 

No specific routine to 
address these condi-
tions1).  

Simulates Win-
dow Model 
within Regional 
Model by output-
ting/inputting 
hydraulic heads 
at common 
nodes. 

Transmissive 
faults simu-
lated without 
discrete ele-
ments or cells 

Uses fault link sub-
routine FAULT. 

No specific routine to 
address these condi-
tions1).  

Uses discrete el-
ement capability. 

Hydraulic flow 
barriers simu-
lated without 
discrete ele-
ments or cells 

No specific routine to 
address these condi-
tions. 

Uses Hydraulic Flow 
Barrier package. 

Uses discrete el-
ement capability. 

Simulation of 
angled faults 

Not capable Not capable 
Will be available 
in Version 7.0 in 
late 2015. 
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Factor/Attribute MINEDW 
MODFLOW-SUR-

FACT FEFLOW 

O
th

er
 

Simulation of 
groundwater 
budget within 
part of model 
domain 

No specific routine to 
address these condi-
tions. 

Uses Zone Budget 
subroutine 

Has sophisti-
cated sub-do-
main budgeting 
features.  

Simulation of 
density driven 
flow and mass 
transport 

Not capable but can 
use particle tracking 
with groundwater ve-
locities calculations. 

Capable Capable 

Note: 1 - MODFLOW-USG unstructured grid code has been available since 2013 and introduces several 
capabilities similar to MINEDW including pinch-outs, telescoping models, and transmissive faults 
simulated by Connected Linear Network (CLN). 

4 CONCLUSIONS 

Analysis of Table 1 indicates that the unique features of MINEDW to simulate open pits, seepage 
faces and pore pressure distributions, zone of mass rock deformation and relaxation, non-linear 
flow to underground workings through transmissive features, pit lake infilling, dewatering wells, 
and unbounded groundwater system give MINEDW an advantage over other codes for groundwa-
ter modeling of mine dewatering projects in complex hydrogeological settings. However 
MINEDW code has some deficiencies related to simulation of low permeable linear features, an-
gled faults, components of the groundwater budget within part of model domain and cannot be 
used if modeling of density driven flow and 3-D mass transport is required. 
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1 INTRODUCTION 

In the process of building a three dimensional (3D) groundwater flow model in the hydrogeolog-
ical modeling, the task of calibration for the calculation of the aquifer parameters is one of stages 
of greater importance. It consists, basically, of finding the setting of parameters that can best re-
produce the state variables measured in the field (hydraulic head and/or flow). 

MINEDW (Itasca Denver 2012) is a numerical code that solves the equation of three-dimen-
sional flow using the finite element method, especially developed to simulate conditions of mine 
drainage. It has been used with good results in many mines throughout the world. However, 
MINEDW has the limitation of having to be calibrated manually, this being a time-consuming 
process that is also dependent on the modeler’s criteria. This can be tedious in the extreme, par-
ticularly if the model has a lot of parameters.  

On the other side, there is a free software tool called PEST (Doherty 2005, 2015). PEST is an 
independent tool designed for automatic parameter estimation and uncertainty analysis that has 
been successfully integrated with other hydrogeological programs like FEFLOW (Diersch 2014) 
or MODFLOW (Harbaugh 2000). 

PEST can be linked to any model that reads and writes ASCII files and can be run from the 
command line. Under this context, this paper describes the first steps to couple and link both 
codes, MINEDW and PEST, in order to facilitate the calibration process of the hydrogeological 
parameters. 

Automatic calibration of hydrogeological parameters in MINEDW 
using PEST 

F. Ortuño & J.L. Villa
Itasca S.A., Santiago de Chile, Chile

ABSTRACT: MINEDW is a groundwater flow software used in hydrogeology which was espe-
cially developed by Itasca to simulate conditions of drainage in underground or open pit mines. 
The code is used in mine dewatering planning, environmental impact assessment and pore pres-
sure analysis, showing significant advantages over other groundwater flow codes. However, 
MINEDW has the limitation of requiring that the hydraulic parameters (hydraulic conductivities, 
storage coefficients, etc.) be calibrated manually, this being a time-consuming process that can 
also be difficult if the groundwater model has a lot of parameters. In this paper, we will describe 
the first steps to couple and link MINEDW and PEST, a free independent tool designed for auto-
matic parameter estimation and uncertainty analysis of models. The objective is to assist and fa-
cilitate the calibration process in MINEDW, providing strength and more confidence in the 
groundwater models performed with the software. Two existing groundwater models previously 
created with MINEDW, one of a tailings dam and the other of an open pit mine in Peru, have been 
used to evaluate the link between the two codes. In both cases, the link worked properly and the 
previous manual calibration was improved upon. The improvements in the results of Root Mean 
Square Error (RMSE) has been of 13% and 30% respectively, and the time savings has been 
significant. The paper concludes with some recommendations to improve the tool in future ver-
sions. 
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2 DESCRIPTION OF MINEDW AND PEST 

MINEDW is a numerical code that solves the equation of three-dimensional flow in a non-con-
fined or confined domain surface using the finite element method. MINEDW was specially devel-
oped to simulate conditions in mines, so it has a number of specific attributes when it comes to 
representing conditions associated with mining processes. MINEDW allows for the inclusion of 
important aspects in the simulation of the hydrogeological modeling of underground or open pit 
mines such as the excavation of open pit according to mine plan, the implementation of areas 
which change their hydrogeological properties in time to simulate phenomena such as the caving 
or the ZOR (Zone of Relaxation), and the simulation of the filling of the pit lake. MINEDW works 
under a user-friendly graphical user interface (GUI), but it runs reading the input from data files 
ASCII type generated by the GUI, writing the results in output text files also in ASCII type. 

PEST is a free non-linear parameter estimation software that has been tested and even engaged 
in numerous modeling programs, but is mainly applied to the resolution of complex environmental 
problems. The main advantage that PEST proposes regarding other codes is that it can be linked 
to any model that reads and writes ASCII files, such as MINEDW. PEST allows the user to adjust 
the parameters of a model while minimizing the discrepancies between the results provided by 
the model and the measured field data. The role of PEST, therefore, is framed in the automatic 
calibration of the parameters and the predictive and uncertainty analyses. PEST also allows the 
implementation of a large number of sensitivity analysis parameters in a simple way, which is an 
important aid to the hydrogeologist modelers. 
 
 
3 APPROACH TO THE MINEDW AND PEST INTERACTION 

3.1 Basic assumptions 

The approach to the interaction between MINEDW and PEST has been started assuming some 
simplifications in the initial tests. The basic assumptions are: 
 The groundwater problem is under steady-state condition. 
 The observation points correspond to nodes of the mesh of the model. 

Both points can be solved later, but for the initial tests these assumptions simplify the process and 
meet the objectives of the work. 

3.2 Interaction of the codes 

MINEDW-PEST interaction is performed through three text files: the template file, the instruction 
file and the control file.  
 Template File: it contains the list of parameters that will be adjusted (hydraulic conductiv-

ity, storage coefficient, etc.), as well as instructions for writing the input file for MINEDW. 
In this case, the input file corresponds to the so called "kfile.dat". 

 Instruction File: it contains the reference of the points corresponding to the observations 
made in the field, as well as instructions for reading the output MINEDW file. PEST reads 
the hydraulic head data calculated by MINEDW of the output data file with ".plt" extension. 

 Control File: it is the master file. It contains several parts: 
o Control data (# iterations parameter criteria, Marquardt parameter, objective func-

tion - the weighted sum of squared deviations between the values calculated by the 
model and the observations). 

o Parameter data (initial values of the parameters, parameter transformation, fixed and 
tied parameters, upper and lower bounds). 

o Observation data (target values and weights). 
o Command-line model (names of all template and instruction files). 
o Model input / output (names of the corresponding model input and output files). 
o Prior information of parameters to include in the objective function calculation. 

For the initial tests performed and shown in this paper, the three files have been generated with a 
text editor. The flowchart in Figure 1 shows a scheme of how PEST is linked to MINEDW. After 
completing the three text files, PEST is executed. This process generates the "kfile.dat" file to 
bring the initial hydraulic parameters for the first run of MINEDW. Immediately after that, 
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MINEDW will start, and it will run normally until the specific time steps are finished, time in 
which it will be automatically closed. PEST will read the results obtained through the “Instruction 
file” and will compare them with the field measurements, calculating the value of the objective 
function (Ф) and comparing with the criteria set in the error objective, the minimum value of 
objective function. If it fails the criteria to terminate the run, PEST will do a sensitivity analysis 
of the parameters, and it will generate other values of the hydraulic properties, a new file 
"kfile.dat", and will run automatically MINEDW again. This operation is iterative and will be 
executed as many times as necessary until the objective function value or completion criteria is 
met based on variations in the function with respect to the value of the previous PEST run. 

Figure 1. Flowchart of the PEST-MINEDW interaction. 

4 TEST EXAMPLES AND RESULTS 

The task to test and evaluate the link between the two codes was performed using two existing 
groundwater MINEDW flow models that have previously been manually calibrated: 1) a ground-
water model of a tailings dam; and 2) a model of an open pit mine. The objectives pursued with 
these tests were, firstly, to check the correct interaction of the codes and, secondly, to demonstrate 
the benefits of the automatic calibration. 

4.1 Groundwater model of a tailings dam 

The first of the two tests was carried out using an existing hydrogeological model for a tailings 
dam in Peru. The model was constructed under steady-state condition in MINEDW to generate 
pore pressure for the input to FLAC3D (Itasca 2012) slope stability models. For the automatic 
calibration of the model with PEST, model calibration parameters included six hydraulic zones 
with horizontal and vertical hydraulic conductivities. The flow model calibration targets included 
measured hydraulic heads at 22 control piezometers. 
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A new set of horizontal and vertical hydraulic conductivities were determined through the iter-
ative calibration procedure, and the test was completed successfully. The aquifer parameters thus 
calculated differ in the most cases by less than an order of magnitude than those obtained manually 
and they are within the range of the hydraulic tests performed in each hydrogeological unit. The 
major difference is that the new calculated values were obtained in mere hours, while the manual 
calibration took days. 

The calibration plot comparing the observed and calculated water levels at the control piezom-
eters is shown in Figure 2. 

Figure 2. Calibration plot of the groundwater model of a tailings dam, comparing the manual and the auto-
matic calibration. RMSE value of the manual calibration was 11.3, and the new RMSE value obtained with 
PEST is 9.8. 

The Root Mean Square Error (RMSE) was used to quantify the improvement produced by the 
automatic calibration that can be seen in Figure 2. This value corresponds to the mean value of 
the square of the residue in each point of measurement, and the residue is the difference between 
the measured and the calculated values. 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ 𝑟𝑖

2𝑛
𝑖=1 (1) 

where r = value of residue, and n = total number of data. 
The RMSE obtained by means of the manual calibration was 11.3, and the new RMSE value 

determined through the iterative calibration is 9.8. According to the results, the RMSE of the 
automatic calibration shows an improvement of around 13% with respect to the manual calibration 
performed previously. 

4.2 Groundwater model of an open pit mine 

The second example displayed has been carried out using an existing hydrogeological model of 
an open pit mine located at the south of Peru. The modeling was performed in MINEDW with the 
aim of providing input pore pressures for UDEC (Itasca 2014) and 3DEC (Itasca 2013) and for 
the assessment of the effectiveness of various pore pressure reduction schemes. For the new au-
tomatic calibration of the model with PEST, model calibration parameters included anisotropic 
hydraulic conductivities for 11 hydrogeological units, and 31 Casagrande and vibrating wire type 
piezometers were considered as calibration targets. 

The test was also completed successfully, and a special care was taken to check that the new 
values of the hydraulic conductivities obtained as the result of the automatic calibrations were 
realistic and consistent with the conceptual hydrogeological model. As in the previous example, 
the new calculated values were obtained in mere hours, while the manual calibration took some 
days. 
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The calibration plot comparing the observed and calculated water levels at the calibration tar-
gets in the open pit mine groundwater model is shown in Figure 3. The RMSE obtained by means 
of the manual calibration was 84.3, and the new RMSE value determined through the iterative 
calibration is 58.1. The improvement obtained with respect to the manual calibration previously 
performed is approximately 30%. 

Figure 3. Calibration plot of the groundwater model of an open pit mine at the south of Peru, comparing the 
manual and the automatic calibration with PEST. RMSE value of the manual calibration was 84.3 and the 
new RMSE value obtained with PEST is 58.1. The improvement is around 30%. 

5 CONCLUSIONS 

The purpose of this analysis was the need to optimize and speed up the calibration process and to 
improve the estimation of aquifer parameters in the MINEDW software. The combination of 
MINEDW and PEST, a model independent tool designed for automatic parameter estimation and 
uncertainty analysis, have been tested successfully and it provides strength and confidence in the 
calibration process of groundwater models with MINEDW. Two existing groundwater models 
previously created with MINEDW have been used to evaluate the link between the two codes. In 
both cases, the link worked properly and the previous manual calibration was enhanced, the im-
provements in the results of RMSE being 13 % and 30 %. The time savings has been significant, 
as the calibration with PEST only took a few hours. 

The way of linking PEST with MINEDW is through three text files. To date, the way of writing 
these files has been using a text editor, but the use of a simple and efficient GUI platform able to 
generate the ASCII files is currently being developed. The application in groundwater transient 
models and the use of drainage flow as calibration targets, in addition to water levels, are being 
analyzed for incorporation in future versions of the process. 
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1 INTRODUCTION 

Chuquicamata is an open pit mine located near the city of Calama, in the northern part of Chile. 
It is one of the largest open-pit cooper mines of the world. The pit rim is at an elevation of about 
3,000 masl, and the current pit floor is about 2100 masl. It is located in the Atacama Desert, and 
receives negligible precipitation. The natural groundwater recharge is nonexistent, and the only 
recharge that does occur, estimated to be between 3 and 8 l/s, is due to historical facility leakage 
from the old oxide plant on the south wall (WMC 2004). 

The West fault system is the main geological feature related to Chuquicamata. It separates the 
largely mineralized Chuqui Porphyry to the east and the barren Fortuna complex to the west. 
Geotechnical units are largely determined by alteration type, and they are also assumed as hydro-
geological units (SWS, 2009) (Fig. 1): Granodiorite Fortuna rock (GDF) is located in the upper 
and middle west wall, and the lower west wall is comprised of shear-zone materials (ZCM and 
ZCI). The east wall is composed in the upper part of the Granodiorite Elena complex (GES), and 
the middle and lower parts of metasediments (MET) and different alteration zones (PEC, PEK, 
PES and RQS). All of the geologic units have very low permeability and porosity (10-8 m/s to 10-

12 m/s), and there is a tendency for permeability and fracture porosity to reduce with depth. A 
hydrogeological barrier, created by the West fault, and the associated shear zone, are the main 
hydrogeological features of the mine. Figure 1 shows the geology and geologic structures within 
the mine that have been incorporated within the model. 

Chuquicamata is undertaking planning studies for the transition from the open pit to under-
ground mine. Block caving is the preferred mining method for the underground mine and it is 
scheduled to commence in March 2019. The analysis of rock stability with 3D geomechanical 

Pore-pressure model for transition studies from an open pit to 
underground mine at Chuquicamata (Chile) 

F. Ortuño & P. Ávalos
Itasca S.A., Santiago de Chile, Chile

R. Araya
División Codelco-Chuquicamata, Chile

ABSTRACT: Chuquicamata is an open pit mine located in Chile. The mine, one of the largest of 
the world, is planning studies for transition from an open pit to an underground mine, starting the 
block caving in March 2019. The analysis of rock stability with three dimensional (3D) geome-
chanical models needs the pore pressure distributions, and for this purpose Itasca constructed a 
3D groundwater flow model in 2011 with the software MINEDW. The model has been now up-
dated and improved. The main fractures within the new structural model, over 90, have been 
included explicitly within the groundwater model, and minor fracturing is incorporated as 3D 
anisotropy of the hydraulic conductivity. The largest mesh refinement of the new groundwater 
flow model has also allowed to represent in a better way the complex existing drainage system of 
Chuquicamata and the cavities of the future underground mine. The recalibration of the model 
was performed using both the existing piezometric heads from monitoring wells and the flow of 
the drainage stations. The result is a robust tool for Chuquicamata to provide pore pressures for 
current and future scenarios for the geomechanical models, for both the domain of the pit as well 
as for studies of the transition from the pit to an underground mine. 
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models needs pore-pressure distributions, and for this purpose Itasca constructed a 3D groundwa-
ter flow model in 2011. The objectives for the present hydrogeologic work are to update and 
improve this model and to provide pore pressures in current and future scenarios for the new 
geomechanical models in the domain of the pit, as well as for the studies of the transition from 
open pit to underground mine. 

  Figure 1. Geotechnical and hydrogeological units of Chuquicamata. 

2 DESCRIPTION OF MINEDW 

MINEDW (Azrag et al. 1998, Itasca Denver 2012) has been the numerical code used for the con-
struction of the groundwater flow model of the Chuquicamata mine. It solves the equation of 
three-dimensional groundwater flow in a non-confined or confined domain surface using the finite 
element method. MINEDW was specially developed to simulate conditions in mines, so it has a 
number of specific attributes when it comes to representing conditions associated with mining 
processes. 

MINEDW allows for the inclusion of important aspects in the simulation of the hydrogeological 
modeling of underground or open pit mines, such as the collapse of the mesh and the change of 
the topography according to the mining plan, the change of the hydrogeological properties in time 
to simulate phenomena such as the caving, or the zone of relaxation (ZOR), and the simulation of 
the filling of the pit lake. The software can easily generate 3D or 2D pore pressure distributions 
as input to the geomechanical models. 

3  PREVIOUS GROUNDWATER FLOW MODEL 

A groundwater flow model of Chuquicamata was previously constructed by Itasca using the soft-
ware MINEDW. The groundwater model is well described in Liu & Xiang 2011, Liu et al. 2012, 
and Liu & Sener Kaya 2013. The numerical model simulated the main features of this large open-
pit mine based on the conceptual hydrogeological model.  

The excavation schedule and the development of the ZOR, with three higher-permeability 
zones, were also simulated by the model since the continuously changing topography is critical in 
predicting changes of pore pressures over time. The extensive and complicated dewatering and 
drainage systems at Chuquicamata (drainage tunnels, dewatering wells and drains) were also in-
corporated in the model based on the designs and implementation schedules.  
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The groundwater flow model simulated the mining excavation from 1990 to the end of the open 
pit mine in 2019, on a monthly basis. The simulations incorporated the monthly pit bench exca-
vations based on the pit plan, and the pore-pressure distributions were provided to regional and 
local 3DEC models (Itasca 2013). 

4 UPDATED GROUNDWATER FLOW MODEL OF CHUQUICAMATA 

The previous numerical groundwater flow model of the Chuquicamata Mine was updated in 2015 
(Ortuño et al. 2015). Some weaknesses of the previous numerical model were identified, and the 
existence of a new structural domain (Codelco 2012) and new piezometric information in the west 
wall of the mine required its revision and updating. The main features and differences to the pre-
vious model are: 
 The previous groundwater model was constructed using an older version of MINEDW that 

was created prior to its release as a commercial code. Since then, there have been improve-
ments of many aspects of the software. The new groundwater flow model runs the last ver-
sion of the software (2.11). 

 The previous model could only run on Windows 7 platform. The new MINEDW version 
runs on Windows 8. 

 All the structures and fractures defined in the new structural model, more than 90, with 
persistence greater than 1 Km have been incorporated explicitly in the groundwater model 
as zones with different permeabilities (Fig. 2). 

 Three-dimensional anisotropy of the hydraulic conductivity has been incorporated in the 
model of each hydrogeological zone to represent the minor fracturing.  

 The refinement of the elements of the mesh has been improved to capture properly the hy-
drogeological units, fractures, borehole drains and drainage tunnels. The elements inside 
the pit have dimensions of 18 to 36 m in lengths, increasing in lengths gradually towards 
the outside boundaries. 

 New drainage flows and hydraulic head information, especially in the middle and the lower 
parts of the west wall of the mine, were also incorporated. 

 The depth of the ZOR has been updated to be 150 m thick according to the geomechanical 
models. 

 The mining plans were also updated, and the plan for undertaking block caving is now rep-
resented in detail. 

 

Figure 2. Sectional view of the new Chuquicamata groundwater flow model. The different colors represent 
the hydrogeological units. More than 90 new structures have been incorporated in the updated model, ac-
cording to the new structural information. The ZOR has a 150 m depth. 

Zone of 
Relaxation 

(ZOR) 

VIF structures 

West Fault and shear zones 
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The new groundwater flow model was recalibrated again, both the steady-state model (pre-
mine) and the transient model (from 1969 until 2015) with acceptable agreement between the 
measured piezometric heads and flows with the simulated heads and flows. Thirty six single-point 
monitoring wells, seepage flows, mass balances and four drainage stations were used in the cali-
bration process, and a new set of hydraulic parameters, according to the conceptual model, was 
determined. 

5 SIMULATION OF THE BLOCK CAVING EXCAVATION AND RESULTS 

The new calibrated groundwater flow model was used to simulate the pore-pressure distributions 
inside the domain of the mine from 2015 until 2021. The current mine plan was included, as well 
as the progression of the block caving in the underground mine, scheduled to commence in 2019 
and 2020. 

The excavation of the surface of the pit walls and the displacement of the rock due to the block 
caving will change the groundwater flow conditions and the pore-pressure distributions, and these 
two features can be included in MINEDW in one transient model run. The pit walls of the mine 
were simulated as drain nodes with zero pore pressure following the mine excavation plan. The 
block caving is simulated in a more complex way: the elements of the hydrogeological model 
inside the caves predicted from the geomechanical models are identified using the DXF format, 
and the hydraulic permeability of these elements is enhanced to simulate the displacement of the 
rock caused by caving (Figure 3). Drain nodes at the base of the caves are also activated to abstract 
the drained water. 

Ten pore-pressure distributions for different times for the model domain were exported to the 
3DEC geomechanical stability model, and the water inflows to the underground mine were also 
predicted. 

Figure 3. Sectional view N4500 of the groundwater flow model, year 2019. The black zones represent the 
block caving where the permeability is enhanced to simulate the displacement of the rock. The iso-pressure 
lines show the depressurization of the caves. 
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6 CONCLUSIONS 

The purpose of this paper is to show the capability of new hydrogeological modeling tools to 
obtain the pore-pressure distributions for the geomechanical modeling in the transition studies 
open pit to underground mines, such as Chuquicamata. From the hydrogeological point of view, 
these groundwater flow models are complex because they consider both the excavation of the 
surface of the pit walls and the displacements of the rock due to the block caving, all in one 
transient run. In comparison to conventional groundwater flow model codes, MINEDW is a soft-
ware that efficiently simulate all these components. The code is able to collapse the mesh in order 
to represent the changes of the mine topography according to the mining plan, and it has the ability 
to change the hydrogeological properties of the rock with time to simulate the caving process. 

The existing groundwater flow model of Chuquicamata, constructed with MINEDW, has been 
updated and improved for the purpose of incorporating new features. The main fractures of the 
new structural model of the mine (over 90) have been included explicitly as zones with different 
permeability, and minor fracturing is included implicitly as 3D anisotropy of the hydraulic con-
ductivity for each hydrogeological zone, according to the structural domains. The mesh refine-
ment of the new model has also allowed a better representation of the complex existing drainage 
system of Chuquicamata, and the cavities of the future underground mine. 

The recalibration of the model was done not only using existing piezometric heads from mon-
itoring wells, but also with the flows of the drainage stations and seepages. This is a better way to 
provide greater confidence in the model. The result is a new and robust tool to provide pore pres-
sures in current and future scenarios for the geomechanical models, in both the domain of the pit 
as well as in the studies of the transition from an open pit to underground mine. 
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Coupled Processes





1 INTRODUCTION 

The response of an elastic or rigid-plastic half-space to surface loading is a classical engineering 
problem. Here we discuss quasi-static solutions for the sinking rate of a buoyant body that is 
placed upon a viscous layer. Problems of this kind may be encountered by civil engineers and 
geologists dealing with the response of a shale or salt substratum to surface loads, when it can be 
described in an approximate way by a viscous constitutive law (e.g. Carter et al. 1993, Urai et al. 
2008). Salt tectonics (Jackson et al. 1994, Hudec & Jackson 2007) in particular exhibits a rich 
variety of structures (e.g., faults, folds) in the sedimentary basin fill as a result of such surface 
loading, and these are of great economic interest as hydrocarbon traps (e.g. in the Gulf of Mexico 
and along the Atlantic continental margin). In the following we present an analytical solution for 
the subsidence into a salt layer of an extended triangular surface load, for example a sand dune 
(Piliouras et al. 2014), that will form a local depocenter and thus influence the subsequent struc-
tural development. This analytical result can serve well for validating solutions obtained by nu-
merical modeling schemes. 

This short paper summarizes our main findings regarding the sinking rate of a buoyant trian-
gular solid into a viscous substratum. A full-length paper that includes the complete derivation of 
the analytical solution and an in-depth description of our numerical approach will be published 
elsewhere. 

2 ANALYTICAL SOLUTION 
2.1 Description of the problem 
We consider an indefinitely long, triangular (rigid) body of height a and half-width l, which, at 
time t = 0, is placed on a viscous substratum of thickness H and infinite lateral extent (Fig. 1). The 
triangular body and the substratum have the constant densities ρd and ρs, respectively, where ρs – 

The sinking rate of a buoyant solid into a viscous substratum: 
Analytical solutions and coupled PFC2D–FLAC simulations 

M.P.J. Schöpfer, F.K. Lehner, B. Huet & B. Grasemann
Department for Geodynamics and Sedimentology, University of Vienna, Austria

ABSTRACT: This note deals with methods of determining the sinking rate of a buoyant body 
that is placed upon a viscous layer. Problems of this kind arise in salt tectonics, where one is 
interested in the structural evolution of rheologically stratified systems comprising salt formations 
and an (accreting) sedimentary overburden. As an example, we study the response of a salt layer 
loaded by an elongated triangular sand dune and present an analytical solution for the case of a 
rigid (e.g. triangular) surface load. In solving this coupled two-layer problem numerically, we use 
FLAC to model the viscous layer and PFC2D for modeling the (deformable) sedimentary load. 
Numerical results are in good agreement with the analytical solution in illustrating the dependence 
of the sinking speed on various geometrical and mechanical parameters, such as substratum thick-
ness, triangle size, and the density contrast between salt and overburden. 
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d =  > 0. In this plane deformation problem, we seek a quasi-static solution for the substratum 
thickness h(t) as a function of time. We shall model the substratum as an incompressible Newto-
nian fluid with viscosity . A no-slip condition is assumed to hold for the fluid velocity at the 
base y = 0 of the substratum and the base y = h of the triangular surface load, the latter being 
displaced at a uniform vertical velocity dh/dt = –V. A similar problem of viscometry has been 
discussed in §40 of the book by Jaeger (1964). The main difference between Jaeger’s solution and 
the one presented below will come from the need to allow for the role of gravity. As the triangular 
body subsides under its own weight and the substratum is extruded by a lateral squeeze flow, a 
portion of the body’s triangular cross-section becomes submerged (Fig. 1). Clearly, as time goes 
to infinity, the final depth reached by the buoyant body, i.e., the height h(t → ∞) must be consistent 
with Archimedes’ principle. 

Figure 1. Description of the problem: A buoyant triangular body (yellow) subsides under its own weight 
into a viscous substratum (pink) of uniform height H. Finding its rate of subsidence V requires solving the 
stress and velocity distribution in the (shaded) area beneath the triangular body. 

2.2 Solution of the boundary value problem 

The boundary value problem depicted in Figure 1 involves the following conditions for the ve-
locity components u, v in the x- and y-directions: 

u = 0, –l < x < l, at y = 0, h;   (1a) 

v = 0, –l < x < l, at y = 0;   (1b) 

v = –V,  –l < x < l, at y = h.   (1c) 

Here V denotes the speed at which the triangular body subsides. 
The fluid pressure can be shown to obey Laplace’s equation and will be taken to satisfy a pol-

ynomial solution of the form: 

𝑝 =  𝑐1  +  𝑐2𝑦 +  𝑐3𝑥2  +  𝑐4𝑦2, (2) 

where the four coefficients can be determined by use of the equations of motion, the boundary 
conditions (1), and by stipulating that the pressure in the exit points |x| = l, y = h equals that of a 
hydrostatic fluid column of height H – h(t). 

We find: 

𝑢 =  6𝑉𝑥𝑦(ℎ– 𝑦)/ℎ3, (3a) 

𝑣 = – 𝑉[3(𝑦/ℎ)2 –  2(𝑦/ℎ)3], (3b) 

for the velocity distribution within the rectangle –l < x < l, 0 < y < h(t), while the pertinent com-

ponents of stress become: 

𝜎𝑥𝑥 = −(6𝜂𝑉/ℎ3)[𝑙2 − 𝑥2 − 3𝑦(ℎ − 𝑦)] − 𝜌𝑠𝑔(𝐻 − 𝑦), (4a) 

𝜎𝑥𝑦 = (6𝜂𝑉/ℎ3)𝑥(ℎ − 2𝑦), (4b) 

𝜎𝑦𝑦 = −(6𝜂𝑉/ℎ3)[𝑙2 − 𝑥2 + 𝑦(ℎ − 𝑦)] − 𝜌𝑠𝑔(𝐻 − 𝑦). (4c) 

Plots of the velocities (3) and the stresses (4) are shown in Figure 2. 
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Figure 2. Velocity and stress distribution beneath a rigidly subsiding triangular body at three different stages 
of normalized (by the final equilibrium depth) submergence. Only the right half of the symmetric problem 
of Figure 1 is shown. (a) Velocity field (blue arrows) and stream lines (red). (b) Horizontal normal stress, 
xx. (c) Shear stress, xy. Note the system’s approach to hydrostatic conditions. d = 2000 kg/m3, s, = 2200 
kg/m3,  = 1018 Pa s. 

Equating the integrated normal stress yy along the base of the triangular body to the bulk 
weight of the body plus the weight of the fluid covering its submerged portion (Fig.1) yields the 
following equation for the rate of change of the substratum thickness: 

−𝑉 =  
𝑑ℎ

𝑑𝑡
= −

𝜌𝑠𝑔𝑎ℎ3

8𝜂𝑙2 [(1 −
𝐻−ℎ

𝑎
)

2
−

Δ𝜌

𝜌𝑠
] (5) 

This is readily integrated by simple quadrature for the time, at which the body has sunk to a 
depth H – h(t); inverting this relationship one obtains the subsidence curves shown in Figure 3 for 
various values of the layer thickness, H, of the substratum. The subsidence must approach the 
common asymptotic limit: 

𝐻 − ℎ(𝑡 → ∞)  =  𝑎(1 − √Δ𝜌/𝜌𝑠). (6) 
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The submerged area of the rigid body, normalized by the total area, al, of its cross-section, is 
given by: 

𝐴𝑠  =  1 − [(𝑎 − 𝐻 + ℎ)/𝑎]2 (7) 

Substitution of Equation (6) in (7) now yields As = d/s, showing that the common limit (Eq. 6) 
is in agreement with Archimedes principle, as it should. 

Figure 3. Subsidence curves for four different substratum thicknesses H, all other parameters remaining the 
same as given in the inset. These plots of H – h(t) are constructed from solutions of equation (5). The final 
equilibrium depth (dashed horizontal line) is consistent with Archimedes principle. 

3 NUMERICAL SIMULATIONS 

3.1 Methodology, boundary conditions and model properties 

The primary purpose of the present study is to validate, using the analytical solutions described 
in the previous section, a new numerical scheme for modeling salt tectonics. The viscous substra-
tum (salt) is modeled using FLAC (Itasca 2011) with a creep material model, whereas the fric-
tional-elasto-plastic sedimentary overburden is represented by particles using PFC2D (Itasca 
2014). Mechanical coupling is achieved by exchanging forces and velocities across a common 
interface (i.e., the top boundary of the salt layer) in each time-step. We of course do not expect an 
exact match between the analytical solution (which assumes that the subsiding body is rigid) and 
the coupled numerical scheme in which the overburden is modeled by an assemblage of particles 
with frictional-elasto-plastic contact laws. However, we anticipate a similar overall sinking evo-
lution which should occur at the same time-scales, as predicted by theory. 

The sinking of a triangular, internally deformable, body into a viscous substratum is modeled 
using the following steps (model properties are given in Table 1): 

1. A rectangular FLAC grid is generated with thickness H (varied in different model runs) and
length L (10 km in all models). The bottom boundary has a no-slip condition and the lateral
boundaries have a free-slip condition. The top-boundary of the grid receives forces from
PFC2D.

2. A string of particles is generated at the upper edge of the FLAC grid. The number of parti-
cles along each zone edge and the particle size determine the grid resolution. In the present
study three particles straddle each zone edge. These so-called interface particles receive
interpolated translational and rotational velocities from FLAC. The mass of interface parti-
cles does not contribute to interface forces, only out-of-balance forces and moments arising
from other particles that are in contact with interface particles contribute to the nodal forces.

3. The system is then cycled to equilibrium using a zero creep-time-step in FLAC so that the
initial stress in the substratum due to gravity is installed.

4. A triangular assemblage of particles is created in the model center using a geometric pack-
ing algorithm (dropping ball method; Bagi 2005). In all models shown the height a is 200
m and the half-width l is 550 m. The particle assemblage is then cycled to equilibrium using
local damping in PFC2D while the creep-time-step in FLAC is zero.
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5. The creep-time-step in FLAC is set to a non-zero value, which is initially three orders of
magnitudes lower than the Maxwell relaxation time (tm = /G) and modified via a servo that
ensures that the maximum unbalanced force ratio is within certain bounds. In PFC2D vis-
cous damping is used so that particle accelerations are not damped. The model is cycled
until the desired creep-time has elapsed.

Table 1. Model properties. 

Particles and contactsa ( PFC2D) Substratumb (FLAC) 

  = 2500 kg/m3 c  = 2200 kg/m3

Ec = 1 GPa E = 1 GPa 

kn / ks = 2.5  = 0.4

 c = 0.7  = 1018 Pa s

rmin = 5 m (rmax /rmin = 1.66)
a Definitions of particle and contact properties are given in Potyondy & Cundall (2004). 
b The linear viscous creep model (Maxwell rheology) is used. 
c The particle density, size distribution and packing method used results in an average bulk density of 

approximately 2000 kg/m3. 

During the model run the submerged area of the load is estimated by computing the area above 
the sinking portion of the interface and below a reference level (which is taken as the average y-
position of the interface nodes adjacent to the left- and right-most particle). This submerged area 
is normalized by the initial triangular load area and therefore allows direct comparison with the 
analytical solution (Eq. 7). Additionally the average density of the particle model is determined 
using a moving measurement circle centered in the models center of mass. 

3.2 Results of coupled PFC2D-FLAC simulations 

We ran three coupled simulations with initial substratum thicknesses of 375 m, 500 m and 750 m 
(Fig. 4). Because the sinking speed depends strongly on substratum thickness (Eq. 5 and Fig. 3), 
the final times given in Figure 4 differ accordingly. In all model runs the particle aggregate un-
derwent large strains and formed a 'minibasin' with a minimal substratum thickness beneath its 
center. A deforming grid serves to illustrate the deformation and flow beneath the load. The dis-
placements of initially vertical grid lines up to the final equilibrium state are found to increase 
with decreasing substratum thickness, because of the relatively larger reduction of the latter. The 
initially vertical grid lines illustrate that flow within the substratum is not a pure Poiseuille flow 
(as assumed in the analytical solution), but also involves a Couette flow component that arises 
with the deformation and lateral spreading of the load. 

A quantitative comparison between the analytical solution for a rigid load and the model results 
is provided in Figure 5. Note the different time-scales of these runs. The results found for two 
types of model are in fair agreement. Characteristically, however, the rate of subsidence into the 
thin substratum (H = 375 m) of a deforming and spreading load was found to exceed that of a 
rigid load, while the opposite tendency was observed with the thickest substratum model (H = 750 
m), the best match being observed for the intermediate value H = 500 m. This behavior must be 
seen as the result of counteracting factors that arise with the deformation and spreading of a 'sed-
imentary load', and whose relative importance is controlled by the substratum thickness. 
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Figure 4. Results of coupled PFC2D-FLAC simulations. The thin triangular line is the outline of the particle 
model prior to substratum creep. Only the central 4 km of the 10 km long models are shown. t = final creep-
time in million years (Ma), H = initial substratum thickness. 

Figure 5. Quantitative comparison between analytical solution (black curves) and coupled PFC2D-FLAC 
simulations (red curves). The dashed horizontal lines are the asymptotic equilibrium states (equal to the 
density ratio d/s in accord with Archimedes principle). The overburden densities given in each graph 
represent averages taken over a circular region. 

4 CONCLUSIONS 

The sinking rate of a buoyant body that is placed upon a viscous layer is modeled using coupled 
PFC2D-FLAC simulations. The results are in good general agreement with an analytical solution 
for a rigid triangular load. The coupled numerical models presented here provide the basis for 
more complex scenarios characteristic for salt tectonics, such as synsedimentary deformation, 
which is the focus of ongoing research. 
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1 INTRODUCTION 

In Germany salt caverns are used to store liquid and gaseous energy sources like natural gas and 
crude oil for over 40 years. As part of the increased demand for fossil fuels, the incipient liberal-
ization of the gas market, and the changing usage with respect to the operation of the cavern 
storage facilities, numerous new caverns were planned at various locations in Germany and 
leached in recent years. 

Within the last years, requirements have changed in the operation of a gas storage cavern. The 
previous seasonal influenced operation cycle of the cavern was characterized by a seasonal with-
drawal of the stored natural gas in the winter months and filling with gas in the summer months 
when less gas is required. The new type of use of gas storage caverns contains nowadays a re-
quirement to obtain at any time in the highest possible withdrawal or refill rate for the gas to 
respond flexibly to the respective gas market situation. 

Regarding the location of new gas storage caverns the target was to preferentially build them 
in the center of a salt dome to ensure that there is enough salt around the cavity in all directions. 

Gas storage caverns in the salt dome edge region 

D. Zapf, S. Yıldırım & B. Leuger
Leibniz University Hannover, IGtH-IUB, Hannover, Germany

ABSTRACT: In recent years, the number of new and planned gas storage caverns has increased, 
so that optimization of the existing salt deposits and especially the question of the minimum al-
lowable distance between the cavern and the salt dome boundaries became important. Although 
caverns were built in the salt dome boundaries in recent years, however, no dimensioning concept 
was previously published worldwide. 

This paper deals with creating a concept for rock mechanical dimensioning of gas storage cav-
erns in the salt dome edge area. Within this dimensioning concept it has to be demonstrated that 
caverns can be operated gas tight and stable in this location. The analysis of the formation of salt 
deposits and possibilities of exploration of a salt dome represents an important basis for the model 
buildup and evaluation of a cavern in the salt dome edge region.  

A numerical model was created that takes into account the essential and non-negligible influ-
ences in the salt dome edge area. Furthermore time-dependent, thermo-mechanical coupled nu-
merical calculations were carried out. The influences of different model variations were analyzed 
regarding the cavern surrounding stress state.  

Based on the calculation results, the effects of varying the parameters on the cavern surround-
ing stress state were discussed and assessed. Here, the dimensioning parameters maximum and 
minimum internal pressures as well as the pressure change rates of the cavern were analyzed for 
a cavern in salt dome edge region. Stress intensity index of the rock salt plays an important role 
in the evaluation of the stress state of the cavern in the salt dome edge region. Within this paper 
a dimensioning concept is shown which includes the recommendation for the selection of a suit-
able calculation model of a cavern in the border region of a salt dome and a dimensioning param-
eter for the minimum distance between the cavern wall and the salt dome boundary. 
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Since the number of cavities has greatly increased in recent years, the optimization of the remain-
ing space in the salt mines for the construction of new storage caverns, especially in the salt dome 
edge areas are of increasing importance. 

In the rock mechanical design concept for gas storage caverns it is for example recommended 
to follow a safe distance between the caverns. The so called central pillar region for caverns in a 
field, that means, the area in which the stress state of the rock salt during the entire operating 
history is below the dilatancy limit of the material, should remain at least with a horizontal di-
mension of 1.8 to 2.2 times of the average diameter of two neighbor caverns. In current practice 
of cavern dimensioning so far no concept was published how a gas storage cavern should be di-
mensioned in the salt dome edge region and what distance should a cavern have from the salt 
dome boundary. 

Regarding the question how large the distance between a storage cavern and the salt dome edge 
should be at least, no recommendation exists so far in the mining regulations. In the general min-
ing regulations ABVO in Germany (ABVO 1966) an empirical value for the distance between 
salt mines and salt borders is given. It is described that at least 150 m from the salt edges should 
be maintained if the geological profile can clearly be determined. The origin of these values can 
no longer be traced at present. They probably originated from the intention to avoid possible water 
ingress in salt mines. 

While the ABVO is valid for the building of salt mines, the mining regulation for deep drillings, 
underground storage buildings and the extraction of mineral resources (BVOT) contains regula-
tions for the construction of caverns in rock salt (BVOT 2006). Therein the only advice that is 
given is caverns have to be built stable and enough salt should remain between the cavity and the 
salt edges. The values given in the ABVO are not given in the BVOT. 

General rock mechanical investigations concerning caverns in the salt dome edge region had 
been carried out for example by Gehle et al. (1983) and Vining et al. (2013). In the calculations 
caverns were modeled for brine production in the edge region and analyzed considering various 
rock mechanics aspects such as a distance variation of the salt dome edge and different calculation 
parameters for the salt and the adjoining rock. Negligible thermodynamic processes were not con-
sidered in these studies. Furthermore, no final evaluation of the calculation results on the distance 
between cavern and salt dome edge was performed. 

To carry out a rock mechanical analysis for the building of gas storage caverns in the salt dome 
edge region, a new numerical model has to be created that takes into account non-negligible in-
fluences. 

The central aspect of this paper is to carry out time-dependent thermo-mechanical coupled cal-
culations. The result of the analysis shows how the stress state in the vicinity of a gas storage 
cavern in the salt dome edge region is influenced by several parameters. The stress state in the 
surrounding rock salt of such a border cavern is analyzed on the basis of the assessment of the 
maximum and minimum internal pressure and the operation rates. Finally a recommendation is 
given for the minimum distance between a gas storage cavern and the edge of a salt dome. 

2 GENERAL ASSUMPTIONS 

2.1 Constitutive law 

The calculations for the primary stress state are carried out with the constitutive law of Hooke. 
For the time-dependent calculation the constitutive law Lubby2 is used which was developed at 
the IUB in Hannover (Heusermann 1982). 

The Lubby2 constitutive law for the description of the time- and stress-dependent material be-
havior is based on the formulation of the rheological constitutive law by Burgers and contains 
additionally a stress dependence of the parameters. For three-dimensional stress states the follow-
ing formulation results for the transient and stationary creep rate: 

𝜀̇𝑣(𝑡) =
3

2
(

1

�̅�𝐾(𝜎𝑣)
𝑒𝑥𝑝 (−

�̅�𝐾(𝜎𝑣)

�̅�𝐾(𝜎𝑣)
∙ 𝑡) +

1

�̅�𝑀(𝜎𝑣)
) ∙ 𝑀2 ∙ 𝜎 (1) 

With 
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�̅�𝑀 = �̅�𝑀
∗ ∙ 𝑒𝑥𝑝(𝑚 ∙ 𝜎𝑣) ∙ 𝑒𝑥𝑝(𝑙 ∙ 𝑇) (2) 

�̅�𝐾 = �̅�𝐾
∗ ∙ 𝑒𝑥𝑝(𝑘2 ∙ 𝜎𝑣) (3) 

�̅�𝐾 = �̅�𝐾
∗ ∙ 𝑒𝑥𝑝(𝑘1 ∙ 𝜎𝑣) (4) 

where v is the equivalent stress, T is the rock mass temperature and 
*

M
η , 

*

K
η , 

*

kG , m, k1, k2

and l are material parameters. Via the user defined constitutive model option Lubby2 was inte-

grated into FLAC3D (Itasca 2012). 

2.2 Minimum cavern pressure 

The assessment of the stress states in the rock mass in the vicinity of the cavern is carried out 
applying the stress intensity index . This index is calculated on the basis of the results of the 
numerical calculations (Staudtmeister 1994). Among other criteria the value of the stress intensity 
index is a measure for the determination of the permitted minimum pressure and corresponding 
durations under this pressure for the gas caverns during operation. 

This procedure leads to a dimensioning which excludes any spalling of a part of the cavern 
periphery. The stress intensity index indicates the percentage actually used of the potential stress 
which the rock mass could absorb during short term stressing. It is defined by 

22

( )

D

iso

J
)

 


 (5) 

where 22
D

J is the existing deviatoric stress and iso is the fracture strength under short term 
loading for the given states of stress. J2

D is the second invariant of the stress deviator tensor. The 
fracture strength  is obtained from uniaxial and triaxial laboratory tests (Staudtmeister 1994). 

According to tests with constant mean stress and determination of the dilatancy limit it is a 
reasonable and conservative assumption to take the  curve between 30% and 40% of the ultimate 
strength in the conventional triaxial testing as the range above which dilatant states of stress can 
be expected. Above the dilatancy limit some damage occurs in the salt structure. The concept 
applied has to restrict intensity and duration of such stress states. 

2.3 Operation rates 

The occurrence of tensile stresses in the zone close to the perimeter of the cavity is particularly 
important as part of the stress evaluation. The tensile strength of rock salt is relatively low com-
pared to its compressive strength and is estimated to lie between 0.5 MPa to 1.5 MPa. If the tensile 
strength is exceeded, it is likely that discrete fractures will occur orthogonal to the direction of the 
tensile stress (Zapf 2012, Berest 2012, Brouard 2011). 

If fractures of this kind are created – whether vertical or horizontal – the gas will penetrate the 
fracture at the relevant pressure and further extend the length of the fractures under certain cir-
cumstances. There are currently no theoretical approaches describing the manner in which the 
fractures might propagate into the undisturbed rock salt mass during repeated cyclic pressure 
changes. 

3 CALCULATIONS 

3.1 Calculation models 

The development of the calculation models in FLAC3D is shown in Figures 1 and 2. As a first 
step the dimensioning parameter of the cavern in the model are going to be determined with a 
rotation-symmetric model A. The results of this calculation present the basis for the comparative 
analysis of the different calculation models. Starting from the results of the field cavern model A 
the next step is to extend the horizontal and vertical dimensions of the calculation model (Model 
B in Fig. 1). 
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Figure 1. Discretization of calculation model A, B and C. 

Based on that the calculation is extended in the way that in the next step three caverns in a row 
(Model C) are going to be realized and calculated. Afterwards the stress state surrounding the 
right cavern is going to be assessed.  

The final calculation model is shown in Figure 2. Within that a vertical salt dome edge is created 
with a distance of 200 m from the cavern wall. The calculation model contains a horizontal di-
mension in x-direction of 1870 m. Overall three caverns are modeled in a row. 

Figure 2. Discretization of calculation model with salt dome border. 

For all caverns the same loading history concerning the pressure and temperature development 
over the time is assumed. The dimension in horizontal y-direction is 140 m and contains the half 
distance between two cavern wells. The model dimension in vertical direction is 2440 m and 
contains the layers of the overburden and the caprock. 

Table 1 shows the elastic and viscous calculation parameters and the applied thermic parame-
ters for the coupled calculations for rock salt. 
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Table 1. Rock mass material properties. 
__________________________________________________________________________________________________________ 

Parameter Value 
__________________________________________________________________________________________________________ 

Young’s modulus E 18,000 – 21,000 MPa 

Poisson’s ratio  0.2 – 0.3 

Maxwell viscositym* 2.0*1014 d*MPa 

m -0.36 MPa-1 

l -0.05 K-1

Kelvin shear modulus GK
* 3.4*105 MPa

k1 -0.24 MPa-1

Kelvin viscosity K* 2.0*105 d*MPa

Thermal conductivity  5.2 W/m/K

Heat capacity c 875 J/kg/K

Coefficient of thermal expansion t 4.0*10-5 1/K 
__________________________________________________________________________________________________________ 

3.2 Initial conditions and assumptions 

Initially numerous investigations concerning the primary stress state in a risen salt dome (Fig. 3) 
had been carried out (Zapf 2009a). 

Figure 3. Calculation model for the determination of the primary stress state in a salt dome. 

In this study it was the question which stress state exists in a salt dome after several years of 
calculation time if the assumption for the initial stress condition contains a lateral pressure coef-
ficient of K0 = 1.0 for rock salt and K0 = 0.5 for the non-halite surrounding rock mass. The target 
of these investigations was to answer the question whether the transition zone from anisotropic to 
isotropic stress states is located in the salt dome or in the rock masses around. The result of this 
analysis has a significant influence on the assumption for the primary stress state in the calculation 
models within this paper. 

Figure 4 shows an example of the distribution of the stresses over a horizontal cross section 
A-A through the calculation model (Zapf 2009b). After a simulation time of 100,000 years the 
stress state within the borders of the assumed salt dome is isotropic which means all stress com-
ponents have almost the same value. This result can be observed in different depths in the calcu-
lation model. 

The result shows that in the rock salt an isotropic stress state with a lateral stress coefficient of 
K0 = 1.0 can be assumed and that a transition zone to anisotropic stress states is located outside 
the salt dome. Qualitative considerations of principal stresses in a salt dome and in the surrounding 
rock masses by Dusseault et al. (2004a, b) confirm the aforementioned results of the analysis. 

For the sandstone nearby the salt dome a value for the Young’s modulus is set in the calculation 
model with a range of E = 500 to 5000 MPa. 
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Figure 4. Calculated stress state after 100,000 years in horizontal cross section A-A. 

3.3 Assessment of the stress states 

Figure 5 shows the development of the principal stresses over the time in an assessment point in 
the roof section of the cavern. 

Figure 5. Principal stress components at the assessment point in the roof section of the border cavern. 

It is visible that these components are influenced by the creep behavior of the rock salt on the 
one hand and by the temperature changes of the withdrawal and refill phases of the gas. The 
minimum value of the compressive stress obtained from the calculation of the assumed design 
load case amounts to approximately -1.6 MPa. The assessment of the principal stresses shows that 
an assumed distance of 200 m between the cavern wall and the edge of the salt dome has a small 
influence on the stress state directly at the cavern wall. 

3.4 Calculation model variation / consideration of a disturbed zone 

A variation of the model is shown in Figure 6. The salt dome edge is modeled with the same 
distance as in the section before; additionally a transition zone is modeled within this area with a 
horizontal dimension of 50 m. 

Kupfer et al. (1998) and Looff et al. (2003) describe that the existence of such a zone in the salt 
dome edge is not unlikely. The rock salt in this area can contain impurities which may lead to salt 
qualities which are significantly different compared to the salt quality, e.g. in the salt dome center 
region. The creep behavior as well as the strength of the rock salt could be lower. 

In a first step within this analysis, the creep behavior in the transition zone in the model is set 
lower compared to the cavern surrounding rock salt. 
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Figure 6. Variation of the calculation model / consideration of a transition zone at the salt dome edge. 

3.5 Assessment of the stress states / disturbed zone 

Figure 7 shows the development of the stress intensity index over a horizontal cross section 
through the lower third of the caverns at the point in time immediately after reaching the minimum 
pressure level pmin in the design load case on the one hand and as a second point time 60 days after 
reaching pmin on the other hand. 

Figure 7.  in horizontal cross section, assumption of a lower creep ability in transition zone, 200 m dis-

tance. 

As expected, the stress intensity index shows a value of app.  = 50 % at the cavern wall after 
reaching pmin. This value decreases at the wall due the creep behavior of the rock salt over the 
assumed period of 60 days. Therefore, the pillar center region shows after that period slightly 
higher values for the stress intensity index due to the stress redistribution in the rock salt.  

In the area between the border cavern and the salt dome edge this distribution is also visible. 
Looking at the stress intensity index in the transition zone it is seen that the value of rises again 
due to the assumed lower creep ability. 

Figure 8 shows the development of the stress intensity index under the consideration that addi-
tionally to the lower creep ability also the strength in the transition zone is set to lower values. 
This assumption leads to the result that the stress intensity index now reaches values of app.  = 
35 %. 

The question arising now is whether the distance of the transition zone and the salt dome edge 
has an influence on the above calculated result. Therefore, in a further variation the distance be-
tween the cavern and the salt dome edge is reduced to 150 m. The impact on the stress state is 
shown in Figure 9. 
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In the comparison between the developments of  60 days after reaching the pmin it is obvious 
that the value now rises to app.  = 40 % which is significantly higher only due to the variation 
of the distance between the cavern and the salt dome edge. 

Figure 8.  in horizontal cross section, assumption of a lower creep ability and strength in transition zone, 

200 m distance. 

Figure 9.  in horizontal cross section, assumption of a lower creep ability and strength in transition zone, 
150 and 200 m distance. 

3.6 Assessment of the stress states concerning the distance between the border cavern and the 
salt dome edge 

The calculation results show that the distance between the border cavern and the salt dome edge 
on the one hand and the assumption of a transition zone with a lower creep ability and strength on 
the other hand have a significant influence on the dimensioning of a gas storage cavern. 

The development of the stress intensity index in Figures 9 to 11 shows that in the area between 
the cavern wall and the salt dome edge appear higher values for the stress intensity index when 
the dimension of the distance was reduced. Under consideration of a transition zone with divergent 
mechanical properties  shows even higher values in this region. 

In the dimensioning of gas storage caverns an area between two gas storage caverns should 
exist where the stress intensity index remains below the limit of the dilation limit over the whole 
operation time. The horizontal dimension should be at least 1.8 to 2.2 times of the average diam-
eter of two neighbor caverns. The assessment of the calculation results shows that a similar value 
for the distance between the cavern wall and the salt dome edge is a sufficiently large safety 
margin with respect to the tightness and the stability of the cavern. The stress states surround a 
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cavern are not significantly influenced. Furthermore the results show that a reduction of the dis-
tance leads to a higher influence of the cavern surrounding stress state. A distance for instance 
with a value of a diameter of the border cavern can be assessed on the basis of the calculation 
results as insufficient. 

4 CONCULSIONS 

FLAC3D was used for the calculations carried out within this paper. For the dimensioning of a 
gas storage cavern in the salt dome edge region it is necessary to create a new three-dimensional 
calculation model. This should consider in addition to the border cavern other neighboring cav-
erns. It is not sufficient only to consider one cavern in the calculation model because the neigh-
boring caverns with their geometry and possibly the operating history may have an influence on 
the stress distribution surrounding the border cavern. 

The operating history of the cavern was calculated on the basis of thermo-dynamical simula-
tions. Based on the results of these calculations the time-dependent thermo-mechanical coupled 
calculations had been carried out using the constitutive law Lubby2. 

It was shown that the primary stress state in the salt dome can be set to an isotropic state. The 
results of the simulations over a sufficiently long period show that a possible transition zone be-
tween isotropic and anisotropic stress state is located outside the salt dome. 

The concept for the dimensioning of gas storage caverns in the salt dome edge region includes 
the creation of a suitable calculation model for the rock mechanical assessment the dimensioning 
parameter bR as a minimum to be considered distance between the cavern and the salt dome border 
which is based on the results of the calculations under consideration of the described model vari-
ations. 

Figure 10. Rock mechanical dimensioning of a gas storage cavern in the salt dome edge region. 

The recommended dimension for the distance shown in Figure 10 includes three regions. The 
first region is the area surrounding the cavern in which the stress state shows values above the 
dilatancy limit (bU). The second region contains the area bR with a value of at least 1.5 times of 
the diameter of the border caverns. In this area the stress state must remain below the dilatancy 
limit over the whole operation time of the cavern. Thirdly, a region bUEZ with at least 50 m should 
be considered in the dimensioning where a possibly disturbed zone with divergent mechanical 
properties may occur. 

This dimension is from a rock mechanical engineering point of view, the recommendation for 
the minimum distance between the border cavern and the salt dome edge to ensure a safe operation 
over the whole lifetime of the gas storage cavern. 
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1 INTRODUCTION 

Internal erosion refers to any process resulting in soil particles being eroded from within or be-
neath an embankment due to seepage flows (ICOLD 2015). Internal erosion can be subdivided 
into four distinct erosion mechanisms: (1) concentrated leak erosion, (2) contact erosion, (3) suf-
fusion (internal instability), and (4) backward erosion piping (BEP) (Bonelli 2013, USACE & 
USBR 2012). Concentrated leak erosion occurs when water flows through an open pathway, such 
as a dessication crack, leading to erosion of the embankment. Contact erosion occurs when seep-
age through a coarse soil layer begins eroding an adjacent layer of finer soil. Suffusion refers to 
the removal of a fine soil fraction from a coarser soil matrix.  BEP occurs when soil erosion begins 
at an unfiltered seepage exit and erodes backward along the interface of an erodible layer (e.g., 
sand) and a cohesive cover layer (e.g., clay) as shown in Figure 1. According to Foster et al. 
(2000), 46.1 percent of all dam failures are attributed to internal erosion.  Approximately one third 
of these incidents have been attributed to BEP (Richards & Reddy 2007). BEP is also a primary 
failure mode for levees (USACE 1956), especially for levees built on two-layer foundations in 
which a clay layer overlies a more pervious sand aquifer (Fig. 1). Because of the significant threat 
BEP poses to dams and levees, there is significant interest in being able to model the process of 
BEP for the purpose of identifying embankments that are susceptible to piping failure. Discerning 
critical scenarios through numerical modeling requires the ability to define critical erosion condi-
tions. Historically, this has been difficult.  This study demonstrates some of the issues associated 
with modeling BEP, namely selection of an erosion criterion, through modeling of BEP laboratory 
tests using FLAC3D (Itasca 2012). 

Numerical modeling of backward erosion piping 

B.A. Robbins 
U.S. Army Engineer Research and Development Center, Vicksburg, MS, USA 

ABSTRACT: Backward erosion piping (BEP) refers to a process by which foundation soil is 
gradually eroded from beneath a water retaining structure until a continuous opening, or “pipe”, 
is formed. BEP, historically referred to as piping, is a primary cause of dam and levee failures 
worldwide. For this reason, understanding the process of piping is crucial to accurately assessing 
the risk of piping failures for existing embankments. The mechanics of piping are complex, mak-
ing use of principles of sediment transport, porous media flow, hydrodynamics, soil erosion, and 
soil strength. The purpose of this study is to illustrate how the progression of piping can be mod-
eled through a simple analogue. An approach for modeling piping was developed in which a local, 
pressure gradient threshold (critical gradient) is used as the criterion for pipe progression. The 
pipe was simulated by increasing the permeabilities of eroded zones. The modeling approach is 
implemented in FLAC3D and used to simulate laboratory flume experiments. The critical gradi-
ents for pipe progression were found to be sensitive to the grid density and pipe permeability.  
Initial model results indicate that the consideration of local gradient may partially account for the 
scale effects observed in the laboratory flume tests. 

Applied Numerical Modeling in Geomechanics – 2016 – Gómez, Detournay, Hart & Nelson (eds.)  Paper: 09-03
©2016 Itasca International Inc., Minneapolis, ISBN 978-0-9767577-4-0

551



Figure 1. Illustration of the physics of backwards erosion piping. The process includes (1) Darcian flow; 
(2) Exit related hydraulic conditions, such as orifice flow, pipe flow, or constant head boundary conditions;
(3) liquefaction or fluidization at the pipe head due to concentrated flow leading to (4) occasional bursts of
high suspension solids into the pipe; (5) laminar flow conditions in the open pipe that cause (6) sediment
transport along the bottom of the pipe. (1) – (6) must all be occurring simultaneously for piping to progress
to failure.

2 PREVIOUS STUDIES 

Previous research on BEP (de Wit et al. 1981, Townsend & Shiau 1986, Schmertmann 2000, van 
Beek et al. 2014, Sellmeijer et al. 2011, Yao et al. 2007) has provided a general understanding of 
the physics of the process (see Fig. 1). Additionally, numerous investigators have numerically 
modeled BEP; some modeled the entire process while others simply modeled the change in 
groundwater patterns. Wang et al. (2014) classified these models into three broad categories in 
terms of how the piping process is represented: (1) models that simply increase pipe zone perme-
ability within a routine seepage analysis, (2) multi-phase soil models in which erosion and 
transport of eroded particles are explicitly accounted for, and (3) Discrete Element Method (DEM) 
simulations, typically coupled to a continuum description of fluid flow. 
 The first category can further be subdivided based upon the approach taken to simulate in-
creased permeability. The simplest approach is one in which the permeability coefficient is simply 
increased in “piping zones” (Hagerty & Curini 2004, Jianhua 1998, Vandenboer et al. 2013). Al-
ternatively, the increased permeability due to the pipe can be modeled as pipe-flow in which the 
pressure gradient, flow rate, and pipe dimensions are related (J. B. Sellmeijer 2006, Zhou et al. 
2012, Van Esch et al. 2013). Regardless of the approach taken to model the pipe hydraulics, this 
category is used solely to evaluate the influence of the pipe on the groundwater flow to determine 
if equilibrium conditions exist, thereby neglecting the time-dependent nature of the piping pro-
cess. Determining critical from non-critical conditions requires definition of a threshold erosion 
criterion (e.g., critical shear stress, critical gradient, or critical velocity). 
 The second category of models is the most common, separating the problem into various phases 
representing the pore fluid, soil structure, and eroded particles. This approach was first proposed 
as a means of predicting wellbore sand production (Stavropoulou et al. 1998, Detournay et al. 
2006), and has since been used in varying forms to model internal erosion (Wang et al. 2014, 
Cividini & Gioda 2004, Becker et al. 2010, Steeb et al. 2007, Liang & Chen 2011, Fujisawa et al. 
2010, Luo 2013, Zhang et al. 2012). This approach requires a constitutive relation defining the 
erosion rate and critical conditions at which erosion initiates.  The general constitutive relationship 
most commonly used is 

𝜀̇ = 𝑘1(𝜏 − 𝜏𝑐) = 𝑘2(𝑢 − 𝑢𝑐) (1) 

where 𝜀̇ = mass erosion rate (kg/s), 𝜏𝑐 = critical shear stress (Pa), 𝑢𝑐= critical velocity (m/s), and
𝑘1 and 𝑘2 are erosion coefficients. Therefore, in addition to defining an erosion criterion, the

552



second set of models also requires the definition of an erosion coefficient to dictate the pipe pro-
gression rate. 
 The third category models the soil particles using DEM, with the fluid phase typically modeled 
at the continuum scale through finite volume or finite element simulations (Shamy & Aydin 2008, 
Lominé et al. 2013, Maeda et al. 2010, Sari et al. 2011, Wang & Ni 2013, Zou et al. 2013). This 
category of models is very computationally intensive, making it uncommon in practice, especially 
for full-scale, field applications. For this reason, DEM models will not be discussed further. 
 The first category of models, while simple, can identify sites that have the potential to allow 
BEP to progress to failure. It is also the only approach the author has seen used in routine practice 
(Rijkswaterstaat 2002). For these reasons, this simple approach will be implemented in FLAC3D 
to model laboratory BEP experiments. 

3 MODELING APPROACH 

In order to model BEP, an erosion criterion must be defined.  Because velocity, hydraulic gradient, 
and pore shear stress are all related parameters characterizing the available flow energy, either of 
the three may be used as an erosion criterion.  As a matter of convenience, the hydraulic gradient, 
𝑰, was selected for use to model BEP in FLAC3D where 

𝐼𝑖 = 𝜑,𝑖 (2) 

and 

𝜑 = (𝑝 − 𝜌𝑓𝑥𝑗𝑔𝑗)/(𝜌𝑓𝑔) (3) 

with 𝑝, 𝜌𝑓, 𝑥𝑗, 𝑔𝑗, and 𝑔 denoting the fluid pore pressure, fluid density, position vector, gravity
vector, and gravity magnitude, respectively. The quantity 𝜑 may be referred to as the total head. 
Considering only the case of saturated flow through soil with isotropic permeability, the hydraulic 
gradient may be computed from the specific discharge vector for each zone as 

𝐼𝑖 =
𝑞𝑖

𝑘𝜌𝑓𝑔
(4) 

with 𝑘 denoting the isotropic permeability coefficient (m2/(Pa/s)). The calculated hydraulic gra-
dient is compared to a critical value, 𝐼𝑐𝑟, to determine if the pipe will progress further. If 𝐼𝑖 is
greater than 𝐼𝑐𝑟 in any grid zone, the permeability of that grid zone is updated by

𝑘(𝑡+∆𝑡) = 𝑘𝑡 ∗ 𝐶𝑝𝑖𝑝𝑒 (5) 

Where Cpipe denotes a user defined permeability multiplier representing the increase in permea-
bility as erosion progresses into that zone. Initially, |𝐼𝑖 | was used as the criterion; however, the
pipe progressed in the z-direction as shown in Figure 2A. By only considering the x- and y-com-
ponents of gradient, erosion progressed horizontally (Fig. 2B). 

Figure 2. Illustration of the simulated erosion paths using (A) total gradient magnitude and (B) horizontal 
gradient magnitude. 
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4  LABORATORY BEP FLUME TEST EXPERIMENTS 

Horizontal flume tests were conducted on a coarse sand to determine the hydraulic conditions at 
which BEP erosion occurs. The sand had a d50 of 2.5 mm and a uniformity coefficient of 1.31.  
The sand was water-pluviated into the flume to ensure saturation. As placed, the sand had a po-
rosity of 0.42 and a hydraulic conductivity of 4 cm/s. Once the sample was prepared, the test 
procedures consisted of gradually increasing the differential head across the sample until piping 
occurred.  The differential head at which piping progressed through the sample was denoted as 
the critical head, Hcr. For these tests, there was little difference between the head at which piping 
initiated and the critical head. For each test, the flow rate and pore pressures along the sample 
were recorded with time. The sample geometry, dimensions and values of critical head for the 
flume tests are shown in Table 1 and Figure 3. 
 
 
Table 1. Dimensions of flumes and experimentally measured critical heads. 
______________________________________________________________________________ 

 Dimension Large Flume Small Flume 
______________________________________________________________________________ 

 L (cm) 147 66 
 D (cm) 30 10 
 B (cm) 45 30 
 h (cm) 15 6.5 
  (degrees) 30 43 
 Hcr (cm) 26.5 21.1 
______________________________________________________________________________ 

 

 
Figure 3. Illustration of laboratory flume configuration for small and large flume testing. 
 

5 NUMERICAL MODELING OF THE LABORATORY EXPERIMENTS 

The laboratory experiments were modeled in FLAC3D using the approach previously described.  
However, rather than prescribe a critical, hydraulic gradient for BEP progression, the critical gra-
dient was solved for iteratively as the experiment conditions recorded are known to be at the 
critical limit state for erosion progression. In this manner, the influence of modeling assumptions 
and grid refinement on the critical hydraulic gradient can be investigated. 

5.1 Model initialization 

Numerous FLAC3D grids of varying zone size were constructed to match the geometries shown 
in Figure 3 and Table 1 for both the small and large flume experiments. Mechanical calculations 
were turned off as only fluid computations were needed. The boundary conditions in the model 
were selected such that the global critical, differential head observed in the laboratory was being 
simulated. The downstream boundary condition was selected to ensure only saturated flow con-
ditions. The model was stepped until it converged to steady-state conditions. 
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5.2 BEP initiation 

In the experiments, piping initiated at a weak point in the sample.  However, in the numerical 
model, homogeneous, two-dimensional conditions prohibit preferential initiation. In order to ini-
tiate piping at a localized portion of the exit face in the numerical model, the permeability was 
increased over a small region. The model was then run to equilibrium once again prior to begin-
ning the piping routine. The concentrated flow towards the initiation point is illustrated in Figure 
4. The influence of the magnitude by which the permeability was increased for initiating piping
on the critical gradient value for progressive erosion was evaluated. The results are shown in
Figure 5. As the initiation zone permeability is increased, more flow is concentrated towards the
initiation zone resulting in increased gradients. As such, the 𝐼𝑐𝑟 value at which erosion progresses
is higher.

Figure 4. Example of initiation zone used to concentrate flow and the corresponding effect on the horizontal 
gradient. 

Figure 5. Observed trend in 𝐼𝑐𝑟  as the ratio of the initiation zone permeability (kinit) to the model permeability
(k) increases.

5.3 BEP progression 

After including an initiation zone and calculating the value of 𝐼𝑐𝑟 (i.e., the maximum value of

horizontal gradient in the grid), the progression of the pipe could be simulated iteratively as pre-

viously discussed. At each iteration, the gradient in every zone was calculated, and the permea-

bility was increased in zones for which 𝐼𝑖 exceeded 𝐼𝑐𝑟. The influence of the permeability multi-

plication factor, Cpipe, was assessed by varying this value for a series of simulations of the small 

flume. The results are shown in Figure 6.  As the permeability increases, the flow remains con-

centrated near the edges of the eroded zone, and the pipe zone spreads laterally in fewer iterations. 

For the smallest increase investigated (Cpipe = 5), the erosion zone did not spread laterally and 

reached equilibrium after only a few iterations due to the gradient near the pipe head decreasing 

as the amount of flow in the pipe increased. While the value of Cpipe does not influence the value 

of 𝐼𝑐𝑟 required for pipe progression to occur, it does significantly affect the erosion evolution and

potential for the pipe to progress.  
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Figure 6. Illustration of the influence of the permeability multiplication factor on the piping process. Each 
image illustrates the erosion path after ten iterations for the indicated value of Cpipe.  

5.4 Assessing the dependency of 𝐼𝑐𝑟 on grid refinement

The process of BEP is an occurrence of a physical instability. As such, it is expected that the value 
of 𝐼𝑐𝑟 will have a high grid dependency due to the nature of numerical modeling near instabilities.
To assess the magnitude of this influence, both the small and large flume experiments were mod-
eled at various grid densities.  Because the grids are regular and uniform, the average zone volume 
was chosen as the parameter for characterizing the grid size. The value of 𝐼𝑐𝑟 required in the model
for erosion propagation is shown as a function of zone volume in Figure 7.  The values of the 
average, critical gradient across the entire sample as measured in the laboratory for both the small 
flume and the large flume are shown in Figure 7 as well for comparison purposes. As expected, 
the localized gradient values increase with decreasing zone volume.   

Figure 7. Influence of modeled zone volume on local critical gradient and comparison to average, experi-
mental critical gradients (dashed lines). 
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6 DISCUSSION 

The model results have illustrated that the local critical gradient, 𝐼𝑐𝑟, is not a unique failure crite-
rion when approached in this simplified manner. The apparent value of 𝐼𝑐𝑟 that must be used to
allow erosion to progress is affected by assumed initial conditions and grid size. While the per-
meability multiplication factor, Cpipe, did not influence the value of 𝐼𝑐𝑟, it did influence the piping
propagation. Using a multiplication factor that is too low may lead to equilibrium conditions being 
found in the numerical model that may not be representative of reality. To be conservative, a 
multiplication factor of at least 10 should be used for this type of modeling.  

The increase in the apparent value of 𝐼𝑐𝑟 with decreasing zone size was anticipated. van Beek
et al. (2014) demonstrated that the local gradient approaches Terzaghi’s critical gradient for heave 
as the length over which the gradient is measured decreases. The length scale that the heave gra-
dient occurs over is 20-80 grain diameters.  Currently, it is impractical to resolve the model to this 
small of a length scale. Future improvements in modeling that take advantage of adaptive meshing 
techniques and element free methods may provide more insight into the localized phenomenon 
occurring. Nevertheless, careful inspection of Figure 7 indicates that the local critical gradient 
values obtained from the large and small flumes agree better (within 20 percent of each other) 
than the average critical gradients measured in the experiments (75 percent). Thus, it appears 
consideration of the local hydraulic conditions partially accounts for the scale effects observed 
between large- and small-scale experiments. 

7 CONCLUSIONS 

A simple approach to modeling BEP was implemented in FLAC3D.  The model was used to sim-
ulate laboratory piping experiments.  It was observed that the local, critical gradient is not a unique 
value and is sensitive to initial model assumptions and grid size. An improved understanding of 
the length dependency of critical gradient is required to arrive at a useful parameter for predicting 
piping progression in the field. 
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1 INTRODUCTION 

Heat flow and transport in porous synthetic rock is studied in this paper using the newly imple-
mented thermal conduction-convection coupled Discrete Element Method (DEM) (Tomac & 
Gutierrez 2015). Particularly, a close up region of the hot rock around the wellbore in geothermal 
reservoir is modeled in order to better understand the effects of cold fracturing fluid pressurization 
on the wellbore wall. Geothermal reservoirs are means for extracting thermal energy from deep 
hot rock repositories at 2-5 km depth for electricity production. A system of sub-vertical wellbores 
is used to circulate fluid from the ground surface through the fractured hot rock reservoir and back 
in order to produce steam to run an electrical turbine. During drilling, fracturing and water circu-
lation in hot rock reservoir, cold water penetrates the porous rock around the wellbore and induces 
thermal stresses. In spite of the fact that the hydro-thermo-mechanical coupling effects in rock 
were investigated by many researchers, who studied rock mechanics for geothermal reservoirs 
and nuclear waste repositories numerically and experimentally, the full understanding of dynam-
ics of pressure and temperature influence of cold water injection in the near wellbore area of 
porous rock has not yet been achieved. Some examples of published numerical work include, but 
are not limited to, the use of the finite element method (FEM), integral methods, boundary element 
methods, hybrid continuum methods combined with fluid flow solved over discrete fractures, and 
discrete element method (DEM) (Bower & Zyvoloski 1997, Geiger & Emmanuel 2010, Ghassemi 
2012, Ghassemi et al. 2008, Ghassemi et al. 2005, Kolditz & Clauser 1998, McDermott et al. 
2009, Tomac & Gutierrez 2014a, b, Wang & Dusseault 2003). Experimental and field data were 
used to support modeling efforts (Koh et al. 2011, Rutqvist et al. 2008, Yong & Wang 1980). 

Heat flow through solid continuum is usually modeled as conductive using the Fourier law. 
However, fluid-rock interactions govern the rock mass thermo-mechanical behavior at larger scale 
in geothermal reservoirs, and arbitrarily oriented fractures result with an underestimated hot water 
production using the commonly used heat transfer approaches (Hicks et al. 1996). In addition, 
preferential fluid flow paths and shortcuts may develop in rock, depending on the mechanical and 
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thermal stress releases during intense exploitation of geothermal systems (McDermott et al. 2006). 
Dilation and shrinkage of existing fractures in rock mass was observed under the frequent fluctu-
ations in fluid pressure or thermo-mechanical stresses during production (McDermott et al. 2009, 
Rutqvist et al. 2002). Heat flow and transport was considered through a simplified fracture geom-
etry using the hybrid numerical and analytical approach (McDermott et al. 2009), where the ana-
lytical heat diffusion solution was used for the rock matrix containing a discretely defined fracture. 
Thermo-poroelastic finite element model was also used to study a response of a natural fractured 
system to cold fluid injection on a reservoir scale (Koh et al. 2011). Thermal tensile stresses nor-
mal to the flowing fracture surface are induced by cold water flow, causing natural fractures to 
open and increase reservoir permeability. Effective tensile normal stresses from the injected cold 
fluid would tend to increase fracture aperture, and hence, increase fracture permeability within 
the zone of cooling  (Koh et al. 2011). Integral equation solution without spatial discretization 
was used to model thermo-mechanical processes during fluid injection in Enhanced Geothermal 
Systems (EGS) in three dimensions. When the fracture is present at the borehole, the fracture 
aperture increases near the injection point due to thermally induced stresses causing a reduction 
in fluid injection pressure (Ghassemi et al. 2008). Modeling results revealed that the tensile stress 
increases the fracture aperture width and reduces the injection pressure near the injection well. In 
addition, it has been found in three dimensional study that both the tensile and compressive 
stresses develop due to the cooling; compressive stresses are found in the range just outside the 
fracture or the fluid front (Ghassemi et al. 2005). The thermoelastic effects are shown to be dom-
inant near the injection point when compared to those of poroelasticity (Ghassemi et al. 2008).  

In this study the Discrete Element Method (DEM) is used for modeling the near-wellbore hor-
izontal cross section of rock mass. A network system of fluid channels and reservoirs (Itasca 2004) 
for modeling laminar fluid flow is superimposed to the Bonded Particle Model (BPM) of the 
synthetic rock mass (Potyondy & Cundall 2004). In addition to the available conductive heat flow 
in PFC (Itasca 2004) and through bonded DEM particles, thermal convection is introduced in the 
model, so that the fluid flowing through the network of pipes and reservoirs can be assigned with 
an initial temperature, and subsequently both fluid and DEM particles adjacent to fluid pipe ex-
change thermal energy during the fluid flow (Tomac & Gutierrez 2015). As a result, in this par-
ticular case study of pressurizing the hot rock around the wellbore with colder fluid, fluid heats 
up while infiltrating the hot rock, while synthetic rock DEM particles cool down. In addition, 
DEM particle diameter decreases due to cooling and thermal stresses are induced in the parallel 
bonds between particles and thermo-mechanical coupling is enabled. The aperture of fluid flow 
channels increases, as a function of adjacent particle diameter decrease. Therefore, the preferential 
fluid paths through bonded synthetic rock mass evolve during the time stepping procedure. 

2 METHODOLOGY 

The DEM heat flow and transport model is implemented in PFC2D. Heat conduction between 
contacting DEM particles describes the transient flow of thermal energy through the model with 
initially non-uniform spatial distribution. Heat conductive flow is implemented through fluid flow 
along channels embedded in solid matrix. The heat flow and transport model aims for capturing 
the complete thermal energy migration (without radiation) through fractured and porous solid 
filled with flowing fluid with initially non-uniform thermal distribution. Ultimately, the spatial 
discretization that is unique for DEM method enables simulations of arbitrary oriented single and 
interconnected fluid channels through the solid. The evolution of fluid paths with time follows the 
redistribution of thermal and mechanical stress fields. Fluid channels width corresponds to the 
changes of near field stresses, where interconnected fluid channels can, for example, represent a 
fracture in solid. Local thermal equilibrium between fluid and rock is assumed during the simula-
tion, which is reasonable given the very small element sizes used to discretize the geometries. 
Buoyancy is neglected in this simulation because the model represents a horizontal cross-section 
across the wellbore in two dimensions. 

Heat conduction for a continuum follows Fourier’s law that describes the relation between the 
heat-flux vector qi and the temperature gradient  T /  xj as: 
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where ki,j is the thermal conductivity tensor [W/mºC]. The transient heat conduction equation for 
a continuum assuming that strain changes play a negligible role in influencing the temperature: 
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where / i iq x   represents the heat-flux gradient, qv is the volumetric heat source/sink intensity or 
power density [W/m2],  is the mass density, Cv is the specific heat at constant volume [J/kg°C], 
T is the temperature [°C] and t is time. Figure 1 shows the thermal DEM discretization with a 
network of “heat reservoirs” at center of particles mass interconnected with “thermal pipes” pass-
ing via contacts between particles. Heat flow occurs via conduction in the active thermal pipes 
which connect the heat reservoirs. The thermal pipe activation criteria is user-prescribed and 
checked at the beginning of each time-step, usually being an active contact or bond between DEM 
particles at the previous time-step. 
  
 

 
Figure 1. System of thermal pipes for conductive heat flow in Bonded Particle Model (BPM). 

 
 

Parameters for the conductive heat flow equation related to each thermal reservoir are the tem-
perature T, mass m, the volume V, the specific heat at the constant volume Cv, and the coefficient 
of linear thermal expansion, t. Associated with each thermal pipe are the heat energy Q and the 
thermal resistance . Details of the implementation, numerical stability and convergence of the 
conductive heat flow and transport in PFC2D can be found in the PFC2D Manual (Itasca 2004) 
and therefore will not be repeated here. 

The stress tensor of the DEM assembly spatially evolves during the time-stepping procedure. 
Stress changes consist of mechanical and thermal components. The thermal stress component is 
a consequence of temperature-induced strains in DEM, which arise due to thermal volumetric 
deformation of particles and contact bonds. The temperature-induced particle radius change is: 

R R T     (3) 

where R is the particle radius,  is the particle coefficient of linear thermal expansion and T is 
the temperature change. If parallel bond is present at the particle contact associated with a pipe, 
then the thermal volumetric deformation of the bond material is accounted for by assuming that 
only the normal component of the force vector carried by the bond will be affected by the tem-
perature change. The bond length changes with the normal component of the bond force vector: 

( )n n n nF k A U k A L T        (4) 

where nk  is the bond normal stiffness, A is the area of the bond cross-section,    is the expansion 
coefficient of the bond material, andT  is the temperature increment (equal to the average tem-
perature change of the two particles at the ends of the pipe associated with the bond).  

Fluid flows through a system of interconnected channels of coherent particle assembly with a 
strong pressure gradients, where the fluid and the heat convective flow are implemented in 
PFC2D using PFC’s built-in FISH programming language. The fluid flow scheme has a limitation 
to model only the solid or quasi-solid materials where particles do not significantly spatially rear-
range during the calculation. Fluid reservoirs are introduced for transient fluid flow modeling and 
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the conservation of mass. The aperture of a fluid channel is proportional to the normal displace-
ment at corresponding contact, and the fluid reservoir volumes that are related to the sizes of 
surrounding channels. Pressures are stored in fluid reservoirs and are updated during the fluid 
calculation, and act on the surrounding particles as equivalent body forces. The micro-permeabil-
ity of the DEM specimen is obtained by performing tests which ensure that the sample matches 
the required permeability of the realistic material. Additional tests can be also done to develop an 
evolution law for micro-permeability as a function of strain. In the numerical sense, the fluid flow 
through a network of channels and reservoirs is superimposed to the DEM particle assembly finite 
difference scheme. The fluid flow rate, q, in a fluid channel is calculated using the parallel plate 
flow solution of Navier-Stokes equation for incompressible Newtonian fluid and laminar flow: 
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where d is the channel aperture, P is the pressure difference of the reservoirs at two ends of the 
channel,  is dynamic fluid viscosity and L is the fluid channel length. It is assumed that each 
contact has residual initial fluid channel aperture, d0, when the normal contact force is at its pre-
scribed residual value. The increase in normal load decreases the apparent fluid channel aperture 
in the case of compressive normal contact force: 
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where F is the value of normal contact force and F0 is its residual value at d0. For the case of 
tensile normal contact force: 

0d d wa  (7) 

where w is arbitrary chosen dimensionless multiplier which can be set different from unity for 
calibration purposes, and a is the physical distance between two particle contacts. The increase in 
fluid pressure in a fluid reservoir is: 
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where Kf is the fluid bulk modulus, Vd is the apparent volume of the fluid, q is the fluid flow rate 
and t is the time step. Finally, it is assumed that the fluid flow through a fluid channel is localized 
at the corresponding contact, and the pressure region of the fluid reservoir is uniform, leading to 
tractions that are independent of the path around the fluid reservoir. For the polygonal path that 
joins the contacts surrounding the fluid reservoir, the force vector Fi on a particle is: 

i iF Pn s (9) 

where ni is the unit normal vector of the line joining the two contact points on the particle and s 
is the length of the line. 

Heat exchange between solid phase and fluid in channels occurs simultaneously with fluid flow 
driven by pressure gradients in fluid channels which exist between particles. Parallel plate flow 
solution is introduced in the numerical scheme for fluid and heat flow at fluid channel. Eq. 11 
below gives the heat convection approximation for the laminar fluid flow in a channel between 
two parallel plates. Eq. 11 assumes conductive heat flow from the channel boundary into the fluid 
and vice versa, while conductive heat flow in the fluid along the channel lengths is neglected (i.e., 
heat convection is one-dimensional along the lengths of the channels only). The relative signifi-
cance of convective and conductive transfers can be estimated by checking the value of the Peclet 
number, Pe: 
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where f is the fluid density, v is the fluid velocity, Cp is the fluid specific heat at a constant 
pressure, L is the length of the channel and f is the fluid thermal conductivity. For Pe>1 fluid 
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convection dominates over conduction, and for Pe>>1 the conduction parallel to the fluid flow 
can be neglected (Yang et al. 2010). Potential and kinetic energy changes are negligible, and the 
fluid and particle specific heat capacities do not change. The amount of heat transferred from the 
host material to the fluid and vice versa over a given time-step equals to the amount of heat ex-
tracted from the particle at the end of the time-step. Because two particles adjacent to the fluid 
channel change temperature due to both convection and conduction through the granular assem-
bly, a thermal input parameter Qv associated with the particles represents a new boundary condi-
tion for each conductive thermal time-step. Mean fluid velocity and temperature parameters are 
introduced for the flow between two parallel plates:  
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where x is the axial channel dimension, Ts(x) is the channel surface temperature at a position x, 
Tm(x) is the mean fluid temperature at a position x, and T(r, x) is the fluid temperature at a position 
x and distance r from the center of the channel in y direction perpendicular to x. Figure 2 shows 
the mean temperature and surface temperature with advection along the channel of length L. 

Figure 2. Advection solution for parallel plate fluid and heat flow implemented in DEM. 

The expression for the mean temperature variation along the channel for a mean temperature 
Tm,out, in the case of constant channel surface Ts temperature, is derived from the energy balance 
for a control volume: 
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where Ts is the channel surface temperature, Tm,i is the mean fluid temperature at the channel en-
trance, Tm(x) is the mean channel temperature at a position x, DH is the channel hydraulic diameter 
(DH = 4A/P where A is the channel cross-sectional area and P is the wetted perimeter), dm/dt is 
the fluid mass flow rate through the channel cross-section at position x and is the average channel 
heat convection coefficient. The fluid mass flow rate is obtained from the pressure difference in 
the fluid channel. The average heat convection coefficient can be determined using the Nusselt 
number for a laminar flow for the parallel plate geometry (NuD=hD/kf =3.66 for constant Ts) 
(Nguyen et al. 2012). A special case can occur when there is no local fluid flow through the fluid 
channel but fluid has different temperature than adjacent particle. The change of average particle 
i temperature with time is:  
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where T∞ is the fluid temperature, Ti,0 is the particle temperature at the beginning of the time step, 
Ti is the particle temperature at the end of the time step, dt is the time step and t is the thermal 
time constant: 
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where  is the particle density, V is the particle volume, Cp is the particle material (rock) specific 
heat at a constant pressure, As is the surface of the contact and L is the length of the channel. The 
value of the thermal time constant is a measure of how fast the temperature of the object reacts to 
its thermal environment.  

Eq. 12 is used to write a FISH function in PFC2D for approximating the fluid temperature at 
the channel between two particles of each time step. If transient fluid flow is considered, some 
amount of energy storage will be included at each time t in the control volume of the fluid: 

 st
v

dQ d
Vc T

dt dt
 (15) 

At each fluid domain, a control change in volume is assigned through the fluid flow FISH 
function. Accordingly, the conservation of energy can be written for a domain. The change in the 
domain thermal energy storage is equal to the heat flow rate from the adjacent channels minus the 
thermal energy of the domain at the beginning of the time-step: 

dom t domQ Q Q   (16) 

where Qdom is the domain thermal energy, and Qt is the convective heat transferred from the adja-
cent fluid channels. The new particle temperature is imposed as a thermal boundary condition on 
enclosing particles for the next thermal time-step: 
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where T is the particle temperature change, dQt,conv is the amount of heat transferred from the 
particle to the fluid in the previous mechanical time-step, cv,p is the particle specific heat at constant 
volume, p is the particle density, and Vp is the particle volume. 

An additional consideration is given to the case when fluid is present but there is not flow in a 
fluid channel during the time-step and fluid has different temperature from the adjacent DEM 
particles. Heat conduction still occurs at some extent between stagnant fluid and surrounding rock. 
Lump capacitance method is used for determining the average particle heat change due to the 
contact with stagnant fluid. The lumped capacitance method assumes uniform temperature over 
an entire particle, which is valid when the particle is very small or the thermal conductivity of the 
particle is very large. The validity of the lump capacitance method usage can also be determined 
by inspecting the Biot number, defined below, which value must be Bi<0.1,  

hr
Bi

k
 (18) 

where h is the convective heat transfer coefficient between rock particle and surrounding fluid, r 
is particle radius and k is rock heat conductivity. The Biot number in Eq. 18 uses the expression 
for the plate with thickness L, and the simplification L=r is introduced. The simplification for 
observing a particle as a small plate is justified because the synthetic rock mass in DEM is discre-
tized over spherical particles, where in fact they mathematically still represent a continuum, i.e. 
the spaces between spheres physically do not exist.  

3 RESULTS 

Convective-conductive heat flow and transport in the vicinity of the wellbore is analyzed with the 
DEM using the BPM which incorporates the novel coupled rock-fluid convection-conduction for-
mulation. The model size is 0.2 x 0.2 m2, with the DEM micro parameters shown in the Table 1. 
Fracturing is not enabled in the present model for investigating only fluid and heat flow from the 
wellbore in the permeable synthetic rock. Table 2 shows the macro-mechanical parameters of the 
BPM compared to those of granite. Macro-mechanical parameters are obtained for synthetic gran-
ite by simulating standard rock laboratory tests (Direct Tension Test and Unconfined Compres-
sion Test). Convective-conductive heat flow from the wellbore is investigated with a model with-
out capability of the fluid inflow into the synthetic rock matrix. Wellbore is pressurized with the 
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cold fluid at 50ºC while the synthetic rock sample boundaries have a constant temperature of 
200ºC. The initial temperature is also 200ºC. Figure 3 shows the heat flow from the wellbore using 
the DEM model after t=49, 245.1 and 490.2 s. The wellbore in the middle of the model is con-
stantly cooled down by applying the pressurized fluid at 50ºC. DEM particle temperatures are 
qualitatively shown using a spectrum of 14 particles colors which represent temperature ranges 
from T=50 – 200ºC (blue to red), defined with a FISH function in PFC2D. The validation of the 
DEM model shown in Figure 3 was obtained using a solution for conductive heat flow through a 
solid and convective boundary at the wellbore wall. Figure 4 shows the results obtained with finite 
differences solved in Matlab. The results comparison from Figures 3 and 4 is shown in the Figure 
5, which shows the temperature distribution from the wellbore towards the right edge of the 
model, and it can be seen that the results match.  

Table 1. Micro-mechanical properties of BPM, Rmin = minimum particle radius; Rmax = maximum particle 
radius; fi = particle friction coefficient; Pb_kn = parallel bond normal stiffness; Pb_ks = parallel bond shear 
stiffness; Pb_sstr = parallel bond shear strength; Pb_nstr = parallel bond normal strength; and w0 = initial fluid 
channel aperture.  
__________________________________________________________________________________________________________ 

Parameter Value 
__________________________________________________________________________________________________________ 

Rmin (mm)  0.1 
Rmax/Rmin (-) 1.66 
fi (-)  0.2 
Pb_kn (GPa) 7.0 
Pb_ks (GPa) 2.8 
Pb_sstr (MPa) >>21.4
Pb_nstr (MPa)  >>4.9
w0 (m)  10-4/10-5

x (cm) 20.0
y (cm) 20.0 

__________________________________________________________________________________________________________ 

Table 2. Macro-mechanical properties of BPM compared to the average granite. 
__________________________________________________________________________________________________________ 

Tensile Strength Young’s Modulus Fracture Toughness Poisson’s Ratio 
__________________________________________________________________________________________________________ 

t (MPa) E (GPa) KIC ( MPa m ) 

PFC2D 4.37 57.7 0.31 0.21

Granite 3-25 30-70 0.11-0.41 0.25 
__________________________________________________________________________________________________________ 

Figure 3. Heat flow from the wellbore in non-permeable synthetic rock sample. 

For studying heat flow and transport from the wellbore in a spatially constrained model, it is 
important to determine the location of the constant temperature boundary, which moves outwards 
from the wellbore with time as rock changes temperature. Figure 6 shows results of the simula-
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tions exercise for determining where to place the position of the heat boundary. It can be con-
cluded that, taking into account only the conductive heat flow through synthetic BPM rock matrix 
with zero permeability, at the time of approximately t=150-200 s the heat boundary reaches the 
model edge. Keeping the fixed boundary conditions in the model for larger times would not be 
realistic. 

Figure 4. Heat flow from the wellbore modeled using finite differences. 

Figure 5. Heat flow from the wellbore modeled using finite differences. 

Figure 6. Heat boundary for the conductive heat flow from the borehole. 

Convective-conductive heat flow from the wellbore is investigated on the same model as shown 
above, using the initial permeability of the synthetic rock model with w0=10-5 m fluid channel 
aperture. The hydro-mechanical coupling is only partially enabled, which means that the parallel 
bonds are still disabled from breaking, but the stiffness of the synthetic granite is maintained con-
stant. As a result, the fluid flow channels can change their aperture during the time stepping pro-
cedure in dependence of local stress field, or particles shrinkage due to cooling. Two scenarios 
are shown in this study, one is a model without the confinement pressures and another is the 
confined model. Figure 6 shows the heat flow from the wellbore where snapshots are shown for 
four different times. Since the thermo-mechanical coupling is enabled the time step is very 
smallt=1.585·10-5 s. Figure 7 shows the substantial cooling of the near-wellbore area at very 
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small times below one second compared to the solution shown in Figure 3. The set of snapshots 
below the synthetic granite particles shows only the fluid reservoirs filled with water around the 
wellbore, where water temperatures are shown with same set of colors as for particles (from cold-
blue to hot-red). It can be concluded that as the water infiltrates synthetic rock pores, it heats up. 
Water also transfers heat into rock faster than conduction. The particles around the wellbore cool 
down very fast because they are in contact with cold water. As a result, the convection dominates 
the heat flow and transport in all the models presented in this paper.  

In Figure 8, a confined sample is shown, where the maximum confinement is in vertical direc-
tion and the minimum confinement is in horizontal direction. The area of the infiltrated pores 
shows quasi-ellipsoidal shape, where water infiltrates rock in the direction of minimum confine-
ment. 

Figure 7. Conductive-convective heat flow and transport in the unconfined two dimensional specimen 0.1 
x 0.1 m using DEM model the flow rate is 10-5, times are a) t=7.93 10-3 s; b) t=2.38 10-2 s; c) t=3.96 10-2 s; 
d) t=5.55 10-2 s.

Figure 8. Conductive-convective heat flow and transport in the confined two dimensional specimen 0.1 x 
0.1 m using DEM model where the flow rate is rate is 10-5 time-steps are a) t=4.27·10-3 s; b) t=7.27·10-3 s; 
c) t=1.04·10-2 s; d) t=1.35·10-2 s.
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4 CONCLUSIONS 

The study presented in this paper investigated the relative importance of convection versus con-
duction in the area around the wellbore in quasi brittle rock in two dimensions. Discrete Element 
Method (DEM) was used to model synthetic rock with Bonded Particle Model (BPM), where 
convection-conduction formulation for fluid and heat flow and transport is implemented in DEM 
(Potyondy & Cundall 2004, Tomac & Gutierrez 2015). First, the cooling of the synthetic rock 
from the wellbore is modeled with zero permeability and compared with a finite difference solu-
tion for model validation. Convection was enabled only at the contact between water in the well-
bore and surrounding DEM particles at the wellbore wall. Second, the permeable synthetic rock 
model was used to study the importance of heat convection around the wellbore. It was concluded 
that heat convection, which was faster than heat conduction, dominates the cooling of particles 
around the wellbore. Significantly smaller time is required to cool the particles in the vicinity of 
the wellbore when cold pressurized fluid is enabled to enter the fluid channels between bonded 
DEM particles. Preferential flow paths form in a star-like shape from the wellbore, and water 
heats up while flowing away from the wellbore towards the hot synthetic rock. Finally, the simu-
lation was repeated on one confined sample, and there water preferential paths formed and prop-
agated in the direction of the minimum confining stresses. In the situation where hydraulic frac-
turing of the quasi-brittle rock would be performed with cold water, the fracture would propagate 
towards the maximum confining stresses. Penetration of cold water towards the direction of min-
imum confining pressures is expected to disturb the stress field around the wellbore, and it is still 
not clear to which extent the temperature difference between the fracturing fluid and hot rock 
might affect the fracture initiation and propagation from the wellbore. Further studies need to be 
performed in order to better understand the hydro-thermo-mechanical nature of fracture initiation 
and propagation from the wellbore, as well as, other influences such as rock thermal and pressure-
dependent anisotropies and rock heterogeneities.  
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Hydraulic Fracturing





1 LOGIC OVERVIEW 

The transport and placement of proppant within 3DEC (Itasca 2013) joints is modeled by consid-
ering that, in the absence of gravity induced settling, the proppant and fluid move at the same 
velocity. The logic follows the general approach summarized by Adachi et al. (2007). It is as-
sumed that the proppant particles are generally small compared to fracture width, and that the 
quantity of proppant in the fracture is given by its volumetric fraction. Also, the only mechanism 
to account for relative velocities between the proppant and the carrying fluid is gravity-induced 
settling. 

When the proppant volumetric fraction reaches a saturation value, the slurry (mixture of 
fracturing fluid and proppant) behaves like a porous solid, and the proppant particles conform to 
a “pack”. Also, if the joint aperture becomes small compared to particle diameter, the mobility of 
the proppant is inhibited, again forming a “pack” or “bridge”. Thereafter, two effects are consid-
ered: first, the proppant pack is able to take the load from the closing fracture (mechanical effect), 
and second, only the carrying fluid is able to mobilize through the pores of the pack (fluid transport 
effect).  

When settling is allowed to take place, the proppant velocity has an additional vector compo-
nent, which acts in the direction of gravity, to account for particle settling. The settling rate is 
proportional to the Stoke’s velocity (under gravity) of a particle of given size in a fluid of given 
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viscosity. Also, an empirical multiplication factor (a function of volumetric fraction) is applied to 
Stoke’s velocity, to account for particle interaction and wall effects.  

2 BASIC EQUATIONS 

2.1 Transport equations 

The advection (volume conservation) equation for the proppant volumetric fraction, c is 

 
 . 0p

ca
ca

t


 


v (1) 

where a is joint aperture, and vp is the proppant velocity vector. 
Coupling between Eq.(1) and the logic for fluid flow in 3DEC is done via the slurry velocity, 

v which is obtained by solving the existing fluid flow equations, and noting that the relation be-
tween slurry flow rate, q (per unit width of the joint) and slurry velocity is: 

a


q
v (2) 

When settling is allowed to take place, the proppant velocity is calculated from the slurry ve-

locity using: 

(1 )p sc  v v v (3) 

where vs the slip velocity, is a vector parallel to the gravity acceleration g. The magnitude of the 
slip velocity is calculated from Stokes equation, and a correction factor (function of the concen-
tration) is applied to take into account the effect of proppant interaction and wall effects: 

 s stokesf cv v (4) 

In Eq.(4), vstokes is the Stokes drag law on a single particle: 

 
2

18

p

Stokes p f

d
 


 v g (5) 

where  p and  f are the density of the solid particle and the carrying fluid, respectively, dp is the 
representative diameter of the proppant, and  is fluid dynamic viscosity. 

Also, a widely used form of the correction factor is provided by the Richardson & Zaki corre-

lation (1954): 

4.65( ) (1 )f c c  (6) 

 After substitution of Eq.(6) in (4), and of the resulting expression in (3), we obtain: 

*

p Stokesf (c)  v v v (7) 

where 

* 5.65( ) (1 )f c c  (8) 

The settling rate coefficient (1c)5.65 is plotted versus volumetric concentration, c in Figure 1. 
Settling is slower at higher concentrations. 

574



Figure 1. Settling rate coefficient f(c) (1-c) versus concentration, c. 

2.2 Proppant convection 

Another coupling variable of interest is the slurry density, which affects the Reynold’s governing 
equation for the fluid flow. In the proppant logic formulation, the Boussinesq approximation, that 
fluid density variations due to concentration changes are significant only in their generation of 
buoyancy forces, is invoked.  

In the existing 3DEC fluid flow logic, the flow rate per unit width of the joint is: 

 .ka p    q g x (9) 

where k = a2 / (12) is the joint mobility coefficient,  is the fluid (slurry) density, and g is gravity. 
In the Boussinesq approximation, it is assumed that the fluid density in Eq.(9) relates to the prop-
pant concentration, c by the linear equation: 

1 1
p

f

f

c


 


  
     

   

(10) 

where  f is the density of the carrying fluid, and  p is the density of the proppant. 

The effect of the suspended particles on the slurry viscosity is accounted for by adjusting the 

carrying fluid viscosity as a function the proppant concentration by means of empirical formulae. 

This coupling functionality is not accounted for directly in the formulation; however it can cur-

rently be introduced via FISH. 

3 NUMERICAL IMPLEMENTATION 

The advection equation is solved numerically using a node-centered finite volume approach (for 
a cell-centered formulation, see LeVeque 2002). The scheme takes advantage of the triangular 
discretization of the flow planes used in the fluid flow calculations. Also, the nodes are discreti-
zation features located at the triangle apex. A control domain is assigned to each node, and the 
proppant volume fraction, c, the proppant height in the joint, h, together with the joint aperture, a 
are averaged over the control domain. The boundary of the two dimensional control domain for a 
particular node is a polygon of straight line segments; two segments are defined per triangle hav-
ing the node in common, and each segment links the center of the triangle to the mid-point of a 
side that radiates from the node, see Figure 2.  

The proppant volume fraction at a node (located in a joint) is: 

h
c

a
 (11) 

and the proppant height at a node is: 

h ca (12) 
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Figure 2. 3DEC flow plane discretization in triangles (blue) showing node and control domain (red). 

To discretize Eq.(1) using the finite volume method, we first integrate over the control domain 
of area, A: 

 
  0p

A A

ca
dA ca dA

t


  

  v (13) 

and then make appropriate approximation for fluxes across the boundary of each control domain. 

3.1 Transport with no aperture change 

We examine each term in Eq.(13), separately for the case when transport is taking place and ap-
erture is not changing. 

3.1.1 Transient term 
When transport is taking place (and aperture is kept constant), the discretization of the transient 
term integral is given by: 

  new old

A

ca h h
dA A

t t

 


  (14) 

where t is the time step. 

3.1.2 Advection term 
The advection term is expressed in terms of the slurry and settling velocities using Eq.(3): 

     *

p Stokes

A A A

ca dA ca dA caf (c) dA      v v  v (15) 

We use Gauss divergence theorem to transform the integral over the control domain into an 
integral over its polygonal boundary, C : 

  *( )p Stokes

A

ca dA ca ds caf c ds      v v n v n 
C C

(16) 

where n is the normal to the boundary pointing out of the control domain. 
The slurry advection term in Eq.(16) is expressed in terms of flow rate per unit width of the 

joint, using Eq.(2): 

ca ds c ds   v n q n 
C C

(17) 

576



 The discretization of the slurry advection term is given by: 

 s ss
s

c ds c L   q n q n
C

(18) 

where the summation over the boundary segments of a control domain is denoted by 
s

 and Ls 

is the length of each segment. 

The vector n is the normal to the segment pointing out of the control domain centered on point 

1P into an adjacent control domain centered on point P2, see Figure 3. The value of cs is determined
by the convection scheme adopted to achieve physically realistic solutions. Here, we use an up-
wind scheme, whereby the advected quantity, cs is taken upstream from the flow: 

1

2

           if  

           if  

P

s

P

c .  > 0

c

c .  < 0



q n

q n

(19) 

The upwind scheme is unconditionally stable, however, the solution over predicts the diffusive 
terms producing numerical smearing of the front. The quality of the solution can potentially be 
improved using second-order correction terms with flux limiters; however this technique is not 
implemented in the current version of the scheme.  

Figure 3. Control domains and quantities used to illustrate the upwind advection scheme. 

The settling advection term in Eq.(16) is a non-linear function of the primary variable, c. The 
discrete form used in the numerical scheme is given by 

 * *( ) ( )Stokes s Stokes ss
s

caf c ds h f c L   v n v n
C

 (20) 

where, h = ca  (see Eq.(12)), the value of c (used to express the correction term f * ) is the average 
value of c at the three nodes of the triangle containing the boundary segment, and  

1

2

          h  if  

          h  if  

P Stokes

s

P Stokes

.  > 0

h

.  < 0



v n

v n

(21) 

Combining Eq.(14), Eq.(18) and Eq.(20), the discretization of Eq.(13) is written for each con-
trol domain as 
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 q n v n (22) 

In the (explicit) time stepping numerical scheme, all the quantities in the right hand side of 
Eq.(22) are assumed to be known from the previous time step. A new proppant height for the step 
is evaluated for each node, and the volume fraction is then updated using Eq.(11).  

The fluid flow scheme already in place assumes fluid volume balance. Also, the advection 
scheme conserves proppant volume (there is no lost proppant because it is simply moved from 
control volume to another in the flow domain); this will be demonstrated in the example below.   

3.2 Mechanical coupling 

3.2.1 Aperture change with no transport 
In addition to the change in concentration due to advection, the concentration at a node changes 
with changes in aperture. When no transport is taking place (vp = 0), and the advection equation 
Eq.(13) simplifies to: 

 
0

A

ca
dA

t




 (23) 

The equation implies that the product ca remains constant. In other words, because the mass of 
proppant is constant during the mechanical step in which aperture is changed, the new concentra-
tion c1, may be calculated directly from the change in joint aperture (from a0 to a1) during the step, 
as follows: 

0
1 0

1

a
c c

a
 (24) 

where c0 is the concentration before the step. 

3.2.2 Load carried by the proppant pack 
The condition for proppant taking the load is reached when the proppant (volumetric) concentra-
tion reaches the saturated value, climit equal to the ratio between maximum initial (unloaded) den-
sity of packed proppant,  0 and the density of the proppant particles,  p.   

The general equation for the stress carried by a laterally confined pack of material of maximum 
initial (unloaded) density, in which an axial displacement, u is applied is: 

*

p

u
B

h



  (25) 

where B is the confined modulus (equal to K + 4G / 3 for an isotropic material), and hp
*    is the 

height of the unloaded pack. The relation of fracture-width to stress from tests performed on prop-
pant suggests that the assumption of linearity in Eq.(25) is valid.  

Expressing (25) in incremental form, for a fracture of aperture a: 

*

p

a
B

h



   (26) 

This equation is valid only when the condition for the proppant to take the load has been met 
(i.e. c > clim), and for as long as the total stress,  remains compressive. If the requirements are 
not met, the proppant takes no load. The constants clim and B are input properties for the proppant. 

If  > 0 in a particular node, the advection of proppant is blocked. However, the carrying fluid 
is allowed to flow through the pack; the intrinsic permeability of the pack is a user input value.  

The mechanical effect of proppant on the normal contact force, Fn, is captured by the following 
equation: 

 n fF A P w     (27) 
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Where  is the change of proppant stress over one time step, and wf is an appropriate node-
contact weighting factor. 

3.3 Bridging 

The proppant is blocked if the fracture width is small enough, compared to the particle size. The 
particle size is a user input value. 

3.4 Proppant convection 

The convection mechanism caused by density variation in the slurry is taken into account in the 
formulation, by adjusting locally the slurry density in the fluid transport equation, according to 
Eq.(10). 

3.5 Condition at an intersection between flow planes 

The simplified, two plane configuration represented in Figure 4 is used for the discussion. 
 
 
 

     
Figure 4. Two intersecting flow planes with discretization triangles, edge nods and control domains (red). 

 
 
 
Each flow plane is discretized into triangles; node 1 and node 2, located on the planes intersec-

tion, are grouped in a ‘knot’. The control domains for node 1 and node 2 are lumped together and 
the result is assigned to the knot: 

1 2knotA A A   (28) 

Also, the knot aperture is evaluated using an area average at the node quantity: 

1 1 2 2
knot

knot

a A a A
a

A


  (29) 

The new proppant height at the knot, hknot is calculated using the numerical scheme described 
above; the proppant concentration at the knot, cknot  is then obtained by dividing proppant height 
by knot aperture, i.e. cknot = hknot / aknot. The knot concentration is assigned to node 1 and node 2, 
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and the new proppant height at the node is computed by multiplying concentration and node ap-
erture: h1 = cknot a1, h2 = cknot a2. The proppant volume balance at an intersection: 

1 1 2 2knot knoth A h A h A  (30) 

is conserved automatically using this scheme. 

3.6 Timestep for stability 

There are two ways to run a fluid-proppant transport calculation: a) uncoupled (the flow calcula-
tion is performed first, and the proppant transport next), or b) coupled (the proppant transport 
calculation is performed after each flow calculation step).  

Also, the stable explicit time step for the proppant transport, is in most cases much larger than 
the explicit fluid flow time step. In uncoupled simulations, the stable time step for proppant 
transport is calculated by considering the CFL condition (Courant-Friedricks-Lewy) for the dis-
cretized form of the one dimensional advection equation: 

0
c c

v
t x

 
 

 
(31) 

The Courant number is defined in this case, as: 

c t

x






(32) 

where t is the proppant time step, and x is the discretization length, and the condition for sta-
bility is: 

0 1  (33) 

For the 3DEC uncoupled simulations, we use the following expression of stable time step, 
based on Eq.(32): 

min

,max

p

p

L
t 


 

v
(34) 

where Lmin is the smallest discretization length, and vp,max is the largest proppant velocity mag-
nitude among triangles in the flow planes. 

In coupled simulations, the stable time step is taken to be the same as the explicit fluid step. In 
coupled fluid-proppant-mechanical calculations, in each calculation step: the fluid flow is carried 
out first, then the proppant transport is done, finally enough mechanical steps are taken (consistent 
with the settings) to keep the system in quasi-static equilibrium. 

3.7 Boundary and initial conditions 

Two types of boundary conditions are considered for the proppant transport problem: imposed 
volumetric flux of proppant, and imposed volumetric fraction. 

The second type is difficult to realize physically: it is introduced only to facilitate potential 
comparison of the numerical results with existing analytic solutions. The proppant volume frac-
tion can be initialized within a geometrical range in the flow planes. 

4   VERIFICATION TEST 

A simple advection test is conducted to check the functionality of the proppant transport logic in 
a planar horizontal joint of constant and uniform aperture a. The joint is 10 m long, 1 m wide, and 
aperture is 0.1 mm. A uniform pressure gradient of 0.1 MPa/m is applied in the long direction of 
the joint. The fluid viscosity  is 10-3 Pa.m. The joint discretization length is 0.25 m. With the 
parameter values selected for the test, the fluid velocity in the fracture v = (a2 / 12  ) p is about 
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8.33 10-2m/s, or 1/12 m/s. The concentration is fixed at 0.3 at the left (short) edge of the joint. The 
pore pressure contours and velocity vectors in the joint are shown in Figure 5. The profiles of 
concentration at 12s, 36s, and 60s are plotted in Figure 6. 

Figure 5. Pore pressure contours and velocity vectors in the joint. 

Figure 6. Concentration profile (concentration versus distance). 

The pulse front is centered at the expected locations: 1 m, 3 m, and 5 m from the fixed concen-
tration joint edge, but there is some dispersion (spreading of the initially vertical pulse front). 
Numerical dispersion is common in solving hyperbolic equations like Eq.(1) using conventional 
upwind techniques. As mentioned in Section 3.1.2, numerical techniques exist to reduce the front 
dispersion (e.g. by application of a second-order correction with a limiter), but they have not been 
implemented in this development. Contours of proppant concentration at the corresponding times 
are shown in Figure 7. 

As expected in numerical simulations: the accuracy of the solution can be increased by decreas-
ing the discretization length. 
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Figure 7. Concentration contours in the joint at 12s, 36s, and 60s. 

5 EXAMPLE 

Fluid injection in a 10 m  10 m  10 m block of elastic material containing two perpendicular 
fracture planes is simulated in this example. The origin of the coordinate system is at the center 
of the block. The initial stress in the block is 3 MPa in the x- and z-direction, and zero in the y-
direction. The bottom of the block is fixed, and a pressure of 3 MPa is applied at the top.  A roller 
boundary condition is applied at x = -5 m, and a pressure of 3 MPa is applied at x = 5 m. The 
boundaries of the block in the y-direction are stress free. The first fracture plane is horizontal and 
goes through the origin of axes; the second fracture is located at x = 2.5 m. The bulk modulus of 
the elastic material is 5 GPa, and the shear modulus is 2 GPa. The normal stiffness of the fracture 
is 50 GPa/m, and the shear stiffness is 10 GPa/m. The fracture aperture under zero stress is 0.1 
mm, the residual aperture is 0.01 mm, and the maximum aperture is 0.2 mm. A volumetric source 
of fluid loaded with proppant is applied at x = 0.14 m. The injection rate is 0.01 m3/s. The carrying 
fluid has a density of 1000 kg/m3, a viscosity of 10-3 Pa.m, and a bulk modulus of 0.05 GPa. The 
volumetric concentration of proppant in the injected fluid is 0.1. 

The pore pressure contours and specific discharge vectors in the fractures are shown at the end 
of the 2s simulation in Figure 8 (note that the y-axis is quasi-vertical in the figure). 

The fluid has migrated extensively in the first fracture, and has also intruded in the second 
fracture. The fracture aperture at 2s is plotted in Figure 9. Contours of proppant concentration at 
the end of the 2s simulation are shown in Figure 10. 

Figure 8. Pore pressure contours and specific discharge vectors at 2s. 
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Figure 9. Contours of fracture aperture at 2s. 

Figure 10. Concentration contours at 2s. 

The simulation shows that the proppant has migrated in a radial pattern in the first fracture, and 
that it has also intruded in the second fracture. Comparison of the proppant volume injected at the 
source to the volume of proppant distributed in the model (using a FISH function) shows that 
volume balance is satisfied to within a relative error less than 0.2% at the end of the simulation.   

6 APPLICATION 

A field scale fracturing job is modeled to demonstrate more realistic proppant transport behavior. 
The rock mass represented in the model is located at a depth of 2250 m to 2750 m, and a 2 MPa 
step change in stress occurs at 2540 m (60 m above the injection point), as shown in Figure 11.   

The rock mass is assumed to be homogenous with constant bulk and shear moduli of 5 GPa 
and 2 GPa, respectively. A Newtonian fluid with a viscosity of 0.1 Pa·s is injected at 0.05 m3/s 
for one hour, and the proppant concentration ramps up gradually from zero in the first 10 minutes 
to a volume fraction of 0.15 at 50 min, as shown in Figure 12. The proppant size is 0.425 mm (40 
mesh).  Leakoff of fluid into the matrix is ignored because the rock is assumed to have a very low 
permeability. 
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Figure 11. Pore pressure and minimum horizontal stress along the depth. 

Figure 12. Proppant pump schedule with ramp up of proppant concentration. 

Figure 13 shows the fracture aperture at 30 min and 60 min. The fracture initially propagates 
as a radial crack from the injection point. The full hydro-mechanical coupling results in pinching 
and a low aperture at the interface between the stress layers. Mechanically the fracture has a ten-
dency to propagate upward rapidly once it reaches the step change in stress (due to the lower 
stress), which would require a large volume of fluid to fill the rapidly opening fracture.  However, 
the pressure drop on the bottom layer increases due to the increasing flow speed which results in 
the tighter compression of the stress to form the pinch. The height growth is controlled by the 
pressure drop and flowrate across the interface. 

Figure 13. Contour of fracture aperture at 30 min and 60 min injection. 
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Figure 14 shows the proppant concentration at 30 min and 60 min. By 30 min, an area of high 
concentration area has formed along the pinch line and no proppant has entered the top layer, 
indicating that proppant is “bridged” along the interface of step change in stress.  By 60 min, the 
area of proppant distribution has expanded in the bottom layer, but still no proppant can pass 
through the pinch line. The proppant concentration in some sparse areas along the interface has 
reached the “pack” limit of 0.7. Once “bridging” or a “pack” has formed, it is treated as a perme-
able medium through which fluid can flow. In this case, the pack permeability is set to be 0.01 
times the permeability of an open channel of the same width (no proppant). This results in a sig-
nificant decrease of fluid supply into the upper layer. 

Figure 14. Proppant concentration contour at 30 min and 60 min. 

7 CONCLUSIONS 

A scheme to model proppant transport in fractures has been designed and implemented in the 
3DEC code. The logic takes into account fluid-mechanical coupling and several effects are repre-
sented, such as pack-formation, bridging, proppant convection, and settling. The theoretical basis 
and the numerical implementation of the scheme have been described in the paper. A simple ver-
ification test, and example simulation have been presented to illustrate some of the features. 
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1 INTRODUCTION 

The successful development of the shale-gas and shale-oil plays in North America has radically 
changed its energy landscape. This has been achieved in part due to technological innovations in 
combining directional drilling and hydraulic fracturing. This process involves forced fluid injec-
tion into hydrocarbon reservoirs to increase the rock permeability through the opening of fractures 
due to brittle failure and slip within the host rock (Pearson 1981, King 2010, Van der Baan et al. 
2013, Roche & Van der Baan 2015). 

A cloud of low magnitude microseismic events (i.e. M<0) develops during the fluid injection 
and its analysis gives insights into the location, shape, time dependence and failure mechanism of 
the developing fractures within the reservoir rock. The temporal and spatial development of the 
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ABSTRACT: Geomechanical modeling can provide insights enabling us to successfully answer 
questions such as: (1) Given a known stress field, geology, rock mass fabric and injection strategy, 
what are the most likely resulting microseismic characteristics (e.g., hypocentres, source mecha-
nisms and magnitudes)? (2) What does measured microseismicity reveal about the existing stress 
field and local geomechanical properties of the rock mass? We use two different modeling ap-
proaches to investigate various microseismic aspects such as event locations, source mechanisms 
and energy balances. In the first approach we use the distinct element method to investigate how 
the heterogeneity of the rock affects the in-situ stresses and consequently the most likely vertical 
distribution in microseismic event locations. The magnitude of the local stresses can be very dif-
ferent from the regional stress state due to lithological layering. A heterogeneous rock mass causes 
local increases in differential stresses and a reduction in the local minimum stress as stronger 
layers may become load bearing. Simplistic analyses based on the assumption that local stresses 
are equal to the regional ones will thus erroneously predict that the weakest layers fail first, 
whereas in reality failure may initiate in the stronger layers if sandwiched between two compliant 
layers. The second method uses bonded-particle modeling. This approach is able to simulate re-
alistic failure of rock during triaxial tests. The simulations agree with similar laboratory experi-
ments. Direct measurements imply 2.5% of the input energy is released as radiated energy. This 
is an order of magnitude larger than the radiated energy estimated using the empirical Kanamori 
energy-magnitude relation inferred for large double-couple earthquakes. A dominant percentage 
of corresponding moment tensors are found to represent tensile opening and closing, despite the 
overall compressive nature of the confined triaxial simulations. The source mechanisms are in-
fluenced by localized variations in the stress tensor caused by local heterogeneities of the sample. 
The simulations here act to reinforce the complicated nature of the micromechanics behind rock 
fracturing in general, implying that microscale failure may be substantially different from ob-
served macroscale deformation in both triaxial experiments and hydraulic fracture treatments. 
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microseismic cloud as well as the failure mechanisms of the individual events permit assessment 
of the performance of the hydraulic fracturing process, cap rock integrities, and provide pertinent 
information on fluid leak-off and the presence of triggered earthquakes (Van der Baan et al. 2013). 

Geomechanical modeling can provide insights enabling us to successfully answer the following 
questions (1) Given a known stress field, geology, rock mass fabric and injection strategy, what 
are the most likely resulting microseismic characteristics (e.g. hypocentres, source mechanisms 
and magnitudes)? (2) What does measured microseismicity reveal about the existing stress field 
and local geomechanical properties of the rock mass? We use two different modeling approaches 
to investigate various aspects such as event locations, source mechanisms and energy balances.  

In the first approach we use the distinct element method 3DEC (Itasca 2013) to investigate how 
the heterogeneity of the rock affects the development of fractures (Roche & Van der Baan 2015). 
This method computes the stresses and strains inside discontinuous media such as fractured lay-
ered rock masses. We examine the likelihood of failure throughout a stratigraphic column, thus 
revealing the most likely positions for microseismic events. 

The second method uses bonded-particle modeling (PFC3D, Itasca 2014). This tool simulates 
rock deformation using an assemblage of rigid, round particles that are bonded together (Potyondy 
& Cundall 2004). This grid of particles can deform freely and bonds can be broken to represent 
local failure. Bonds are characterized by normal and shear strengths as well as friction coefficients 
to model respectively tensile and shear failure. One advantage of this approach is that it reveals 
microseismic event locations, including their moment tensors. This is achieved by integrating 
local bond failure in both space and time (Hazzard & Young 2004). 

2 PREDICTING THE VERTICAL DISTRIBUTION IN MICROSEISMICITY 

2.1 Modeling strategy 

The temporal and spatial development of the microseismic cloud contains much pertinent geome-
chanical information on the physical processes associated with rock failure during a hydraulic 
fracturing treatment (Van der Baan et al. 2013); yet is has proven difficult to predict the size and 
shape of the microseismic cloud prior to the hydraulic fracturing treatment (Eaton et al. 2014). 

 Roche & Van der Baan (2015) analyze the role of vertical strength variations, the in-situ 
local stress state and pore pressure to predict the distribution of the microseismicity prior to the 
hydraulic fracturing treatment. As a base hypothesis they postulate that the shape of the micro-
seismic cloud is foremost determined by the mechanical properties of the medium and the in-situ 
effective stresses, whereas fluid diffusion effects and treatment parameters are paramount for ex-
plaining and forecasting the behavior of the individual events and thus the fine detail of the spatial 
and temporal evolution of the microseismic cloud.  

Roche & Van der Baan (2015) use the discrete-element software 3DEC to calculate the stresses 
and strains inside discontinuous media (Cundall 1989). They simulate the in-situ local stress field 
due to one-dimensional variations in elastic properties imposed by the lithological layers (Roche 
et al. 2013). The elastic behaviors are determined by the Young's moduli and Poisson's ratios 
calculated using well logs. The one-dimensional elastic model is then submitted to boundary con-
ditions that reflect the appropriate regional horizontal and vertical stresses, and estimates for the 
in-situ pore pressure prior to fluid injection as derived from the hydraulic gradient. The numerical 
models provide the expected in-situ local stresses as a function of depth. They examine the effect 
of dry rocks (i.e. zero pore pressure), underpressured rocks and hydrostatic pore pressures to 
demonstrate the effect of pore pressure prior to injection on the expected effective stress distribu-
tions.  

Next they invoke the Mohr-Coulomb and Griffith’s failure criteria to compute the likelihood 
of respectively shear and tensile failure as a function of depth using appropriate estimates of the 
tensile strength and cohesion of the local lithologies. They add the injection pressure to the entire 
section to obtain an upper bound on the shape of the expected microseismic cloud. They then 
compare these failure predictions with the recorded microseismicity for two case histories. The 
first case history has microseismic events constrained to specific horizontal layers, whereas the 
second case deals with out-of-zone growth. The full modeling strategy is detailed in Roche & Van 
der Baan (2015).  

588



2.2 Case history: Out-of-zone growth 

Roche & Van der Baan (2015) show two case histories. Here we only look at their first case 
history which deals with out-of-zone growth. This dataset is located in the Western Canadian 
sedimentary basin. The reservoir rock is tight sandstone from the Glauconitic formation of the 
Lower Cretaceous Mannville group (Fig. 1). It is part of the Hoadley barrier complex and overly-
ing the Ostracod formation limestone. The Medicine River coal, the Manville shale, the Joli Fou 
shale and the Viking sandstone formations compose the overlying stratigraphic column investi-
gated here. The reservoir is partially underpressurized. 

The number of events is always high around the injection depths (Fig. 1), displaying out-of-
zone growth. Most of the events occur above the injection interval whereas the number of events 
quickly decreases below the injection interval. A high density of events occurred in the treatment 
zone but also in the overlying Manville formation. The highest event density appears in the Med-
icine River formation between these two intervals. The latter may be related to an artifact in the 
event localizations. 

 
 

 
Figure 1. Distribution of the microseismic events and layering of the two field examples. (a) Distribution 
of the microseismic events along the major axis of the microseismic cloud (direction of longest elongation). 
(b) Depth distribution of the microseismic events. The perforation zones are indicated (white bars). (c) 
Stratigraphic section for the two studied areas indicating the lithological sequence used in the modeling 
(Roche & Van der Baan 2015). 

 
 
There is no clear link between event distribution and the strength of a layer. Events concentrate 

both in some weak shales and coal layers as well as some strong sandstones and limestones. Like-
wise the vertical distributions of microseismic events deviate significantly from what we would 
expect in homogeneous isotropic non fractured rocks where the number of events decreases mon-
otonically with vertical distance from the injection points. 

Roche & Van der Baan (2015) use estimates of the regional stresses as boundary conditions at 
the sides of the numerical model. Within the medium, initially an isotropic in-situ state of stress 
is assumed equal to the vertical stress, obtained by integrating the density logs and subtracting the 
in-situ pore pressure before hydraulic fracturing. Various pore pressure scenarios are investigated, 

589



namely dry, partially depleted or hydrostatic gradients. The pore pressure gradients k are set to 
either 0 kPa/m (dry), 6 kPa/m (partially depleted) or 10 kPa/m (hydrostatic). This leads to mono-
tonically increasing regional stress profiles in all cases.  

Figure 2 shows the computed local stresses before fluid injection as a function of depth. The 
monotonically increasing stress profiles show the vertical stress profiles. This is the only case 
where the computed local stresses remain equal to the regional ones. Conversely, the horizontal 
stresses change due to the layering. This is caused by the stiffness contrasts between layers that 
produce stress transfer from one layer to the other, thereby affecting the local horizontal stresses. 

Figure 2. Variation in the local stresses with depth, extracted from the center of the model. 1l,0, 2l,0 and3l,0 
are the maximum, intermediate and minimal minimum principal stresses before fluid injection. The various 
greys correspond to the different pore pressure conditions. Dark grey: no fluids in the rocks (k=0); medium 
grey: underpressurized conditions (k=6 kPa/m); light grey: hydrostatic pore pressure conditions (k=10 
kPa/m). The black stars indicate measurements of the minimal minimum horizontal principal stress. From: 
Roche & Van der Baan (2015). 

The depth-dependent local stresses and strength properties imply that the likelihood of failure 
also varies with depth. As a consequence, microseismicity is likely to display a strong depth de-
pendence as well. Figure 3 shows the likelihood of tensile failure, according to Griffith’s criterion, 
where positive and negative values indicate respectively favorable and unfavorable failure condi-
tions.  

In Case 1 the layers that reach tensile failure are predominantly the same for both the dry and 
underpressured scenarios. This is due to the large pore pressure increase during injection. No 
tensile failure is predicted for the hydrostatic case (Fig. 3c). A partially depleted case is most 
representative since the reservoir is mature. The horizontal grey bands thus indicate which layers 
are most likely to reach tensile failure. Failure is promoted in the Mannville and Glauconite for-
mations but not in the upper and lower Medicine River and Ostracod formations. The larger dif-
ferential stresses in the lower Medicine River formation however allow for shear failure (grey 
star). As a consequence, Roche & Van der Baan (2015) postulate that out-of-zone growth of the 
microseismicity occurred upward through shear failure inside the Medicine River formation, per-
mitting again tensile failure in the overlying Mannville shales. Downward growth of the micro-
seismic cloud was inhibited by the large strength of the Ostracod limestones.  
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Figure 3. Modeling predictions. A, B and C: Depth variation in the Griffith failure criteria. D. Depth distri-
bution of the number of observed events. A: dry case (k=0); B: partially depleted reservoir rocks (k=6 
kPa/m); C: hydrostatic pore pressures (k=10 kPa/m). Failure criteria are shown such that positive values 
indicate failure. Homogeneous grey bands: layers that fail in tension for a partially depleted reservoir (un-
derpressured) rocks. Grey star: layers that may fail in shearing. Symbols u1 to u5 correspond to the Mann-
ville, upper Medicine River, lower Medicine River, Glauconite and Ostracod formations, respectively. Af-
ter: Roche & Van der Baan (2015). 

3 ANALYSIS OF INDIVIDUAL EVENTS AND SOURCE MECHANISMS  

The modeling strategy of Roche & Van der Baan (2015) shows in which layers microseismicity 
may be more likely but it does not look at the locations of individual events or their failure mech-
anisms. To gain more insight into the distribution of individual events as well as their moment 
tensors (source mechanisms) in a controlled environment we use the bonded-particle package 
PFC3D (Potyondy & Cundall 2004).  

Bonded-particle modeling is becoming an important computational tool for modeling the com-
plex dynamical behavior of rocks rupturing given a set of boundary conditions. This approach 
simulates rock deformation using an assemblage of rigid, round particles that are bonded together. 
This grid of particles can deform freely and bonds can be broken to represent local failure. Bonds 
are characterized by normal and shear strengths as well as friction coefficients to model respec-
tively tensile and shear failure. Such a discontinuum-based approach seems more appropriate to 
model rock deformation through failure since it eliminates the need for complex constitutive re-
lations required for continuum approaches (Hazzard & Young 2000). Also microseismic moment 
tensors can be inferred by integrating local bond failure in both space and time (Hazzard & Young 
2004). 

Chorney et al. (2014) simulate triaxial deformations on a calibrated sandstone model, a com-
mon porous reservoir rock. Triaxial laboratory experiments are well-documented providing a re-
liable means for comparison. 

3.1 Modeling strategy 

After genesis of the sample, triaxial compression tests are conducted to obtain the macroscopic 
parameters of the sample. The unconfined compressive strength and the elasticity constants are 
measured by recording the peak stress along with the stress/strain of the model in the axial and 
radial directions throughout the simulation. As the axial load on the sample nears the peak stress, 
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brittle failure of the sample occurs as the local tensile or shear stress exceeds the maximum tensile 
or shear strength of the parallel bond.  

Breaking bonds cause a release in kinetic energy that are idealized as microseismic events. 
Source mechanisms of the resulting microseismic events are inferred by integrating local bond 
failure in both space and time (Hazzard & Young 2002, 2004). The seismic moment tensors are 
obtained by calculating the moments caused by the unbalanced forces that follow immediately 
after an event has occurred. In particular, the source mechanism for a single breakage is calculated 
by measuring the changes in contact forces at all contacts surrounding the two particles for the 
duration of the event. The duration of the event is calculated by assuming the slowest fracture 
propagation is at half the speed of the shear wave velocity over a distance of the average diameter 
of the particles in the sample. At each time step the change in forces at the contacts are measured 
against the initial contacts just before the bond breakage. Then the moment tensor is calculated 
by summing up all moments to the surrounding contacts (Hazzard & Young 2002, 2004). The 
source location is at the center between the two particles involved in the breakage (Chorney et al. 
2014). 

3.2 Results 

Figure 4 shows the resulting event locations as a function of time for a sample with height of 2 
cm and radius of 0.5 cm, a quality factor of 30, average values for the unconfined compressive 
strength (UCS), Young’s modulus E and Poisson’s ratio of 162 ± 6 MPa, 39.1 ± 0.3 GPa and 0.26 
± 0.01, respectively.  

Figure 4 shows snapshots of the locations of events at different time intervals (chosen to contain 
the same number of events) for 20 MPa confining pressure. The colors represent the magnitude. 
During the initial stage, events are spread uniformly over the sample. At around 0.006 s (second 
and third column of Fig. 4) they cluster along two fracture planes. This behavior mimics results 
for laboratory triaxial experiments on Berea sandstone (Fig. 10 and 11 of Lockner et al. 1992). 
The planar clustering of events is strongest near the peak stress (at 0.0065 s) but remains visible 
until the end of the experiment with the highest magnitude events happening near peak stress as 
well. Their bonded-particle modeling reproduces quite accurately the behavior of rock samples 
during triaxial laboratory experiments. Results are consistent across five simulations with similar 
mechanical parameters but different particles packings (Chorney et al. 2014). 

Figure 4. Locations of events color-coded according to magnitude at different time steps for the same sim-
ulation as in Figure 1c. For better visualization only events with magnitude greater than -7.5 are plotted. 
Two fracture planes can be seen from the third column on which correspond to a coalescence of events 
around peak stress (Chorney et al. 2014). 
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Figure 5 shows the distribution of failure mechanisms observed during the triaxial simulations 
on a Hudson plot (Hudson 1989). This diagram displays the source mechanisms according to the 
moment tensor decomposition into its three principal moments and their relative isotropic and 
deviatoric components. The end members of the plot are shown as small focal mechanisms rep-
resenting explosion and implosion at the top and bottom respectively and the deviatoric compo-
nents on the horizontal axis with the positive and negative compensated linear vector dipole 
(CLVD) on the two extremes and the double-couple (DC, or pure shear) component at the center. 
The end-points of the right-dipping diagonal in the diagram correspond to the tensile mode from 
opening on the left and closing on the right. 

Most of the moment tensors fall on the diagonal connecting tensile opening and closing (Fig. 
5a). There are no strong temporal trends in the failure mechanisms. The largest magnitude events 
display a closing source mechanism which is indicative of a local volume decrease (Fig. 5b). 
Tensile failure is more pronounced than shear failure despite the development of the two shear 
planes visible in Figure 4 near peak stress. These observations show that, despite an overall com-
pressive applied load, failure mechanisms highly depend on locally active stresses to overcome 
either the normal or shear bond strength, which in turn determine the rupture mode (Chorney et 
al. 2014). 

a) b)

Figure 5. a) Failure mechanisms displayed on a Hudson plot and color-coded according to (a) time and (b) 
magnitude. For better readability only events with a magnitude greater than -7.3 are shown. The black and 
white focal mechanisms indicate the specific mechanisms corresponding to each corner of the diagram 
(Chorney et al. 2014). 

 By calculating the boundary work, it is possible to obtain a percentage of the radiated energy 
over the input energy. This percentage is analogous to the percentage of the radiated energy over 
the fracture energy observed during hydraulic fracture treatments. For the simulations here the 
percentage of radiated energy Er over the input energy is 2.5%. On the other hand, the relation of 
Kanamori (1977), log(Er) = 1.5Mw + 4.8, predicts a percentage of 0.2%, where Mw is moment 
magnitude. Direct measurement of the kinetic energy thus finds the radiated energy to be an order 
of magnitude higher than that calculated using the empirical Kanamori relationship.  

A more appropriate relationship between the derived moment magnitudes and radiated seismic 
energy can be obtained by analyzing these quantities for all individual events in their simulations 
(Fig. 6). Chorney et al. (2014) derive log(Er) = 1.9Mw + 8.5. This new empirical relationship 
suggests the energy release following brittle failure is greater than previously expected by an order 
of magnitude. 

 Their last result shows an interesting advantage of numerical modeling over lab experiments 
in that analysis of the energy budget of earthquakes and rock failure is significantly simpler in the 
former case. This obviously assumes that the numerical model accurately captures the underlying 
physical deformation mechanisms. 
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Figure 6. Correlation between moment magnitude and radiated energy. The dashed line represents the linear 
regression over all measured events (Chorney et al. 2014). 

4 CONCLUSIONS 

Geomechanical modeling is a powerful tool to help bridge the gap between geophysical data anal-
ysis and engineering applications of microseismic data by providing a framework for advanced 
interpretation strategies. In particular, it helps answering questions such as: Why is failure occur-
ring in specific locations and not others? What are the anticipated event locations and their most 
likely failure mechanisms? Where does the input energy go?  
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1 INTRODUCTION 
1.1 Motivation 
The commercial production of oil and gas by completing horizontal wells using many hydraulic 
fractures has enormously influenced global energy prices. This modification of well-established 
technologies has exerted a powerful influence on the economies of hydrocarbon-producing na-
tions with widespread political ramifications. Multistage hydraulic fracturing of horizontal wells 
has radically changed our concepts of prospective hydrocarbon-bearing rocks. What were previ-
ously regarded as source beds, where hydrocarbon has been or is being generated, can now be 
treated as reservoirs.  

The petroleum industry has 65 years of experience in the hydraulic fracturing of low permea-
bility conventional reservoirs (of the order of 1 mD) and, with few exceptions, a decade or so of 
experience of completing ultra-low permeability reservoirs (typically a few hundred nD) using 
multiple fractures and horizontal wells. Although of mixed lithologies, the ‘bag’ term shale is 
conveniently used for these unconventional reservoirs. Based on field experience it has been con-
cluded that intersection of the hydraulically induced fracture with natural fractures is a key deter-
minant of well productivity (King 2010). 

The majority of hydraulically fractured wells in conventional reservoirs require only a single 
fracture. Typically, these single fractures extend to less than 50% of the drainage radius of the 
well. The net pressures (bottom hole treating pressure minus magnitude of the least normal stress) 
imposed in conventional reservoirs are normally less than 7 MPa.  

Hydraulic fractures in unconventional reservoirs are intended to penetrate nearer to 100% of 
the well drainage radius. Adjacent horizontal wells are often spaced with the intention of draining 
the whole region between the wells so that the well spacing is chosen to be approximately twice 
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ABSTRACT: An objective of hydraulic fracturing of shales is to interact with natural fractures. 
Hydraulic fracturing of shales typically involves multiple wells and hundreds of hydraulic frac-
tures in close proximity. To reduce the current reliance on empirical designs it is necessary to 
understand the geomechanical interaction between the large numbers of hydraulic fractures and 
the surrounding reservoir. Exacerbated by the practical limitations of reservoir description, simu-
lations of the hydraulic fracture propagation process are complex and the results are inevitably 
uncertain. Much can be learned using a ubiquitous joint formulation within a continuum simulator 
substituting the true fractures by structures which result in similar displacement and stress 
changes. The simplification leads to a practical tool for examination of the geomechanical re-
sponse of naturally fractured reservoirs to various well and completion combinations when very 
large numbers of hydraulic fractures are induced. 
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the expected hydraulic fracture half-length. Within each individual well, the ultra-low permeabil-
ity of the reservoir mandates that the hydraulic fractures are closely spaced, typically of the order 
of 100 m or less.  

Stimulation pumping rates are much higher than in conventional reservoirs and net pressures 
are consequently higher, reaching as much, for example, as 25 MPa (e.g. Dohman et al. 2014) or 
more. The twin considerations of much closer hydrofracture spacing and the higher net pressures 
imposed in unconventional reservoirs implies that the mechanical interference between hydraulic 
fractures becomes a serious consideration. 

Hydraulic fracturing at the high net pressures characteristic of shale developments greatly in-
creases the minimum effective normal stress in the immediate vicinity of the wellbore, decreasing 
the permeability of the fractured medium. It is well known that the conductivity of open (unfilled) 
fractures is strongly sensitive to normal stress. Based on laboratory tests, Britt et al. (2010) found 
no gas flow in shales at effective stresses corresponding to the hydraulic fracture pressure near 
the wellbore. Consequently, transport of fluid to the wellbore in the hydrofracture relies upon a 
conductive propping agent. This proppant pack is also subject to conductivity reduction under 
load.  

Current hydraulic fracture design simulators could be classified in two main groups, one rep-
resenting modifications of simulators designed for conventional reservoirs, which greatly simplify 
the shale reservoir hydrofracturing process. The second group are primarily research tools that are 
more comprehensive, more complex and demand more run time. Compounded by the extreme 
limitations of typical geomechanical shale reservoir descriptions, the outcome is that many hy-
draulic fractures in unconventional reservoirs are in practice designed on a largely empirical basis. 
In this situation, proposals to conduct engineering measurements are readily rebuffed on cost 
grounds by questioning the actual application of the measurements. Frequently, collection of data 
such as stress determinations and logging of natural fractures is foregone in the interests of rapid 
drilling and completion of new regions of the reservoir. Thus both the complexity of simulation 
and the uncertainties of reservoir description, including stress state, encourage empiricism and so 
inhibit our understanding of the governing geomechanical principles. 

1.2 Analysis of the geomechanical interaction between hydraulic fractures 

The influence of stress concentrations around hydraulic fractures and their effects on neighboring 
hydrofractures has been studied by number of authors (Wu & Olsen 2013, Manchanda & Sharma 
2014, Dohman et al. 2015). Dohman et al. (2015) demonstrated the adverse consequence of high 
net pressure fracturing that can occur. In these authors’ case study, hydraulic fractures were forced 
out of zone (into overlying beds) by the incremental increases of minimum normal stress as suc-
cessive fractures were created.  

The influence of larger numbers of hydraulic fractures on subsequent hydraulic fractures and 
the interaction between numerous multiply-fractured wells, consequent on the stress and displace-
ment changes induced by the imposed fracturing, has received much less attention than the 
changes brought about by neighboring fractures in the same well. Recently, Zhai et al. (2015) 
used a 3D linear elastic model for this purpose, illustrating fracture height growth provoked by 
interaction with previous hydraulic fractures. 
  The objective here is to describe and illustrate a means of efficiently simulating the stress 
changes and displacements induced by multiple, multiply-fractured wells involving many tens of 
stimulation treatments in naturally fractured media. This approach can be used to identify some 
of the most important principles of the interaction between large numbers of hydrofractures. It 
can be used to compare the geomechanical changes induced by different well configurations and 
hydrofracture locations and their dimensions. These changes can be assessed for reservoirs of 
specified geomechanical states which includes natural fracture populations. The intention has in 
part been to devise a method of simulation that is sufficiently fast that the practical limitations of 
reservoir description can to some extent be mitigated by parametric analyses. 
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2 SIMULATION OF THE EFFECT OF MULTIPLE HYDRAULIC FRACTURES 

2.1 Principles and characteristics of the hydrofracture simulation  

2.1.1 Basic principles 
The propagation of hydraulic fractures in fractured rock is dependent upon frictional thresholds 
which result in strong nonlinearities including abrupt reversals of flow (Harper & Last 1990). This 
implies uncertainty of any numerical simulations, even for the fictional case of a precise deter-
ministic description of the reservoir fracture distributions and geomechanical properties. Shales 
are typically extremely heterogeneous because of diagenesis, changes of lithology and fracturing. 
Adding to this uncertainty, treatment designs may involve many stages of different fluid viscosity 
and proppant loadings and treatment execution is unlikely to precisely match design. 

The basic procedure of fracture stimulation is first to create the fracture, second to inject a 
slurry of material to act as a propping agent. Propped hydraulic fractures typical of shale reservoir 
completions impose a strain field extending to 100 m or more perpendicular to the fracture.  Given 
our aim to investigate the interaction of the stress and displacement fields generated by individual 
hydraulic fractures, it is assumed that details of the fracture propagation process can be ignored. 
It is assumed that a ‘proxy fracture’ of a specified half-length can be emplaced in the model at 
each stimulation location provided that the proxy fracture generates displacements and strains 
similar to that which would be generated by a ‘real’ fracture.  

It assumed that the hydrofractures are formed parallel to the axis of the applied maximum stress 
in these 2D representations. Previous work cited in the Section 1.2 has found some moderate or 
minor deviation from this plane. Here, it is assumed that any such deviation can be ignored and 
that the natural fractures are vertical (a feature of many sedimentary environments and of strike-
slip environments such as that described in Section 3.1). To interpret the interaction between hy-
draulic fractures and fractured reservoirs, one helpful approach, adopted here and readily modified 
if required, is to impose identical  pressure distributions, representing the hydraulic fractures just 
prior to shut-in, to remove the inevitable uncertainties of fracture propagation in fractured media.  

During hydraulic fracturing, the fluid pressure in the fracture exceeds the minimum normal 
stress. If an elastic-plastic continuum is subject to a similar fluid pressure distribution as used in 
hydraulic fracturing, an elliptical zone of shear failure develops, often with some tensile failure, 
resulting in ‘permanent’ stress and strain changes. Similarly, in practice, hydraulic fractures are 
propped and induce stress and strain changes which are ‘permanent’ (a number of influential pro-
cesses are not taken into account such as production-induced drawdown, time-dependent defor-
mation and tectonic changes). In fractured media, an elliptical zone of pore pressure rise is typical 
of the response to injection, often wider than that that around a single planar Mode 1 crack char-
acteristic of idealized, continuum hydraulic fracturing (e.g. Harper & Last 1990). The changes of 
stress and strain around a shale hydraulic fracture are potentially reproducible if a representative, 
elliptical fluid pressure distribution is imposed in a continuum.  

Numbers of factors that are expected in real situations are ignored in these simulations. These 
include representation of fracture stages (typically 2-5 perforated intervals) by single fractures,  
thermal cooling by the injected fluid, the effects of progressive fracture growth, the influence of 
previous hydraulic fractures on the fracture propagation paths (as mentioned above) and time-
dependency of deformation (which may be affected by the fracture fluid chemistry). Extending 
the analysis would for most of these omissions involve the inclusion of additional coupled pro-
cesses, greater run time and greater uncertainty in interpretation of the results. 

2.1.2 The displacements and stresses generated by the proxy fractures 
Plane strain, plan view reservoir simulations are modeled with FLAC. The elliptical pore pressure 
distribution imposed here at each fracture location is equivalent to steady-state flow from the 
center of the ellipse (injection point or perforations) to a boundary at which the pore pressure 
remains equal to reservoir pressure. To minimize run times, the simulations here adopt a 5-km x 
5-km grid with 10-m x 10-m zones and assume that the width of the elliptical pressurized zone is 
equal to 1 zone width. Because the long axis of the ellipse exceeds 10 zones, reproduction of the 
pore pressure fall-off along the fracture is smoother than that perpendicular to the fracture. Be-
cause the intention is to examine stress changes, induced by the seepage forces and maintained by 
the proppant-supported hydrofracture, which are measured more in tens of meters from the injec-
tion point than meters, this inaccuracy is accepted as a compromise in the interests of efficiency. 
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Figure 1 is an example of the pore pressure distribution imposed in the plane of the proxy fracture. 
(The term fracture or hydraulic fracture is used here in subsequent discussion as a simplified 
means to denote the elliptical deformed zone. It is re-emphasized that this is not a true fracture.) 

Hydraulic fracture apertures narrow to a point where proppant cannot enter. The region which 
could potentially be penetrated by proppant is less than the full fracture length. For convenience, 
this region is here loosely termed the potentially propped length.  

Figure 1. Pore pressure distribution imposed along the fracture length in the FLAC model. 

The first step in these simulations was to select a desired potentially propped length and net 
pressure. Whilst the initial fracture length can be varied depending on the long axis of the imposed 
pressure distribution, the net pressure (the bottom hole treating pressure (BHTP) at the perfora-
tions less the minimum stress) is influenced by the finite difference zone size. Trial and error 
simulations of the imposed pressure were compared with the resulting maximum pressure in the 
injection zone until the desired net pressure was achieved. The next step was to impose the deter-
mined pressure distribution in a homogeneous, linearly elastic medium of identical elastic prop-
erties and applied stresses to the reservoir to be investigated. The resulting maximum ‘aperture’ 
was measured (determined according to the relative displacements at the boundary of the applied 
pressure distribution along the axis of the simulated wellbore after the injection has ceased and 
equilibrium achieved). Figure 2 shows an example which simulates the displacement of the frac-
ture walls using the pressure distribution imposed here. This was derived from a pressure distri-
bution with a long half-axis of 200 m and net pressure (BHTP-minimum applied stress) of 10.3 
MPa (1500 psi). The simulated potentially propped half-length is clearly much smaller than 200 
m (ca. 50 m). 

Figure 2. Example of the simulated aperture distribution generated by FLAC centered on the wellbore in a 
homogeneous elastic medium. 

Two main concepts of hydraulic fractures have traditionally been used. The maximum aperture 
(at the wellbore) is governed either by the height of the fracture (Perkins-Kern model [PKN] hav-
ing an elliptical fracture cross-section in vertical planes) or by the length of the tapering fracture 
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(the Geertsma de Klerk model [GDK] which assumes slip occurs on bedding lying perpendicular 
to the fracture plane such that the fracture becomes slot-like), whichever is smaller. Geertsma & 
De Klerk (1969) recognized the work of Barenblatt (1960) which showed that the fracture walls 
must close smoothly at the tip and these authors included a narrow wedge-like zone near the frac-
ture tip at the leading edge extending outwards into the reservoir.  

Geertsma & Haafkens (1969) gave expressions for the fracture width at the wellbore for both 
models. The maximum fracture width generated by the FLAC simulation (Fig. 2) is approximately 
23 mm. According to the Geertsma & Haafkens (1969) expressions, this is consistent with a PKN 
type of fracture of 45 m high (22.5 m half-height). The length of the fracture would thus be slightly 
more than twice the height. These are realistic proportions.  

Warpinski & Teufel (1987) reported an expression for the theoretical distribution of the normal 
stress along the centerline across a fracture (i.e. along the wellbore for many typical situations). 
Warpinski & Teufel (1987) assumed a PKN geometry, a uniform pressure in the crack and their 
expression for stress fall-off with distance from the crack is based on expressions derived by pre-
vious workers analyzing elliptical cracks in homogeneous elastic media. The difference in stress 
predicted by the FLAC simulation and the theoretical prediction reaches a maximum of less than 
2 MPa near the wellbore. Beyond 30 m, the difference is nowhere greater than 0.5 MPa (Fig. 3). 

The fracture width distribution predicted by the FLAC model used here can be compared with 
the fracture width calculated for a uniformly pressurized GDK fracture. In deriving their expres-
sion for the fracture width distribution, Geertsma & De Klerk (1969) ignored the narrow, wedge-
like zone at the tip and pressure losses in flow along the fracture. In contrast to the generally 
elliptical width distribution predicted by the GDK model (Geertsma & De Klerk 1969), the sim-
ulation here, which is based on a pressure distribution equivalent to steady state flow, predicts an 
approximately linear decay of fracture width with distance from the wellbore (Fig. 4).  

Figure 3. Comparison of the predicted stress distribution along a line passing through the center of the proxy 
fracture, perpendicular to the fracture, and the theoretical distribution corresponding to a Perkins-Kern 
model crack with a constant pressure in the crack cross-section given by Warpinski & Teufel (1987). Net 
pressure at perforations 10.3MPa (1500 psi). Convention: compressive stress positive. 

Figure 4. Comparison of the fracture aperture distribution predicted by the GDK model and by the simula-
tions used here. 
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The length of the fracture predicted by FLAC simulation is much larger if one includes the very 
narrow, wedge-like region of progressively decreasing and extremely narrow (<1e-4 m) aperture 
extending from approximately 65 m from the wellbore (Fig. 2) to beyond 100 m from the well-
bore. Flow is not modelled in the FLAC simulations used here. Consequently, the transient high 
effective stresses normal to the fracture tip, which arise when fluid (injected fluid or reservoir 
pore fluid) is unable to flow into the dilating crack tip region at the same rate as the crack would 
otherwise dilate, are not represented. These transient stresses resist the propagation of a hydraulic 
fracture, especially in low permeability shales, unless rapid gas desorption occurs or fluid is rap-
idly conducted to the fracture tip area by conductive natural fractures. In the absence of more 
information concerning crack tip behavior in shales, it is assumed that the slowly tapering wedge-
like aperture apparent in this FLAC model is much longer than would occur in a real situation.  

In terms of exerting additional normal stress perpendicular to the fracture, the influence of the 
finely tapering section beyond the simulated propped length is negligible. The stress and displace-
ment distributions around the deformed zone (proxy fracture) representing a single hydrofracture 
in a homogeneous elastic medium having the elastic properties of the reservoir described below 
and subjected to the same applied stresses illustrate the effects of the proxy fracture in two dimen-
sions. Figure 5a illustrates the elliptical zone of induced shear strain. Figure 5b shows the mean 
stress. As noted by Pollard & Segall (1987), a region of lowered mean stress is developed around 
the ends of the pressurized fracture. Figure 5c plots the change in the normal stress parallel to the 
applied minimum normal stress (Sxx). A characteristic ‘butterfly–shaped’ zone of reduced Sxx is 
apparent at each end of the proxy fracture, with a stress reduction up to 3-4 MPa for this example. 
Figure 5d shows the distribution of the induced displacements.  

 (a) (b) 

(c) (d) 

Figure 5. Stresses and displacements generated around the proxy crack in a homogeneous elastic medium 
of elastic properties corresponding to those used for intact material in the reservoir simulations described 
in Section 3.1. 400 m x 400 m region. Figure 5a: Induced shear strain. Figure 5b: Mean stress changes. 
Figure 5c: Changes of normal stress parallel to the axis of applied minimum stress. Convention: –ve values 
are increased compressive stress, +ve values are reduced compressive stress. Figure 5d: Induced displace-
ment distribution. The far-field applied stresses are defined in Section 3.1 below. 
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3 ILLUSTRATIONS OF WELL AND FRACTURE INTERACTION 

3.1 The reservoir 

The reservoir examined here is based on a strike-slip faulting environment with stress magnitudes 
comparable to those encountered in the UK Bowland Shale (Harper 2011) with hypothetical frac-
ture densities, distributions and mechanical properties input using the ubiquitous joint constitutive 
formulation in FLAC. Fluid flow was not permitted with total stresses automatically adjusted in 
response to the user-applied changes of pore pressure. After reaching equilibrium of an elastic 
medium of equivalent elastic properties under the applied stresses, the boundaries of the 5 km x 
5 km region were changed to a no-displacement condition before introducing the ubiquitous joint 
zones to represent the natural fractures. Many cycles were then permitted to allow the model to 
approach equilibrium. Interaction between the fractures and the displacements at the boundaries, 
repeatedly readjusting to the specified roller boundary condition, ensured a continual state of mar-
ginal equilibrium (as described by Jensen 1998). For the present purposes of examining the inter-
action of tens of hydraulic fractures, a transient and minor decrease of effective stress (as might 
occur during a transient pore pressure rise during hydrocarbon generation) was imposed before 
commencing the numerical experiments. Although unrealistic, to simplify the interpretation ho-
mogeneous elastic properties were assumed for those grid zones not allocated ubiquitous joint 
characteristics. The effects of realistic elastic inhomogeneity are secondary to the effects of slip 
on natural fractures which result in considerable variation (perhaps 10-15%) in the magnitude of 
the minimum normal stress (another factor which adds uncertainty to fracture propagation simu-
lation). The applied stress and pore pressure gradients were: Maximum horizontal 27.1 MPa/km 
(1.2 psi/ft); minimum horizontal 17 MPa/km (0.75 psi/ft); vertical (out of plane) 22.6 MPa/km (1 
psi/ft); pore pressure 11.3 MPa/km (0.5 psi/ft). Table 1 summarizes the reservoir properties. Anal-
ogous to force chains in porous media (Cundall 1989), the stresses in these representations of 
discontinuously naturally fractured media are discontinuously chain-like (Harper & Hagan 2015). 

Table 1. Intact rock properties of the hypothetical reservoir*. 
__________________________________________________________________________________________________________ 

Group Constitutive Zone Modulus Friction SD Cohesion SD Tensile 
Model % Bulk Shear Strength 

__________________________________________________________________________________________________________ 

Intact rock M-C 50 2.46e10  1.55e10 27.5 1 10e6 1e2 1e6 
__________________________________________________________________________________________________________ 

*All units Pa unless otherwise specified (also Table 2).

Table 2. Natural fracture properties of the hypothetical reservoir. 
__________________________________________________________________________________________________________ 

Dilation Tensile 
Group Zone % Friction SD Cohesion SD Angle* SD  angle strength 
__________________________________________________________________________________________________________ 

Joint Set 1 20 20 1 1e6 1e5 90 10 5 0.1e6 
Joint Set 2 10 20 1 1e6 1e5 120 10 5 0.1e6 
Joint Set 3 20 20 1 1e6 1e5 0 10 5 0.1e6 
__________________________________________________________________________________________________________ 

*Joint angle refers to the normal FLAC convention of anticlockwise from +ve x-axis. Ubiquitous joint
zones have identical elastic properties to those in Table 1.

3.2 The well and hydraulic fracture configuration 

A single hydraulic fracture was simulated for each stage spaced 100 m apart, a typical spacing for 
many wells previously reported. Placed in the center of the 5-km x 5-km grid, five  figurative lines 
representing the horizontal wells of more than 1 km length each with 10 hydraulic fracture stages 
at a depth of 3 km were represented as a plane strain, plan view simulation. The wells lines were 
spaced 200 m apart and aligned with the applied minimum normal stress (Sxx) as is common but 
not universal practice. A central fault approximately 300 m long was represented by a series of 
ubiquitous joint zones in the center of the model with a strike of 45°, varying in orientation about 
the 45° strike and with a variation of mechanical properties to simulate irregularities along the 
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fault. Wells were sequentially ‘fractured’ right to left. The sequence of treatments, assuming a 
geographic description, was North → Central → South → North-Central (infill) → South-Central 
(infill). 

3.3 Illustrative results 

3.3.1 Stress changes 
Each well developed a strong, grossly linear stress concentration reminiscent of a gigantic pre-
stressed rock bolt (Fig. 6).  

Figure 6. Evolution of effective stress parallel to the applied minimum stress (Sxx) induced by fracturing 
the first 3 wells (spaced 400 m apart) of a 5-well pattern having a 100 m perforation spacing. 2500-m x 
2500-m plan view of the reservoir. Contour interval 2e6 Pa. A simulated fault crosses the central well. 
Convention: -ve stress compressive. 

Between the 5 fractured wells, effective stress parallel to the applied minimum stress was reduced 
once the well spacing was reduced to 200 m by fracturing the infill wells (not shown above). This 
is favorable to the desired slip on natural fractures inclined at an acute angle to the maximum 
horizontal stress. An increase in effective stress parallel to the minimum applied stress occurs in 
the broad region beyond the ends of the pattern of fractured wells and the structure of the stress 
chains changes (Fig. 6). Other than the changes in the configuration of the stress chains, this is 
generally as might be expected. Simulations such as this allow quantification of the changes of 
stress. Subsequent wells and completions would encounter these changed stress states unless al-
tered by time-dependent relaxation. 

3.3.2 Implications for stress determination 
Some authors have suggested that more effective hydraulic fracture stimulations can be achieved 
by perforating at locations having “similarly stressed rock…to ensure that all the [perforation] 
clusters initiated a fracture at similar pressures” (Gerdom et al. 2013). Perforation locations were 
chosen by these authors from analyses based on well logs taken prior to the commencement of 
hydraulic fracturing. In an ideal engineering world, stress determinations would be performed in 
a wellbore before stimulation. This ostensibly rational approach assumes that either the stress 
magnitudes are unaffected by previous hydraulic fractures or that the changes induced by previous 
hydraulic fractures are uniform and predictable. Most unfortunately, results from the 5-well pat-
tern suggest that stress changes which are not uniform occur in discontinuously fractured reser-
voirs such as that simulated here. Figure 7 illustrates that the changes of Sxx induced by previous 
fracturing may not be uniform. The reservoir Sxx has been increased by up to 1.2 MPa.  
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Figure 7. Example of the pre-fracture changes of effective stress parallel to the applied minimum normal 
stress (Sxx) induced by previous hydraulic fractures, compared with the pre-stimulation reservoir state. The 
data apply to the location of the planned 7th fracture in the first well shown in Figure 6. The center of the 
upcoming fracture is at 150 m. Compressive stress positive. 

3.3.3 Displacements of the wellbore and surrounding reservoir 
Leakage of methane into potable water supplies is often cited by detractors of hydraulic fracturing 
and those with a neutral stance. Leakage around the casing might occur as a result of inadequate 
placement of the cement, leaving an open micro-annulus, or by mechanical disturbance. Disturb-
ance might occur either dynamically (vibration or shock) or as a result of the displacements in-
duced by subsequent hydraulic fractures in the same or adjacent wells. Ignoring any possible in-
fluence of bedding slip, we can use the approach described above to identify the possible 
displacements and strains experienced by hydraulic fractures and wells as additional hydrofrac-
tures are implemented. Figure 8 shows the displacements experienced around the sixth hydraulic 
fracture in the fifth well to be fractured. The four subsequent fractures, the final four in the array 
of 50 fractures, resulted in a fracture displacement 6 mm easterly with the surrounding shear strain 
of not greater than approximately 5µS. Greater shear strains up to 20 µS were observed elsewhere. 

Figure 8. Displacements of the 6th fracture in the 5th (last) well to be fractured. 

4 CONCLUSIONS 

The geomechanical interaction of numerous hydraulic fractures and wells can be examined by 
substituting individual fractures for regions of deformation to simulate the displacements around 
induced hydraulic fractures. The complexity and uncertainty of the fracture creation process can 
be sidestepped by such proxy fractures and used to efficiently simulate the tens or hundreds of 
hydraulic fractures which interact geomechanically in naturally fractured shale reservoirs. 
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This simulation technique has allowed numerous parametric studies to be conducted. Illustra-
tive results here show an ability to quantify the stress changes along and around arrays of mul-
tifractured horizontal wells and the changes in stress chain distribution. As a succession of hy-
draulic fractures are created, it is to be expected that previous hydraulic fractures and the 
surrounding reservoir rock will be displaced and subject to shear and normal strains. The potential 
nature and magnitudes of these strains and displacements outside the immediate vicinity of the 
fracture can be readily quantified. A comparison of stress in the virgin reservoir condition with 
stresses immediately prior to fracturing has revealed the magnitude of change and variation of 
stress from the pre-drill reservoir condition that may be induced by previous hydraulic fractures 
before a stimulation treatment is implemented.  

REFERENCES 

Barenblatt, G.I. 1962. The mathematical theory of equilibrium cracks in brittle fracture. Advances in Ap-
plied Mechanics 7: 56. 

Britt, L.K. & Schoeffler, J. 2009. The geomechanics of a shale play: What makes a shale prospective! Soc. 
Pet. Engrs., Paper SPE 125525. 

Cundall, P.A. 1989. Numerical experiments on localization in frictional materials. Ingenieur-Archiv 59: 
148-159.

Dohman, T., Zhang, J., & Blangy, J.P. 2014. Measurement and analysis of 3D stress shadowing related to 
the spacing of hydraulic fracturing in unconventional reservoirs. Soc. Pet. Engrs. Paper SPE 170924. 

Gerdom, D., Caplain, J., Terry, I. J., Wutherich, K., Wigger, E. & Walker, K. 2013. Geomechanics key in 
Marcellus wells. The American Oil & Gas Reporter, March,  

Geertsma, J. & de Klerk, F. 1969. A rapid method of predicting width and extent of hydraulically induced 
fractures. J. Pet. Tech. December, 1571-1581. 

Geertsma, J. & Haafkens, R. 1979. A comparison of the theories for predicting width and extent of vertical 
hydraulically induced fractures. Trans. of the ASME, 9, March. 

Harper, T.R. 2011. Well Preese Hall-1. The mechanism of induced seismicity, Geosphere Ltd. Report pre-
pared for Cuadrilla Resources Ltd., 10 October. http:www.cuadrillaresources.co/wp-content/up-
loads/2012/06/Geosphere-Final-Report.pdf. 

Harper, T.R. & Hagan J.T., 2015. The nature of stress state: numerical and laboratory experiments and some 
field observations. In Faulkner, D.R., Mariani, D.R., Mecklenburgh, J (eds) Rock deformation from field, 
experiments and theory: A volume in honour of Ernie Rutter. Geological Society, London, Special Pub-
lications 409, http://doi.org/10.1144/SP409.12 

Harper, T.R. & Last N.C., 1990. Response of fractured rock subject to fluid injection. Part 11. Characteristic 
behavior. Tectonophysics 172: 33-51. 

Itasca Consulting Group, Inc. 2008. FLAC – Fast Lagrangian Analysis of Continua, Ver. 6.0, User’s Guide. 
Minneapolis: Itasca. 

Jensen, H.J. 1998. Self-organized criticality. Cambridge Lecture Notes in Physics, Cambridge Univ. Press. 
King G.E. 2010. Thirty years of fracturing: What have we learned? Soc. Pet. Engrs., Paper SPE 133456. 
Manchanda, R. & Sharma, M.M. 2014. Impact of completion design on fracture complexity in horizontal 

shale wells. SPE Drilling & Completion, Paper SPE 159899: 1-10. 
Pollard D.D & Segall, P. 1987. Theoretical displacements and stresses near fractures in rock: with applica-

tions to faults, joints, veins, dikes, and solution surfaces. Fracture mechanics of Rock, Kluwer Academic 
Press Inc. 

Warpinski, N.R. & Teufel, L.W. 1987. Influence of geologic discontinuities on hydraulic fracture propaga-
tion. J. Pet. Tech., February, 209-232. 

Wu K. & Olsen, J.E. 2013. Investigation of the impact of fracture spacing and fluid properties for interfering 
simultaneously or sequentially generated hydraulic fractures. SPE Production & Operations, Paper SPE 
163821: 427-436 

Zhai, Z., Fonseca, E., Azad, A. & Cox, B. 2015. A new tool for multi-cluster & multi-well hydraulic fracture 
modelling. SPE Hydraulic Fracturing Technology Conference, Woodlands, TX, Paper SPE 173367. 

606



1 INTRODUCTION 

Rock mass preconditioning by hydraulic fracturing (HF) is a technique used to increase the effi-
ciency of cave mining operations (Van As & Jeffrey 2000). It is conducted by sequential fractur-
ing from injection points (or IPs) at regular spacing along a borehole. The completion in the 
fracturing borehole is openhole and the injection is done between two packers, as shown in 
Figure 1.  

Figure 1. Hydraulic fracturing system, hole, packers and injection line (Newcrest Report 
2009). 

A study of fracture interference in 3D with XSite 

C. Detournay, P. Cundall & B. Damjanac
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ABSTRACT: Preconditioning of orebodies by hydraulic fracturing is a technique used to in-
crease the efficiency of cave mining operations. Typically arrays of hydraulic fractures are gen-
erated from boreholes drilled sub-parallel to the minimum stress direction. This particular bore-
hole orientation promotes fracture growth transverse to the borehole axis. An issue of practical 
importance is to determine how closely hydraulic fractures can be spaced to allow the most ef-
fective preconditioning of a volume of rock mass treated per borehole. However, the interaction 
between closely spaced hydraulic fractures can lead to deflection of their path. Numerical simu-
lations with XSite show evidence of either attractive or repulsive interaction between a new hy-
draulic fracture and a previously placed one, depending on their spacing. The reason for the be-
havior is explored in a simple framework, using the results of FLAC simulations.  
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Typically the borehole is drilled in the direction of the minimum principal stress to promote 
fracture growth in the direction perpendicular to the borehole. To design optimum spacing of in-
jection points, it is important to understand how adjacent fractures interact with each other.  

Evidence of closely spaced hydraulic fractures that do not remain planar, but instead curve as 
they influence one another has been identified in the field (Olsen et al. 2009), in the laboratory 
(Crosby et al. 2002), and in plane strain numerical simulations (Bunger et al. 2011a, 2011b). In 
their work, Bunger et al. (2011a, 2011b) have identified a set of dimensionless parameters that 
control fracture interference in the asymptotic toughness and viscosity regimes of fracture prop-
agation (Detournay 2011).     

The numerical study reported in this paper uses field data from to the Cadia East pre-
conditioning trial (Damjanac et al. 2015). Two original features of the work are that: a) the sim-
ulations are done in 3D using XSite (formerly HF Simulator, Cundall 2011), and b) the analysis 
is carried out in the intermediate regime of propagation (in reference to the toughness and vis-
cosity regimes). The focus of the analysis is on large-scale and long-term interaction between a 
new hydraulic fracture and a pre-existing one, when the two are generated sequentially at time 
interval sufficient for pore pressure dissipation in the first fracture. The simulated interference in 
fracture growth occurs as a result of residual aperture and stresses induced by the first hydraulic 
fracture (sometimes referred to as “stress shadow”). The residual aperture and stresses after pore 
pressure dissipation in the model are not directly justified in this analysis. (They are probably 
dependent on discretization size.) Here, we simply assume that, for a given resolution, they can 
be attributed in a field situation to the presence of residual fluid pressure in the first fracture, an 
incomplete fracture closure caused by fracture roughness, and/or distributed damage (caused by 
inelastic deformations) in the fractured region.  

2 CONTEXT FOR THE STUDY 

We consider the case of an initially elastic homogeneous rock mass. Hydraulic fracturing is 
conducted by performing sequential fluid injection in two injection points, located a distance, d, 
apart along a vertical borehole. Fluid is injected first in the bottom injection point (IP) only, and 
the fracture is allowed to grow for a fixed period of injection. The process follows with shut-in 
and fluid pressure dissipation leaving behind locked-in stresses in the rock mass. Fluid is then 
injected in the top IP only, to induce and propagate a second fracture in the rock mass. Different 
values of the distance between injection points are considered, and the path of the second frac-
ture is analyzed to study the impact of residual stresses on fracture propagation.  

3 SIMULATION DATA 

The rock mass is assumed to be elastic and of negligible permeability. The parameters for the 
simulation are listed in Table 1. 
 
 
Table 1. Parameters for the simulations. 
__________________________________________________________________________________________________________ 

E (GPa)  (-) IcK (MPa.m1/2) Q0 (m3/s)  (Pa.s) t (sec) 
__________________________________________________________________________________________________________ 

 33 0.2 4 0.0067 0.1 100 
__________________________________________________________________________________________________________ 

 
 

The Young modulus of the rock mass is 33 GPa, and Poisson’s ratio is 0.2. The mode I rock 
toughness is 4 MPa m . The injection rate is 0.0067 m3 /s (400 l/min), and the fluid viscosity is 
0.1 Pa×s. The in-situ principal stresses considered in the model are zero in the vertical, z-
direction, 3 MPa in the horizontal y-direction, and 18 MPa in the horizontal x-direction. An in-
jection time of 100 s, sufficient to identify the trends in the fracture interaction, is selected for 
the runs. 
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4 DATA ANALYSIS 

Dimensionless toughness and viscosity parameters have been identified by Detournay (2004) to 
characterize the regime of propagation of a single hydraulic fracture driven by injection of an 
incompressible Newtonian fluid at a constant volumetric rate, Q0, in an impermeable elastic rock 
mass. 

For a penny-shape fracture, the dimensioless toughness is defined as: 
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and the dimensionless viscosity is: 

18/5 (3) 

The viscosity-regime is bounded by 1  , while the toughness-dominated regime starts at
4  . In the viscosity-dominated regime, the energy expended at the crack tip is small com-

pared to the energy dissipated in viscous flow, while the reverse holds in the toughness-
dominated regime. 

The value of the dimensionless toughness for the parameters in Table 1 is about 1.15. Thus, 
the fracture evolution after 100 seconds of injection is in the intermediate regime: 1  K  4. 
While analytic asymptotic solutions are available for the radius, opening and pressure as a func-
tion of time of a single fracture evolving in the viscosity and toughness regimes (Detournay 
2004), numerical methods must be used to evaluate the fracture evolution in the intermediate re-
gime as the derivation of an exact solution is not possible.  

Bunger et al. (2011a) have derived a flow chart for determining if a hydraulic fracture satis-
fies sufficient conditions for neglecting curving. However, the chart does not cover the particu-
lar parameter case considered here. Indeed, the first entry in the flow chart addresses the value 
of the dimensionless viscosity, which, according to Eq.(3), is about 0.6 for the simulations. The 
chart then indicates that the conditions are met for fracture evolution in the transition regime, 
and that further analysis is required to characterize fracture curving.  

In this paper, we use a numerical method and XSite to evaluate the propagation of a first frac-
ture, and to solve the complex problem of predicting the second fracture path and its interfer-
ence with the first in 3D, for the specific conditions taken into account in the work.  

5 MODEL SETUP 

The HF simulations use a 66.6 m edge size cubic domain. The initial stresses are prescribed in 
the model. Fluid is injected in a vertical borehole, at the constant rate of 0.0067 m3 /sec, and for 
two consecutive periods of 100 sec (one in each IP), separated by a dissipation interval. The 
borehole of radius 0.1 m is located at the center of the model. The bottom-injection point (IP 1), 
located at a distance of about 35 m from the top of the model, is used for the first injection peri-
od. The top-injection point (IP 2), positioned at a distance, d, from IP 1, is used for the second 
period of injection. (IP 1 is shut in during that time.) Each IP is crossed by a horizontal starting 
joint of initial radius 1.4 m and initial aperture of 0.01 mm. By assumption there is no fluid flow 
in the rock matrix (only in the fractures).  

The HF model lattice has a variable resolution; the resolutions are: 0.5m in a fine-resolution 
domain of 20 m  20 m  20 m surrounding the starting joints, 0.75 m in a medium-resolution 
region of thickness 3.3 m surrounding the fine-resolution domain, 1.125 m in a coarse-resolution 
region of thickness 3.3 m surrounding the previous one, and 2 m in the outer surrounding re-
gion, 16.7 m thick. The HF model in Figure 2 shows the borehole, the injection points (pictured 
as spheres) and the resolution domains used in the simulations.  
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Figure 2. HF model showing borehole, IPs and fine-resolution domains. 

 
The color code for the reference axes in the figures included in the paper is as follows:  
 blue for the z-axis (vertical, direction of minimum, 0 MPa in-situ stress)  
 red for the x-axis (horizontal, direction of maximum, 18 MPa in-situ stress) 
 green for the y-axis (horizontal, direction of intermediate 3 MPa in-situ stress) 

 

6 SIMULATION RESULTS 

A top view of the induced fracture after 100 s of injection in the bottom IP is shown on the left 
in Figure 3. Each dot corresponds to one micro-crack (broken bond). The different shades of 
green seen on the plot reflect the different model resolutions used in the model. (The darker re-
gion has a finer resolution.) The graph of IP pressure versus injection time is shown to the right 
on the same figure. 

 
 

 

Figure 3. Plan view of induced fracture (left) and graph of IP pressure after 100 s of injection in IP 1 
(right). 
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The induced fracture is penny-shaped, with a diameter of about 30 m. The simulated peak 
pressure reaches a value of about 12.7 MPa, and the final IP pressure is about 8.5 MPa after 
100 s of injection. 

Fluid pressure is reset to zero in the fracture, and the model is cycled to mechanical equilibri-
um to simulate shut-in and fluid pressure dissipation. Residual apertures occur in the run be-
cause of fracture roughness and frictional sliding preventing complete fracture closure and a re-
turn to the initial state. (The fracture roughness is related to model resolution.) The maximum 
fracture aperture was about 5.2 mm before shut-in; it is reduced to about 3.6 mm after pore pres-
sure dissipation. There are significant locked in stresses in the model at the end of this stage as a 
consequence of the residual aperture.  

Different values of IP spacing are considered for the second phase of the simulation, which 
consists of fluid injection in IP 2 (IP 1 is shut-in), at the rate of 0.0067 m3/s and for a duration of 
100 s. The simulation results as functions of IP spacing are presented below. 

6.1 IP spacing of 2.5 m 

A side view of the simulated fractures after the second episode of injection (in the top IP), is 
shown in Figure 4. A plan view of the fractures at the end of the simulation is shown to the left 
in Figure 5. 

The second fracture is seen to curve towards the first in the direction of the intermediate prin-
cipal in-situ stress (green axis on the plot). It has a semi-cylindrical shape that is elongated in the 
direction of the maximum principal stress (red axis in the plot). Also, the second fracture ap-
pears to be arrested by the first in the direction of the intermediate principal stress, but it is al-
lowed to grow in the direction parallel to the maximum principal stress. 

A graph of the top IP pressure versus injection time at the end of the second injection episode 
is shown to the right in Figure 5. Also shown in the figure is a sketch of the borehole and the 
two IPs. 

During the second period of injection, the peak pressure in the top IP reaches a value of about 
15.9 MPa. The peak pressure is higher than the value of 12.7 MPa that was reached in the bot-
tom IP. The difference in values (3.2 MPa) reflects the magnitude of the locked-in (vertical) 
stress that remains at that location after fluid pressure dissipation has taken place in the first 
fracture.  

Figure 4. IP spacing 2.5 m: Side views of the simulated fractures after 100 s of injection in IP 2 – parallel 
(left) and perpendicular (right) to the maximum in-situ stress. 
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Figure 5 . IP spacing 2.5 m: Plan view of the fractures at the end of the second injection phases (left) and 
IP pressures versus injection time (right) – borehole and IPs also shown. 

6.2 IP spacing of 4.5 m 

A side view of the simulated fractures after two episodes of injection, in IP 1 and 2 is shown in 
Figure 6. A top view of the fractures at the end of the second injection episode is shown to the 
left in Figure 7. A graph of the top-IP pressure versus injection time at the end of the simulation 
is shown to the right in the same figure. 

The fracture interaction appears to be weaker than in the 2.5 m spacing case. The second frac-
ture is dipping only slightly towards the first in this case, and the horizontal fracture footprints 
are similar. The peak IP pressures are about 12.7 MPa, and 17.1 MPa for the first and second 
fracture, respectively. 

Figure 6. IP spacing 4.5 m: Side views of the simulated fractures after 100 s of injection in IP 2 – parallel 
(left) and perpendicular (right) to the maximum in-situ stress. 
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Figure 7. IP spacing 4.5 m: Plan view of the fractures at the end of the second injection phases (left) and 
IP pressures versus injection time (right). 

6.3 IP spacing of 5.5 m 

A side view of the simulated fractures after the two injection episodes is shown in Figure 8. A 
plan view of the fractures at the end of the second injection episode is shown to the left in Fig-
ure 9. A graph of the top-IP pressure versus injection time at the end of the simulation is shown 
to the right in the same figure. 

The fracture interaction is still evident. However, there is a shift in behavior in this case. In-
deed, the second fracture is propagating away from the first. The horizontal footprints of the 
first and second fractures are quite similar in this case. The peak IP pressure is about 15.9 MPa 
for the second fracture; the value is lower than the 17.1 MPa recorded for the 4.5 m IP spacing 
case. 

Figure 8. IP spacing 5.5 m: Side views of the simulated fractures after 100 s of injection in IP 2 – parallel 
(left) and perpendicular (right) to the maximum in-situ stress. 
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Figure 9. IP spacing 5.5 m: Plan view of the fractures at the end of the second injection phases (left) and 
IP pressures versus injection time (right). 

6.4 Summary of observations and discussion 

The simulations for sequential injection in a homogeneous medium considering two IPs show 
that, for the model conditions used in the simulations, the second fracture curves towards the 
first for a IP spacing less than about 5 m, and curves away from the first for a IP spacing greater 
than 5 m. The change of path direction of a second fracture as a function of distance from the 
first is somewhat counter intuitive. To analyze the situation in simple terms, we look at the equi-
librium state of a penny shaped crack of radius 50 m loaded by a 1 MPa pressure, and a shorter 
penny-shaped crack above it, loaded to 2 MPa. We use the code FLAC (Itasca 2011) in axisym-
metric mode for the simulations. We plot the angle of the maximum principal stress to the hori-
zontal in the zone at the tip of the second crack, as a function of the distance of the second crack 
from the first — this should be the angle that a new crack will tend to follow (perpendicular to 
minor principal stress). The results for the two pressurized crack problems, with second crack 
length, L, of 15 m, 20 m, and 25 m, and a horizontal stress of 3 MPa and 6 MPa are shown in 
Figure 10.  

All graphs in Figure 10 show a transition from downwards-tending to upwards-tending for the 
conditions of the FLAC simulations. This trend is similar to that observed in the HF simulation 
results documented above. Note that the FLAC simulations are greatly simplified, and in par-
ticular do not consider fracture evolution. As mentioned above, the effect of fracture distance on 
different modes of their interaction (i.e., curving towards or away from the previous fractures) 
has been investigated by Bunger et al. (2011a, 2011b). Using a plane strain (2D) model they 
identified the same trends observed in these simulations.  

The fracture interaction resulting in curving of the fracture in the direction of the intermediate 
principal stress (i.e., the smaller horizontal principal stress) and merging with previous fracture 
could be possible explanation for observation of elliptical shapes of the hydraulic fractures ob-
served at the Cadia East Trial site, where the fractures in the direction of the larger horizontal 
principal stress are approximately two times longer than in the perpendicular direction (New-
Crest Mining Limited. 2010). 

The results presented in this paper are quite specific, and there is a need to address the issue 
in a broader scope. Bunger et al. (2011) have identified a set of dimensionless parameters gov-
erning the problem of fracture interaction in plane strain conditions. Work is on-going to quanti-
fy the effect of those parameters on fracture interaction and critical fracture spacing in 3D. 
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Figure 10. Angle of major principal stress at second crack tip versus height of second crack above first for 
three second crack lengths – 𝝈𝒉 = 𝟑 MPa (left), 𝝈𝒉 = 𝟔 MPa (right).

7 CONCLUSION 

Hydraulic fracturing simulations carried out using field data from the Cadia East precondition-
ing trial were conducted using the 3D numerical code XSite. The simulations for sequential in-
jection in a homogeneous medium considering two IPs showed that, for the model conditions 
used in the simulations, the second fracture did not remain planar. Instead, it curved towards the 
first for a IP spacing less than about 5 m, and curved away from the first for IP spacing greater 
than 5 m.  

The reason for the attractive/repulsive behavior was explored in simple terms using FLAC 
(axisymmetric) simulations of two pressurized penny-shaped cracks at the equilibrium state. The 
simulations results showed that the angle that a new crack will tend to follow (perpendicular to 
minor principal stress) transitioned from downwards-tending to upwards-tending as the distance 
between crack increases. This trend is similar to that observed in the HF simulation results. 

The topic of interference between closely spaced hydraulic fractures is of particular interest in 
the rock mass preconditioning for caving mining operations. The results points to the im-
portance of considering different modes of fracture interaction when designing the optimum 
fracture spacing for preconditioning. 
    The simulation results reported in the paper are rather interesting but quite specific. It is 
planned to conduct further analyses in the parameter framework devised by Bunger et al. 
(2011a, 2011b) to widen the scope of the work. 
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1 INTRODUCTION 

An important parameter to consider in these simulations is the size of the stimulated zone gener-
ated from the HF treatment. Nominally, the stimulated area should be at least semi-quantitatively 
predictable. Knowing the size of the stimulated area after HF may aid in the optimization of stim-
ulation in terms of both interwell spacing and the fracture site spacing along the wellbores. Ulti-
mately, qualitative assessment of the stimulated area from such models may allow better choice 
of injection volume, rate, fluid viscosity, and the depth in the zone at which the wells should be 
placed, among other factors (Dusseault 2013). 

Real-world in-situ stress conditions are rarely isotropic; this deviatoric stress state implies that 
there exists a difference between at least two of the principal stresses, which causes shear stresses 
in the rock mass. When fluid injection takes place during HF, the increase in pore pressure part 
causes a resultant decrease in normal effective stress, which can lead to slip of joint surfaces to 

Fabric pattern effects on deformation and fluid flow in anisotropic 
stress fields 

A. Pirayehgar, M. Yetisir, & M.B. Dusseault
University of Waterloo, Waterloo, Canada

ABSTRACT: Mechanical discontinuities in naturally fractured rock (NFR) – joints and bedding 
planes in sedimentary rocks – usually represent primary channels for fluid transmission, particu-
larly in igneous and stiff, fine-grained sedimentary rocks (shale gas, shale oil, tight sandstones).  
Discontinuities in such rocks must be accounted for in fluid flow analysis and, hydraulic fracture 
design for mining, oil and gas, or geothermal energy extraction. To geometrically characterize a 
fracture system, parameters such as orientation, spacing distribution, spatial density anisotropy, 
and persistence must be specified. For modeling these systems, this fabric is one of the most 
important factors governing the mechanical (deformation mechanisms) and hydraulic (permea-
bility) responses of the system to changes in pressure, stress, and temperature. In hydraulic frac-
turing (HF) processes, when a fluid-driven propagating fracture intersects a discontinuity, various 
fracture patterns may occur. It is of interest to determine how large and what shape of a stimulated 
zone can be generated from HF because this will help dictate the optimum well spacing, whether 
an additional upper row of wells is needed in a thick zone, the best spacing of HF stages, and so 
on. 

In this work, the effects of fracture geometry, in-situ stresses, and injection rates on defor-
mation and fluid flow are investigated in the context of HF. Coupled hydro-mechanical modeling 
was performed using the Universal Distinct Element Code (UDEC), an implementation of the 
Discrete Element Method (DEM). Fluid injection with steady-state flow through the simulated 
NFR has been used to model the response of three common fracture network geometries. Given 
a fracture network subjected to HF stimulation, the resultant stimulated area is examined along 
with pore pressure distributions. These 2D simulations suggest that rock mass fabric has a primary 
role in the resultant fluid flow characteristics and stimulated area geometry. The injection rate did 
not affect the stimulated area geometry to an appreciable degree. 
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relieve the shear stress. Because of existing joint surface asperities, the shearing generates a per-
manent increase in joint aperture through irrecoverable dilation (normal opening). Because the 
shear stress has been partly relieved, the shear slip is also irrecoverable, so the aperture increase 
through dilation is permanent. In other words, shear failure of irregular natural fractures (joints) 
in the rock mass is almost certain to lead to permanent dilated apertures and a more flow-inter-
connected system. This process is often referred to as shear dilation (Rahman et al. 2002). 

Johri & Zoback (2013) suggest that three factors control the size of what they called the perco-
lation zone: hydraulic fractures, pre-existing fractures (joints and bedding planes) and new frac-
tures. Based on their study, the contribution of hydraulic fractures and newly-formed connected 
fractures is insignificant; hence, stimulating the pre-existing joints plays the key role in the en-
hancement of the conductivity and extent of the percolation zone around a well (Johri & Zoback 
2013). 

2 ASSESSING THE STIMULATED AREA 

The stimulated HF area was calculated based on the resultant normal and shear displacements of 
the block contacts in the DEM simulations after the HF stimulation. For this paper, stimulated 
area was defined as the minimum geometric area within which all displacement events exceeded 
a specified threshold. Two different geometries were used to assess the stimulated area. The first 
stimulated area geometry, and perhaps the most intuitive, was an idealized ellipse. This ellipse 
was calculated by assessing the minimum bounding ellipse for the set of contacts which exceeded 
the specified displacement thresholds. The second geometry considered for the stimulated area 
was that of the convex polygonal hull for the same set of contacts. The difference between the 
two geometries is demonstrated in Figure 1 (Fomin et al. 2006). 
 

 
Figure 1. Schematic of the stimulated zone outlining the difference between an idealized circular shape and 
the actual polygonal shape. (Fomin et al. 2006) 

3 SIMULATIONS 

A series of numerical simulations of HF stimulation were performed using the Universal Distinct 
Element Code (UDEC, Itasca 2014), which is based on the two-dimensional Discrete Element 
Method (DEM). UDEC can be used to investigate normal and shear displacements of the discon-
tinuities in a simulated NFR mass based upon block contact response under different loading con-
ditions and with different properties. 

In dry, low-permeability, naturally fractured hard rocks, one can assume that during HF stim-
ulation pre-existing fractures are reinitiated and reopened but no new fractures are created. It is 
these rocks that are of primary interest in this investigation. In other words, the natural fractures 
are hydraulically stimulated but the matrix blocks remain essentially intact, a robust assumption 
for hydraulic fracturing in a naturally fractured rock mass with strong blocks and weak joints. 
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Since we assume that no new fractures are created in these simulations, it follows that rock fabric 
plays a prominent role in the characteristics of the resultant stimulated zone. To demonstrate this, 
three different simulated fracture networks representing natural fractures were investigated and 
compared.  

The NFR mass was represented as a 2D plane-strain section in UDEC, a model 300m × 300m 
in size. Three different models were generated to represent three different joint fabrics, each sub-
jected to identical biaxial in-situ stress states (Fig. 2). The medium was specified to be initially 
dry; then water is injected at a constant flow rate of 5 L/s at the center point of the model. Table 
1 shows fluid and material properties specified for the rock mass. It is possible to stipulate differ-
ent properties for each joint (or each set of a group of joint sets) such that the resultant fracture 
networks would have been more probabilistic in nature. This would possibly more closely emulate 
a real rock mass, but for simplicity, and because it remains unclear what distributions of properties 
would be most appropriate, the joint properties were assumed to be constant for all joints. Fur-
thermore, by maintaining consistent joint properties, assessing the direct influence of joint stiff-
ness and cohesion becomes easier in the context, for example, of a parametric analysis.  

A major challenge when modeling NFRs is determining how best to represent the jointed rock 
mass. Zhang & Sanderson (1996) introduced three main joint network types to represent the range 
of common geometries: 

a. Voronoi tessellation: A network of randomly oriented polygonal fractures (Fig. 2a). Cool-
ing fractures in basalt constitute a 2-D example.

b. Cross-joints: Two sets of joints which are generally long, straight and sub-parallel with
different spacing and which cross-cut one another (Fig. 2b).

c. Cross-cuts: A set of long persistent joints between which are shorter non-persistent joints,
roughly orthogonal to the long persistent set (Fig. 2c).

These three types of fracture networks are shown in Figure 2. 

Table 1. Rock, fracture and fluid properties. 
__________________________________________________________________________________________________________ 

Rock properties Joint mechanical properties 
__________________________________________________________________________________________________________ 

Density 2600 kg/m3 Normal stiffness 10 GPa/m 
Bulk modulus 30 GPa Shear stiffness 1 GPa/m 
Shear modulus 40 GPa Friction angle 30 Degree 
Friction angle 30 Degree Cohesion 0 MPa 
Cohesion 0.1 MPa Dilation angle 5 Degree 
Tensile strength 0.1 MPa 
__________________________________________________________________________________________________________ 

Joint hydraulic properties Fluid properties 
__________________________________________________________________________________________________________ 

Permeability factor 0.83  108 MPa-1 s-1 Density 1000 kg/m3 
Residual hydraulic aperture 1  10-4 m Dynamic viscosity 10-3 Pa·s 
Aperture at zero normal stress 5  10-4 m 
__________________________________________________________________________________________________________ 

(a) (b) (c) 

Figure 2 .Representative geometries of natural fracture networks: a) Voronoi tessellation, b) Cross-joints; 
c) Cross-cuts.

5m 5m 5m 

5
m

 

619



For each simulated joint network, the same loading conditions are applied to evaluate the effect 
that the rock fabric has on the resultant fracture behavior. The flow directions in the joints proxi-
mal to the injection point in various anisotropic stress fields in the 2D Voronoi tessellated model 
can be seen in Figure 3. Arrows in red indicate the new opened fractures as the stress state become 
more isotropic. New flow paths are created and others are abandoned as the stress state boundary 
condition is closer to an isotropic condition and the pattern becomes more radial. The injected 
fluid will tend to travel farther through the joints under larger differential stresses, which allows 
flow channels to develop more directionally due to the increased shear stresses. 

𝜎′𝑥𝑥
𝜎′𝑦𝑦

⁄ = 30
15⁄ = 2

𝜎′𝑥𝑥
𝜎′𝑦𝑦

⁄ = 30
20⁄ = 1.5

𝜎′𝑥𝑥
𝜎′𝑦𝑦

⁄ = 30
30⁄ = 1

Figure 3. Flow direction in joints during fluid injection from the borehole in various anisotropic stress fields 
in the 2D Voronoi tessellated fractured model. 

The fluid pressure profiles along the x-axis (σMAX direction) for all geometries under different 
stress conditions and a selected injection rate can be found in Figure 4. Using such results, the 
diameter of the pressurized area and the magnitude of fluid pressure can be compared under dif-
ferent conditions. The red indicate how far the fluid pressure is distributed laterally and where it 
starts branching until Δp  0.  

It can be seen that in Figure 4 there exists a point along the pressure profile curves at which the 
slope changes discontinuously. This discontinuity represents the hydraulic fracture “front” within 
which hydraulic fracturing stimulation has occurred, and beyond which normal fluid flow through 
the joints is occurring. The pressure and location at which this sharp slope change occurs is not 
consistent among simulations. In an isotropic stress regime, the pressure at the hydraulic fracture 
front is large due to the lack of preferential fracture propagation direction, which means a greater 
hydraulic pressure is required to induce the fracturing condition. Conversely, in the case of a 
strong deviatoric stress, the preferential fracture propagation direction allows the fractures to ini-
tiate at much lower pressure.  

Six different means of assessing the stimulated area due to hydraulic fracturing were conducted 
for each simulation. The stimulated area was calculated based on normal displacements exceeding 
the specified threshold, shear displacements exceeding the specified threshold, as well as the case 
where both the normal and the shear displacements exceeded the specified thresholds; these cor-
respond to the three columns in Figure 5. In addition, both the polygonal and the elliptical stimu-
lated area geometries were considered for all three displacement considerations.  

For the Voronoi tessellated rock fabric at injection rate #1 (5 L/s), and three different stress 
ratios, the stimulated zones are shown in Figure 5. Here, the stress ratio does seem to have an 
appreciable effect on the stimulated area, and as the in-situ stress state becomes more deviatoric, 
the eccentricity of the ellipse increases. This behavior is expected: because of the ideal random 
geometry and a perfectly isotropic 2D stress state, a circular stimulated area is expected, but the 
oriented joint fabric does lead to stimulated zones that are mildly eccentric.  
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Figure 4. Fluid pressure profiles along the horizontal axis under different stress ratios and flow rate #3: a) 
Voronoi tessellation, b) Cross-joints; c) Cross-cuts.  

The eccentricity of the ellipse increases as the differential stress increases, but the area of the 
stimulated zone decreases as the stress ratio becomes closer to 1.0. This suggests that there may 
exist an optimal stress regime which will yield a maximum stimulated area. In the isotropic state, 
there does not exist a preferential hydraulic fracture propagation direction, so hydraulic fractures 
are less likely to propagate as far, but in highly deviatoric stress fields, the stimulated zone be-
comes quite narrow (eccentric) so that the stimulated area is reduced.  

The primary mechanisms that are contributing to permeability enhancement can be interpreted 
from Figure 5. In all cases, the stimulated area based on normal displacements is the largest of the 
three. Ultimately it is this metric that is most useful as it relates more directly to the permeability 
enhancement since permeability can be directly related to the residual apertures. Aperture increase 
includes normal opening due to pressure increase (reversible) and dilation due to slip (irreversi-
ble). It is likely that most of the shear displacements were induced subsequent to the normal dis-
placements, which caused additional stresses and permitted pore pressure to reduce the frictional 
resistance along the joint interface, thus allowing slip to occur more easily.  

The stimulated areas based on both normal and shear displacements are marginally smaller than 
the stimulated areas based on just shear displacement. This behavior implies that there exist some 
sheared fractures near the peripheries of the stimulated area that were not directly caused by ex-
tensional fractures. Of course, if we had assumed that a smaller threshold aperture was more ap-
propriate for the joint shear and dilation, the intensity and area of shear stimulation would have 
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been accordingly larger. This is not a trivial point because microseismic data suggest shear stim-
ulation can occur substantial distances beyond the supposed limit of the opened joints (Pirayehgar 
& Dusseault 2015). In a real case, it is likely that these small shear displacements lead to flow 
enhancement beyond the limit of the opened joint network.  

In addition, the pore pressure distributions for the same cases (Voronoi tessellated rock fabric 
at injection rate #1, and 3 different stress ratios) were analyzed. The pore pressure distribution in 
the joints was plotted as well as the cross-sectional pressure profile along the horizontal axis. Both 
of these plots can be found in Figure 6. 

The effect of injection rate was also investigated for the three representative geometries under 
the three chosen stress ratios. The initial injection rate (rate#1) has been doubled (rate#2) and 
tripled (rate#3), but for the same injection time. Effects of injection rate on normal displacements 
for the same cases (Voronoi tessellated rock fabric at injection rate #1, and 3 different stress ratios) 
were analyzed. The general pattern of the normal displacement remains the same, as the defor-
mation pattern is globally controlled by in-situ stress and injection rate has local effects on fracture 
behavior.   

Figure 5 . Associated stimulated zones with a determined threshold of 2.5 mm for the Voronoi tessellation 
joint network, injection rate #1 (5 L/s), and various stress ratios. Stimulated zones calculated based on both 
ellipse and convex hull geometries. 
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Figure 6 . Model pore pressure distributions for the Voronoi tessellation fracture network, injection rate #1, 
and various stress ratios. Contact pore pressure distributions are shown on the left while the pore pressure 
profiles along the horizontal axes are shown on the right. 

The cross-sectional pressure profiles along the horizontal axis are plotted in Figure 7. The peaks 
of the profiles represent the maximum pore pressure at the wellbore. As expected, the largest 
pressure occurs with the highest injection rate. The steep falling curves give information about 
the magnitude of pore pressure around the injection point, but the pressurized area is almost the 
same size for all injection rates. 
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Magnitudes of normal displacement for two monitoring points under a biaxial stress state of 
(30,15) MPa are plotted in Figure 8. These monitoring points are same for all types of fabric and 
are located one and two meters to the left side of the injection point. Normal displacement of the 
two monitoring points can be seen to be increasing as injection rate increases. The increase in 
normal displacement is on the order of a few centimeters for all geometries. Cross-joint fracture 
networks have the largest deformations, then cross-cuts and then Voronoi tessellations. 

Rate#1 Rate#2 Rate#3 

Figure 7 . Effects of injection rate on pore pressure distribution for the Voronoi tessellation fracture network, 
and various stress ratios: a) rate#1, b) rate#2 and c) rate#3. 

Figure 8. Effects of injection rate on normal displacement for different geometries under biaxial stress of 
(30,15 MPa). 

A series of sensitivity analyses was performed to study the effect of block size, mesh size and 
model size for the Voronoi tessellation. In addition, results have been compared for three different 
flow-rates. The large block (LB) size was specified to be 6 m, while the small block (SB) size was 
specified to be 3 m, increasing the number of blocks per area by a factor of four. The analysis 
explored the polygonal fracture area based on normal displacement as well as the elliptical eccen-
tricity and how these parameters changed as the stress ratio changed. The resultant plots of the 
sensitivity analysis can be found in Figure 9.  

From Figure 9, the Voronoi tessellation block size has a large impact on the trend and magni-
tude of the results. This behavior is observed because when the block size is increased/decreased, 
the resultant rock fabric is different, not only in shape but in terms of fracture density as well. For 
the given thresholds, with a smaller block size, the resultant stimulated area was consistently less 
due to the increased number of pathways for the fluid to migrate. Assuming same model size, 
greater number of joints would exist in a model with smaller block size. In such a model, fluid is 
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dissipated through greater numbers of joints around the injection point; so fluid pressure would 
reduce and lead to smaller stimulated zone. So, under same condition, a model with the larger 
block size would have higher fluid pressure around the injection point and in turn larger displace-
ments. Higher fluid pressure pushes fluid through joints further and results in larger affected zone. 
In addition, the small blocks seemed to be more strongly influenced by the in-situ deviatoric 
stresses whereas the fracture area eccentricity remained fairly constant for the large blocks. Re-
sults are sensitive to the block size and thus the rock fabric, with the implication that a highly 
jointed rock mass will be more sensitive to in-situ stresses than a less jointed rock mass when 
hydraulic fracturing is undertaken because of the different number of possible pathways (assum-
ing no new fractures are created and only existing joints are stimulated, which is a reasonable 
assumption for naturally fractured strong rock). 

The effect of mesh size was subsequently investigated. The large mesh (LM) size was specified 
to be 1.2 m, while the small mesh (SM) size was specified to be 0.8 m. The analysis looked at the 
polygonal fractured area based on normal displacement as well as the elliptical eccentricity and 
how these parameters changed as the stress ratio changed (Fig. 10). In order to study the mesh 
effects, the geometry with smaller block size was duplicated and then finer mesh generated. So, 
in this case, results for the small block (SB) model are also representing results for the large mesh 
(LM). 

Mesh size has an appreciable impact on the results, though not as significant as the block size. 
The refined mesh does consistently show a lower stimulated area. Mesh refinement is important 
in order to ensure that the model has converged to the correct solution. If the mesh is too coarse, 
then the numerical approximations are not sufficiently accurate. 

Figure 9. Polygonal stimulated area based on normal displacements as a function of the in-situ stress ratio. 
Both large blocks (LB) and small blocks (SB) for various flow rates are considered. 

Figure 10. Polygonal stimulated area based on normal displacements as a function of the in-situ stress ratio. 
Both large mesh (SB) and small mesh (SM) for various flow rates are considered. 
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4 CONCLUSIONS 

From this study, it was determined that although the primary means of permeability enhancement 
during HF stimulation in NFRs is the direct opening of pre-existing joints, shear dilation is an 
important secondary mechanism that increases the rock mass permeability. In addition, a means 
to determine the stimulated area of a HF stimulated zone from UDEC was developed, and more 
insight into the response of NFRs to hydraulic stimulations was achieved: 
 In-situ stresses control the global HF behavior while rock mass fabric affects the joint stim-

ulations locally.
 Fluid movement has a tendency to distribute directionally under larger differential stress,

causing a directional pore pressure distribution, even though the fabric may be isotropic.
As the stress state becomes more isotropic, the resultants pore pressure distribution becomes
more radial closer to isotropic stress conditions in the case of the isotropic Voronoi rock
fabric.

 In the presence of one or more persistent joint sets, there would be a preferential direction(s)
for fluid to travel, making the stimulation pattern and extent more complicated.

 Branching can be seen to occur nearby the injection point. It is often suppressed under a
larger differential stress and is more highly developed in the isotropic stress state.

 In the presence of naturally existing joint sets, the hydraulic fractures will orient preferen-
tially along the existing joint sets, altering the shape of the stimulated zone if the fabric is
strongly anisotropic.

 Joints experience greater normal displacements than shear displacement after HF stimula-
tion. That being said, the cross-joints and cross-cuts seem to have larger displacements than
the Voronoi tessellation, indicating that the strongly oriented fabric affects both the magni-
tude of the deformations and the size of the stimulated area.

 Injection rate does not influence the general trend of fracture propagation, but it locally
increases the pore pressure. Fracture deformation is affected more by stress ratio under
lower injection rate. Higher injection rates causes higher fluid pressure and stimulate more
joints because the fluid has enough pressure to overcome the normal stress even in unfa-
vorable directions; so the effect of stress ratio becomes less appreciable at high rates than
at low rates.

ACKNOWLEDGMENTS 

The authors acknowledge the Natural Sciences and Engineering Research Council (NSERC), Ter-
ralog Technologies Incorporated (TTI), and the Center of Excellence in Mining Innovation 
(CEMI). We would like to express our gratitude to Itasca Consulting Group for technical support 
and research access to UDEC. 

REFERENCES 

Dusseault, M.B. 2013. Geomechanical aspects of shale gas development. In Rock Mechanics for Resources, 
Energy and Environment. London: CRC Press, pp. 39–56. Available at: 
http://www.crcnetbase.com/doi/pdf/10.1201/b15683-7. 

Fomin, S., Chugunov, V. & Hashida, T. 2006. Assessment of Stimulated Area Growth During High-
Pressure Hydraulic Stimulation of Fractured Subsurface Reservoir. Transport in Porous Media, 63(1), 
pp.99–125. Available at: http://link.springer.com/10.1007/s11242-005-3326-5 [Accessed February 3, 
2015]. 

Itasca Consulting Group, Inc. 2014. UDEC - Universal Distinct Element Code, Version 6.0. Minneapolis: 
Itasca. 

Johri, M. & Zoback, M.D. 2013. The Evolution of Stimulated Reservoir Volume during Hydraulic 
Stimulation of Shale Gas Formations. In Unconventional Resources Technology Conference, Denver, 
Colorado. Society of Exploration Geophysicists, American Association of Petroleum Geologists, 
Society of Petroleum Engineers, pp. 1661–1671. Available at: 
http://library.seg.org/doi/abs/10.1190/urtec2013-170. 

626



Pirayehgar, A. & Dusseault, M.B. 2015. Numerical investigation of seismic events associated with 
hydraulic fracturing. In ISRM International Symposium. 

Rahman, M.K., Hossain, M.M. & Rahman, S.S. 2002. A shear-dilation-based model for evaluation of 
hydraulically stimulated naturally fractured reservoirs. International Journal for Numerical and 
Analytical Methods in Geomechanics, 26(5), pp.469–497. Available at: 
http://doi.wiley.com/10.1002/nag.208 [Accessed October 4, 2013]. 

Zhang, X. & Sanderson, D.J. 1996. Effects of stress on the two-dimensional permeability tensor of natural 
fracture networks. Geophysical Journal International, 125(3), pp.912–924. Available at: 
http://gji.oxfordjournals.org/cgi/doi/10.1111/j.1365-246X.1996.tb06034.x. 

627





1 INTRODUCTION 

Rock materials are discontinuous at all scales. At the micro-scale, micro-cracks, grain boundaries, 
pores and foliations, and at the macro-scale, bedding planes, joints (opening) and faults (shearing) 
cause stress concentrations and influence the mechanical behavior of intact rock and rock mass, 
respectively (Pollard & Aydin 1988). The failure of most rock materials occurs in a brittle fashion. 
A ‘brittle fracture’ is defined as a fracture that exhibits little or no permanent (plastic) deformation. 
Crack initiation is the failure process by which one or more cracks are formed in a rock material 
free from any other cracks (Bieniawski 1967). Fracture propagation is the failure process by which 
existing cracks in a rock material extend. Thus, fracture propagation as a stage of the fracture 
growth is triggered by crack initiation. Under tension, crack initiation, fracture propagation and 
crack coalescence take place almost simultaneously (Rinne 2008). The failure process in rock 
material structures is primarily due to crack propagation and coalescence rather than directly from 
crack initiation. 

Therefore, investigation and characterization of crack propagation in brittle materials is a cru-
cial research topic in all related areas such as mining, civil and petroleum engineering. Consider-
ing the most possible influential parameters in crack propagation, Hydraulic Fracturing (HF) is 
defined as creating induced tensile fractures by fluid pressure.  HF is a highly effective technique 
for increasing the permeability of reservoirs or reducing the strength of a rock mass in mining. 
For example, HF has different applications such as preconditioning the rock medium in block 
caving mining, rock burst mitigation in long wall mining, in-situ stress measurement for rock 
engineering structures, and unconventional reservoirs for stimulation purposes. Reduction in ten-
sile and shear strength of the rock mass through the growth of hydraulic fractures is beneficial to 
block cave mining (Jeffrey et al. 2009, Jeffrey & Mills 2000, van As & Jeffrey 2000). For each 
application, an optimal HF treatment provides the greatest alteration to the rock mass for the low-
est cost (Kear & Bunger 2014). The methodology for each application varies widely in terms of 
scale, applied pressure, additives, and fracture propagation. The main difference between the gas 
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and mining industries is probably the size of the induced fractures. Fractures grow to hundreds of 
meters in length in gas industry, whereas they are indicated to grow to 30-80 meters in mining 
industry (Joel & Clem 2013). 

The rock mass contains several joints and natural fractures which influence the hydraulic frac-
ture treatments. So, in discontinuous systems such as naturally fractured reservoirs, a numerical 
model must represent two types of mechanical behaviors. First, the model must recognize the 
existence of contacts or interfaces between discrete bodies that comprise the rock system. Second, 
the model must represent the behavior of solid material that constitutes the particles or blocks in 
the discontinuous system (Hamidi & Mortazavi 2014). The study aims at investigating the latter 
behavior.  

2 BACKGROUND 

The Discrete Element Method (DEM) is a numerical solution to describe the mechanical behavior 
of discontinuous bodies. The various branches of the DEM family are the Distinct Element 
Method proposed by Cundall (1971a, 1971b), the generalized discrete element method proposed 
by Williams et al. (1985), the discontinuous deformation analysis (DDA) proposed by Shi (Shi & 
Goodman 1988), and the finite-discrete element method concurrently developed by several groups 
(Munjiza 2004, Munjiza et al. 1995). 

DEM is developed (Cundall 1971a, Cundall 1971b) for the analysis of rock mechanic problems 
using deformable polygonal-shaped blocks and then applied to soils (Cundall & Strack 1979). 
This leads to the development of Itasca's UDEC (Universal Distinct Element Code) and 3DEC 
(Three-Dimensional Distinct Element Code) software. Particle Flow Code (PFC) is a simplified 
implementation of the DEM. It utilizes rigid disks (PFC2D) or spherical particles (PFC3D) rather 
than deformable one. So, it can extensively simplify contact detection between elements for faster 
model solutions (Itasca 2015). 

2.1 Fracturing process in intact rocks 

The behavior of discontinuities and their interactions in the rock system are well developed in 
3DEC. However, modeling of crack initiation within solid material is not allowed in this method. 
Although non-persistent joint element is required within a solid material for simulating fracture 
initiation, 3DEC uses persistent joint elements for performing simulations. Therefore, the main 
objective of this study is to address this limitation by proposing a proper approach for simulating 
the crack initiation in 3DEC. 

DEM have been used as a tool for simulating crack initiation process in intact rocks since 1989 
(Lorig & Cundall 1989). In UDEC which was developed by Cundall (1980) they simulate intact 
material using voronoi polygons (Brostow et al. 1978, Finney 1979, Medvedev 1986) assemblages 
(or tessellation). A crack is assumed to be formed when the stress level at the interface between 
block exceeds a threshold value either in tension (Jkn) or in shear (Jks). Potyondy et al. (Potyondy 
et al. 1996) use the same method for simulating crack initiation process in PFC2D (Itasca Con-
sulting Group 1995). De Pater & Beugelsdijk (2005) use DEM to handle multiple fracture propa-
gation. However, the crack network geometry depends on the shape of the elements. Damjanac et 
al. (2013, 2010)  superimpose a field-derived Discrete Fracture Network (DFN) on an intact rock 
particle model to create a Synthetic Rock Mass (SRM). They prove the concept of using DEM in 
a new three-dimensional numerical code (HF Simulator) for modeling HF in naturally fractured 
rock. Riahi & Damjanac (2013a, 2013b) carry out a series of two-dimensional numerical analyses 
by the DEM based code UDEC to model fluid injection into the fractured rock mass. They find 
the interaction between HF and DFN. The limitation of their study is that the trajectory of the 
fracture is defined prior to simulation. Nasehi & Mortazavi (2013), Zangeneh et al.(2013, 2014) 
and Pirayehgar & Dusseault (2015) employ voronoi tessellation in UDEC for simulating the crack 
propagation both in intact rock and naturally fractured zone. The numerical approach has been 
extended into 3D by Hamidi and Mortazavi (Hamidi 2012, Hamidi & Mortazavi 2012, Hamidi & 
Mortazavi 2014). The HF process is modeled by importing a tetrahedron tessellation as surround-
ing rock in 3DEC. The drawback of using tetrahedron blocks is the possible interlocking of them 
during the interaction which may lead to increased stiffness in contacts. As a consequence, in the 
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presented study a 3D voronoi tessellation is proposed to avoid this problem. So, the model con-
tributes to the current literature by considering deformable Voronoi blocks and the ability to in-
vestigate the effect of block mechanical properties on HF process. 

There are many studies beyond the Itasca codes which model rock failure based on DEM ap-
proach. Pournin et al. (Pournin & Liebling 2005) generalize the Distinct Element Method to 
sphero-polyhedral particles (DSEM) for modeling 3D particles with complex shapes. Galindo-
Torres & Castano (2007) introduce a DEM model which represents intact rock as an assembly of 
voronoi polygons jointed by beams. Alonso Marroquin  (2008) modify this method by introducing 
a multi-contact approach in 2D for modeling non-convex shapes. This method is extended to 3D 
by Galindo-Torres et al. (2009), which is published as an open source code known as MechSys 
(Galindo Torres et al. 2012). Behraftar et al. (2015) use MechSys to simulate fracture propagation 
in Crack Chevron Notch Brazilian Disc (CCNBD) (Ouchterlony 1988). For simulating the frack-
ing, a further analysis in combination of DSEM and Lattice Boltzmann Method (LBM) is con-
ducted by Galindo-Torres et al. (2013) to represent more realistic coupled behavior. Gerolymatou 
et al. (2015) has recently used the same code to investigate the effect of pre-existing discontinuity 
on hydraulic stimulation. 

3 METHODOLOGY 

Most previous numerical models based on DEM use spherical blocks to model crack propagation. 
The major drawback of these models is the void spaces between blocks. There are many of void 
spaces between spherical elements which would require solving sophisticated flow equations. Al-
ternatively, recent DEM models are based on Voronoi tessellation. The main advantage of using 
Voronoi tessellation is the absence of void space between elements after creating the geometry 
which eliminates fluid flow calculations prior to fracture initiation. 

In the previous works of the first author (Hamidi & Mortazavi 2012, Hamidi & Mortazavi 2014) 
a similar model was constructed and it was concluded that fictitious joints need to be imported 
into a DEM scheme in order to simulate the fracture propagation. For fulfilling this requirement, 
the domain has to be broken into distinct polyhedral blocks. In this study, voronoi tessellation was 
constructed in MATLAB (Mathworks 2014a). It is imported into 3DEC (Fig. 1) as a replacement 
of intact rock which was found to produce more realistic rock behavior.  

Figure 1. Three dimensional cross section views of constructed model by (left) tetrahedron (Hamidi 2012, 
Hamidi & Mortazavi 2012, Hamidi & Mortazavi 2014) and (right) Voronoi blocks. 

3.1 Flow through fractures (fictitious joints) 

Fracturing fluid properties are expected to facilitate fracture initiation (breakdown) and fracture 
propagation (Valkao & Economides 1995). In addition, injection procedures can affect the Break-
down Pressure (BP).  Constant Pressure (CP), Constant Flow rate (CF), Stepped Constant Pressure 
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(SCP) and Stepped Constant Flow rate (SCF) are the conventional methods to inject the fracture 
fluid (Frash 2014, Frash et al. 2015). 

In most studies, fluid flow through fractures are conceptualized by assuming laminar flow be-
tween parallel plates. The parallel-plate solution for the Navier-Stokes equations leads to the com-
monly used “cubic law”:

1 3(12 ) a hq g    (1)

Where q, the discharge per unit width, is a function of the cube of aperture (a), the fluid density 
(ρ), the gravitational acceleration (g), the fluid viscosity (μ) and the hydraulic gradient (∇h). The
total flow between the parallel plates (Q) shown in Figure 2, is calculated by introducing the height 
(H) as (Klimczak et al. 2010):

1 3(12 ) a hHQ g     (2) 

The hydraulic aperture (a) is changed by applying the fluid pressure between two adjunct 
blocks. Based on Figure 2 (b), three different user-defined hydraulic apertures need to be intro-
duced to model fluid flow through the joints in 3DEC.  

Figure 2. (a) Schematic view of a voronoi tessellation (b) idealized relation between hydraulic aperture and 
normal stress for a rock joint (after Hamidi & Mortazavi 2014). 

3.2 Selected material and Boundary condition 

In order to create the model, a material (Table 1) and a boundary condition similar to previous 
study (Hamidi & Mortazavi 2014) was used. The model dimensions are shown in Figure 3. Di-
mensions were considered similar to previous study with 30 cm borehole diameter. In addition to 
the model geometry (voronoi tessellation), this model has two other differences in comparison to 
the previous study. As shown in Figure 3, the first difference is that in the current model two 
packers were considered to isolate the injection interval. The second difference is that in the cur-
rent model blocks were considered to behave in an elastic way.  
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Table 1. Imported material properties and user defined apertures into 3DEC (Hamidi & Mortazavi 2014). 
 

The operational parameters used in the simulation are: 
(1) Fluid viscosity = 110-2 Pa s (1cP);
(2) Fluid bulk modulus = 10 MPa;
(3) Fluid density = 1 g/cm3;
(4) Injection rate = 0.0004 - 0.0256 m3/sec (0.4 - 25.6 l/s);
(5) Interval distance = 1.3 m.

Figure 1. A schematic view of the constructed model in 3DEC. 

4 PRELIMINARY RESULTS AND DISCUSSION 

The injection fluid pressure was recorded from five monitoring points located in eastern part of 
the wellbore and five points from western part (altogether ten points). These points were attempted 
to be localized in a symmetric way from the center so that each part (Eastern) is almost a mirror 
image of the other (Western). It should be noted that the first monitoring points on both parts are 
located on the wellbore wall (West1 & East 1) 

Figure 4 illustrates the injection fluid pressure versus time for each point. It can be seen that 
different points are assigned to the curves to show how the test progresses. The first four points 
(“a” to “d”) represent first stage of the test where Constant Flow rate (CF) is applied. The remain-
ing points (“e” to “j”) represent the second stage of the test. It should be noted that for the second 
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stage, starting from point “e”, the Stepped Constant Flow rate (SCF) doubled in comparison to 
the corresponding previous point. This procedure of SCF continued until the point (“j”). Again a 
CF rate from point “J” up to the end is applied. This incremental procedure along with fracture 
propagation is shown in Figure 5. It is clear that the fracture propagates through maximum hori-
zontal stress.  

It can be inferred that for higher injection rates in Figure 6, some cracks appeared on wellbore 
walls. Thus, for larger injection rates more branching were created during crack propagation.  

5 CONCLUSION AND FUTURE WORKS 

In this paper, a new method for simulating HF was proposed and tested using 3DEC. Specifically 
the effect of two different injection procedures were investigated. The results show that the crack 
propagated through maximum horizontal in-situ stress with less branching for lower injection 
rates.  

This model can be used in future studies in order to do a parametric study on different param-
eters such as fluid viscosity, injection rate and stress anisotropy. The current simulation was con-
ducted for investigating the crack propagation in intact rock near wellbore wall. As a next stage 
for this study, the model with larger dimension will be constructed for investigating the effect of 
natural fractures on crack propagation in rock mass.  
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Figure 4. Illustration of injection fluid pressure vs. time for different monitoring points. 

634



Figure 5. Different stages of fracture propagation based on aperture contours. 
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Figure 6. Location of monitoring points & cross sectional view of fracture propagation based on aperture 
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2016 marks the 35th year that Itasca has provided numerical modeling and consulting services in earth resources 
engineering, including work for minerals mining, oil and gas production, hydrogeology and civil infrastructure 
design and construction.  During this time, ten Itasca software symposia have been held in eight countries: Australia, 
Canada, China, Germany, France, Japan, Spain and the USA. The first seven symposia focused on FLAC/FLAC3D, 
UDEC/3DEC and PFC2D/PFC3D independently. Beginning in 2008, the symposia have brought together users 
of all Itasca software in one setting where the emphasis is on the range of applications rather than on individual 
software.

This symposium is the 11th conference to provide a venue for Itasca software users to meet, discuss and share their 
work performing applied numerical analysis and research with Itasca software.  In addition, we are expanding the 
emphasis of the topics of hydrogeology and hydraulic fracturing, with presentations using Itasca’s latest software 
products, MINEDW, for mine dewatering projects, and XSite, for hydraulic fracturing applications.

59 papers have been selected for this symposium, entitled the 4th Itasca Symposium on Applied Numerical Modeling, 
held on March 7-9, 2016 in Lima, Peru.   The papers are organized in six areas of engineering applications: mining, 
underground construction, slope stability, hydraulic fracturing, dynamic/seismic analysis, and mine dewatering.  
Four special topics are also included: material behavior, constitutive models, coupled processes and numerical 
techniques.

In addition, this proceedings includes the keynote paper presented by the second Peter A. Cundall award recipients.  
Pinnaduwa Kulatilake and Xu-xu Yang are presented the award for their paper entitled “PFC3D modeling of a 
jointed rock behavior near an underground excavation and comparison with physical model test results.”
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